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Introduction 

This  symposium  is  the  fourth  in  series  of  specialist  conferences  on  quantitative  feedback  theory  (QFT) 
and  other  robust  frequency  domain  design  methods.  Its  purpose  is  to  bring  together  practitioners  and 
researchers  in  the  field  and  to  promote  the  development  and  teaching  of  these  methods,  and  their 
practical  application.  This  symposium  is  indeed  fortunate  to  have  two  eminent  QFT  practitioners  as 
plenary  speakers.  Neither  is  likely  to  need  introduction  to  the  readers  of  these  proceedings: 


Dr  Isaac  Horowitz,  the  father  of  QFT,  is  Professor 
Emeritus,  Weizmann  Insitute  of  Science  and  of  the 
University  of  California,  Davis.  He  has  steadily 
championed  the  cause  of  robust  frequency  domain 
design  for  more  than  half  a  century,  during  which 
time  many  control  fashions  have  come  and  gone. 
Frequency  domain  techniques  have  returned  to  the 
academia  with  the  norm-based  theories.  It  still 
remains  to  be  seen  how  this  will  ajfect 
undergraduate  teaching  or  everyday  control 
engineering  and  instrumentation  in  such  places  as 
automotive  or  chemical  process  industries.  Time 
will  tell  if  a  synergy  between  powerful  computer 
based  tools  of  "modern  control"  and  the  deep 
engineering  insight  of  real  quantitative  "classical" 
control  system  design  theory  will  be  found.  Prof 
Horowitz'  contribution  to  the  philosophy  of  control 
engineering  design-to-specification  has  been 
enormous. 


Dr  Dino  Houpis  is  Professor  Emeritus  of 
Electrical  Engineering  at  the  US  Air  Force 
Institute  of  Technology  and  Senior  Research 
Associate  Emeritus,  Air  Force  Research 
Laboratory.  In  addition  to  his  scientific 
contribution  to  QFT,  he  has  been  a  constant 
champion  of  QFT  within  the  Air  Force  and  his 
teaching  and  influence  have  vastly  helped  the 
field. 


Dr  Osita  DI  Nwokah 

It  is  with  great  sadness  that  we  must  report  the 
sudden  death  of  Dr  Osita  Nwokah  on  April  20, 
1999.  Dr  Nwokah  was  Professor  and  Chairman 
of  Mechanical  Engineering  at  Southern  Methodist 
University,  Dallas,  Texas.  Bom  in  Nigeria,  Dr. 
Nwokah  graduated  with  honours  from  the 
University  of  Leeds.  He  earned  advanced  degrees 
from  the  Universities  of  Manchester,  Toronto  and 
from  Imperial  College.  He  served  on  the  faculties 
of  University  of  Nigeria,  Manchester  Polytechnic, 
University  of  Manchester,  University  of  Notre 
Dame,  and  Purdue  University  before  moving  to 
Dallas  in  1994.  He  made  several  important 
contributions  to  the  theory  of  quantitative 
feedback  design.  He  was  very  enthusiastic  about 
the  prospect  of  having  this  conference  in  Africa! 

Dr.  Nwokah  is  survived  by  his  wife,  Eva  Nwokah; 
a  daughter,  Orlena  Blanchard;  and  three  sons, 
Ekechi ,  Zibbie  and  Etugo. 
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UNMANNED  RESEARCH  VEHICLE  (URV):  DEVELOPMENT, 
IMPLEMENTATION,  &  FLIGHT  TEST  OF  AMIMO  DIGITAL 
FLIGHT  CONTROL  SYSTEM  DESIGNED  USING  QUANTITATIVE 

FEEDBACK  THEORY 

By 

C.  H.  Houpis,  Professor  Emeritus,  Air  Force  Institute  of  Technology 
Senior  Research  Associate  Emeritus,  Air  Force  Research  Laboratory 
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Air  Force  Institute  of  Technology/ENG,  Bldg  642, 2950  P  Street 
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Abstract 

The  Quantitative  Feedback  Theory  (QFT)  design  technique, 
which  has  the  ability  to  bridge  the  gap  between  theory  and 
the  real-world  control  design  problem,  is  utilized  in  the 
design  of  a  MIMO  digital  flight  control  system  for  an 
unmanned  research  vehicle  (URV)  that  is  presented  in  this 
paper.  The  design  illustrates  how  the  "real-world" 
knowledge  of  the  plant  to  be  controlled  and  the  desired 
performance  specifications  can  be  utilized  in  trying  to 
achieve  a  successful  robust  design  for  a  nonlinear  control 
problem.  This  paper  presents  some  of  the  issues  involved  in 
developing,  implementing,  and  flight  testing  a  flight  control 
system  (FCS)  designed  using  QFT.  Achieving  a  successful 
FCS  involves  a  number  of  steps;  specification  of  the  control 
problem,  aircraft  model  data,  theoretical  flight  control  system 
design,  implementation,  ground  testing,  and  flight  test.  The 
last  three  steps  embody  the  “practical  engineering”  aspects 
that  are  vital  to  achieving  a  successful  FCS.  The  main 
emphasis  of  this  paper  is  on  these  steps.  First,  there  is  a  brief 
explanation  of  the  MIMO  design  QFT  process.  This  is 
followed  by  a  description  of  the  steps  involved  in  the 
implementation  and  testing  of  a  QFT  designed  FCS.  Thus, 
this  presentation  provides  an  overview  of  "using  robust 
control  system  design  to  increase  quality"  in  attempting  to 
demonstrate  the  "Bridging  the  Gap"  between  control  theory 
and  the  realities  of  a  successful  control  system  design.  In 
facing  the  technological  problems  of  the  future,  it  is 
necessary  that  engineers  of  the  future  must  be  able  to  bridge 
the  gap,  i.e.,  this  “Bridging  the  Gap”  must  be  addressed  to 
better  prepare  the  engineers  for  the  21'*  centuiy. 

I  INTRODUCTION 

In  feeing  the  technological  problems  of  the  21"  centuiy,  it  is 
necessary  that  engineers  of  the  future  must  be  able  to  bridge 


the  gap  between  the  scientific  and  engineering  methods. 
Developing  a  set  of  Engineering  Rules  (E.R)  is  a  first  step 
towards  achieving  this  goal  (see  Chap.  9  of  ef.  1).  This  pa¬ 
per  provides  the  next  step  in  enhancing  this  goal:  overcom¬ 
ing  problems  encountered  during  design,  implementation, 
and  achieving  a  successful  real  world  QFT  designed  FCS 
control  system.  The  QFT  technique  is  a  design  method  that 
has  the  inherent  capability  to  assist  in  bridging  the  gap  be¬ 
tween  the  scientific  and  engineering  methods.  Thus,  a  dis¬ 
cussion  of  the  development,  implementation,  and  successful 
flight  test  of  a  flight  control  system,  designed  using  QFT 
techniques,  is  presented  in  this  paper.  The  robust  flight 
control  system  was  designed  for  and  flown  on  the  Lambda 
Unmanned  Research  Vehicle  (URV.  Lambda  is  a  remotely 
piloted  aircraft  that  is  operated  by  the  Air  Force  Research 
Laboratory  at  Wright-Patterson  AFB,  OH  for  research  in 
flight  control  technology. 

Control  design  problems  generally  involve  real  world 
nonlinear  plants.  In  utilizing  control  system  design  tech¬ 
niques,  which  require  linear  plant  models,  it  is  necessary 
that  assumptions  be  made  that  allow  simplification  of  these 
nonlinear  plants,  i.e.,  “assume  linear  behavior”  that  result  in 
obtaining  linear  plant  models.  Thus,  it  is  important  for  the 
designer  to  follow  a  design  and  implementation  process  that 
allows  the  testing  of  the  assumptions  as  early  in  the  process 
as  possible  so  the  control  system  can  be  redesigned,  for  ex¬ 
ample,  to  take  into  account  unmodeled  effects.  As  detailed 
in  this  paper,  the  control  design  process  should  include 
simulation  of  the  control  system  on  increasingly  realistic 
models  which  helps  transition  to  implementation  on  real 
world  applications.  Most  of  the  real  world  Implementation 
problems  are  the  result  of  assumptions  made  during  the  de¬ 
sign  process. 
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n  OBJECTIVE 

The  objective  of  this  project  was  twofold.  First,  develop  a 
robust  flight  control  system  using  QFT,  and  take  the  de¬ 
sign  through  a  flight  test.  Second,  implement  an  inner 
loop  FCS  on  the  Lambda  URV  that  would  be  part  of  an 
autonomous  flight  control  system.  During  the  project  the 
first  objective  was  accomplished  and  then,  because  of 
hardware  improvements,  a  second  design  was  developed 
and  flight  tested.  This  second  design  was  accomplished  to 
better  meet  the  requirements  of  the  second  objective.  The 
FCS  design  process  used  is  shown  in  Fig.  1.  As  indicated 
by  the  arrows  in  the  one  complete  FCS  design  cycle  covers 
the  process  through  the  flight  test  and  then  back  to  the  re¬ 
design  stage.  During  this  project  there  were  four  cycles 
around  this  loop.  Two  of  the  cycles  produced  unsuccessfiil 
flight  tests  and  two  produced  successful  flight  tests. 

in.  QFT  DESIGN  PROCESS*"' 

The  QFT  technique  requires  that  i  =  l,2,3,...,JLTl  models 
be  determined  that  represent  the  dynamical  model  over  its 
operating  scenario  in  order  to  achieve  a  robust  design. 
These  LTI  plants  determine  the  template  contours  which 
represent  the  region  of  plant  parameter  uncertainty  and  are 
used  in  the  QFT  design  technique.  The  robust  digital  flight 
control  system  design  was  performed  as  a  psuedo- 
continuous-time  (PCT)  control  system.  Upon  completion  of 
the  design  the  compensators  and  prefilters  are  transformed 
into  the  z-domain  controllers  and  prefilters  by  use  of  the 
Tustin  transformation. 

IV  CONTROL  SYSTEM  DESIGN  PROCESS  (HG.  1) 

In  order  to  design  a  control  system  for  a  real  world  control 
problem,  the  designer  must  follow  a  design  process  such  as 
that  shown  in  Fig.  1.  This  figure  represents  a  design  process 
that  moves  the  designer  from  the  problem  definition  stage  to 
the  successful  control  system  implementation  in  steps  of 
increasing  reality.  If  the  control  system  does  not  meet  per¬ 
formance  specifications  at  any  stage  of  the  process,  the  con¬ 
trol  system  is  redesigned  and  retested.  In  general,  as  the 
simulations  become  more  realistic,  they  also  become  more 
expensive  both  in  cost  and  time.  Therefore,  it  is  veiy  im¬ 
portant  to  be  able  to  find  potential  problems  early  in  the 
design  process  for  the  control  system.  The  ovals  inside  the 
circle  in  Fig.  1  indicate  the  features  of  the  QFT  technique 
that  assist  in  the  design  of  control  systems  and  can  best  meet 
performance  specifications  and  be  implemented  on  the  real 
world  system.  The  following  sections  describe  the  individ¬ 
ual  stages  of  the  control  design  and  implementation  process. 
Indicated  in  the  following  sub-section  titles  is  a  number  that 
refers  to  the  block  number  in  Fig.  1  to  which  the  sub-section 
applies. 


ra-l  FUNCTIONAL  REQUIREMENTS  (#1) 

The  designer,  at  the  onset,  must  have  a  clear  understanding 
of  the  problem  that  needs  to  be  solved.  That  is,  the  designer 
must  understand  what  the  controlled  system  is  required  to  do 
and  what  are  its  operational  requirements.  The  designer 
must  also  understand  the  environment  in  which  the  system 
is  required  to  operate,  i.e.,  the  environmental  requirements. 
Together  these  two  requirements  make  up  what  is  referred 
to  as  ihs  functional  requirements.  If  the  designer  does  not 
start  with  a  clear  understanding  of  the  functional  require¬ 
ments,  costly  time  can  be  wasted  in  the  design-test-redesign 
cycle.  If  during  the  design  process,  it  becomes  clear  that  the 
functional  requirements  cannot  be  met,  the  designer  might 
be  called  upon  to  use  engineering  judgement  and  the  knowl¬ 
edge  of  the  goals  of  the  controlled  system  to  modify  these 
requirements.  Note,  this  is  not  a  step  that  a  control  designer 
normally  takes  on  his  own. 

m-2  PERFORMANCE  SPECIFICATIONS  (#2) 

Performance  specifications^’^  are  essentially  mathematical 
models  developed  from  the  functional  requirements  and  are 
utilized  during  the  design  process  in  order  to  achieve  the 
desired  system  performance  robustness.  Since  performance 
specifications  are  normally  only  interpretations  of  the  func¬ 
tional  requirements,  the  designer  must  be  aware  of  how  the 
specifications  and  requirements  relate  and  what  tradeoffs 
need  to  be  made.  During  the  design  process,  the  designer 
might  need  to  apply  engineering  judgement  in  order  to  make 
the  necessary  modifications  to  the  specifications  that,  while 
still  meeting  the  requirements,  enables  achieving  a  robust 
control  system  design. 

m-2.3  DYNAMICS  MODEL  (#3) 

A  dynamic  model  is  a  mathematical  model  of  the  system  to 
be  controlled  and  is  developed  from  a  knowledge  of  flie 
system  and  its  operating  requirements.  This  model  can  be  as 
simple  as  a  linear-time-invariant  (LTI)  transfer  function  or  a 
complicated  set  of  nonlinear  differential  and  algebraic  equa¬ 
tions  with  time  varying  parameters.  In  many  cases,  a  sim¬ 
plified  model  of  the  dynamical  system  can  be  used  to  repre¬ 
sent  the  system  in  the  control  design  process.  In  fact,  the 
designer  should  try  to  use  as  simple  a  model  as  possible  that 
represents  the  important  system  dynamics  in  the  design  pro¬ 
cess.  For  example,  from  an  analysis  of  the  LTI  transfer 
functions  a  designer  may  be  able  to  determine  their  nondo¬ 
minating  poles  and  zeros,  i.e.,  those  which  have  a  negligible 
effect  on  the  system’s  performance  (those  that  He  outside  the 
system’s  bandwidth).  Thus,  by  deleting  the  nondominating 
poles  and  zeros  from  these  LTI  transfer  functions  reduced 
order  models  are  obtained.  Not  only  does  a  reduced  order 
model  simplify  the  design  process,  but  also  reduces  the  risk 
of  introducing  numerical  inaccuracies  in  the  design  process. 
But  remember,  an  oversimplified  model  can  lead  to  trouble 
as  in  the  case  of  bending  modes  as  discussed  in  Sec.  DC 
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ra-2.4  CONTROL  AUTHORITY  ALLOCATION  (#4) 

An  important  part  of  the  design  process  is  the  control 
authority  allocation  assigned  to  each  of  the  control  effec¬ 
tors.  Depending  on  the  dynamical  system,  there  may  be 
redundant  control  effectors,  i.e.  the  number  of  control  ef¬ 
fectors  available  to  the  controller  may  be  greater  than  the 
number  of  controlled  variables.  Also,  the  control  effectors 
available  may  induce  cross-coupling  in  the  dynamical  sys¬ 
tem  and  do  not  clearly  control  any  one  variable.  In  these 
cases,  judgement  must  be  exercised  by  the  designer,  based 
upon  knowledge  of  the  real-world  operating  characteristics 
of  the  plant,  in  determining  the  percentage  of  the  control 
authority  that  is  allocated  to  the  various  controlled  variables. 
That  is,  a  method  for  determining  the  percentage  of  control 
power  available  from  each  control  effector  to  each  con¬ 
trolled  variable  must  be  determined.  The  optimization  of 
the  control  effectors’  control  authority  allocation  can  be 
used  to  help  decouple  the  system  and  assist  in  achieving  the 
desired  robust  system  performance.  This  control  authority 
allocation  is  accomplished  by  the  proper  selection  of  the  wy 
elements  of  the  weighting  matrix  W. 

ra-2.5  QFT  CONTROL  SYSTEM  DESIGN  (#5) 

The  QFT  design  process  is  used  to  develop  mathematical 
algorithms  that  can  be  implemented  in  order  to  achieve  the 
desired  control  system  performance.  Implementation  issues 
and  insights  provided  by  the  QFT  process  to  the  designer  are 
discussed  in  the  following  sections.  A  QFT  design  can  be 
accomplished  by  use  of  the  MIMO  QFT  CAD  package’ 
which  greatly  simplify  the  design  process. 

III-2.6  LINEAR  SIMULATION  (#6) 

Once  the  control  algorithms  have  been  designed,  they  are 
implemented  along  with  linear  representations  of  the  dy¬ 
namical  system.  These  systems  are  simulated  and  the  re¬ 
sults  are  compared  to  the  specifications.  Since  QFT  design 
involves  linearizing  non-linear  equations,  the  control  system 
must  be  simulated  for  each  of  the  JLTI  transfer  functions  to 
check  the  result  against  the  specifications.  If  some  or  all  of 
the  specifications  have  not  been  met,  the  designer  can  either 
redesign  the  control  system  or  reexamine  the  requirements. 
In  some  cases,  the  initial  specified  requirements  may  not  be 
realistic.  For  designs  that  involve  control  effector  damage, 
the  designer  must  ensure  that  the  assumed  percentage  of 
effector  damage  is  realistic  with  respect  to  its  associated 
remaining  control  authority  available  to  satisfy  the  control 
system  performance  requirements;  for  example,  to  still  be 
able  to  fly  the  aircraft.  Also,  the  designer  must  ensure  that 
the  system  performance  is  close  enough  to  the  specifications 
to  meet  the  overall  functional  requirements. 

m-2.7  NONLINEAR  SIMULATION  (#7) 

Once  the  control  system  has  passed  the  linear  simulation 
testing  phase,  the  simulation  complexity  is  increase  by  add¬ 


ing  nonlinear  components  and  any  other  components  that 
are  removed  to  simplify  the  simulation.  As  with  the  linear 
simulations  it  may  be  necessary  to  accomplish  a  redesign  or 
a  revaluation  of  the  specifications  (performance  specifica¬ 
tions,  control  authority  allocation,  and/or  the  percentage  of 
control  effector  failure). 

in-2.8  ENGINEERING  VISUALIZATION  (#8) 

After  each  of  the  simulations  it  is  valuable  to  animate,  by  a 
computer  simulation,  the  dynamics  data  to  better  understand 
exactly  what  occurs  during  the  simulation.  Note  that  the 
three  dimension  engineering  visualizations  integrate  all  of 
the  dynamics  of  the  simulation.  For  example,  in  the  case  of 
an  aircraft  (A/C)  this  means  that  the  designer  can  view  the 
angle  of  attack,  pitch  rate,  pitch  attitude,  forward  velocity, 
vertical  velocity,  and  altitude  simultaneously.  Instead  of 
trying  to  decipher  the  position  and  attitude  of  the  A/C  from 
six  two  dimensional  plots,  the  designer  can  obtain  a  clearer 
imderstanding  from  watching  the  computer  animation  of  the 
maneuver.  For  more  specific  details  of  the  maneuver  the 
designer  can  then  return  to  the  data  plots. 

m-2.9  ENGINEERING  INTERACTIVE  SIMULA¬ 
TION  (#9) 

When  there  is  an  operator  involved  in  the  controlled  system, 
for  example,  a  pilot  flying  an  A/C,  it  is  often  useful  for  the 
designer  to  use  an  interactive  simulation  in  order  to  obtain  a 
better  understanding  of  the  operation  of  the  system.  It 
should  be  noted  in  reality  that  the  pilot  is  a  part  of  the  over¬ 
all  flight  control  system,  i.e.,  he  forms  the  “outer  loop”  of 
the  control  system.  Thus,  this  type  of  control  system  is  re¬ 
ferred  as  a  manual  flight  control  systems.  An  interactive 
simulation  provides  the  designer  with  the  ability  to  imple¬ 
ment  the  control  system  in  the  stoe  fashion  that  it  will  be 
implemented  on  the  dynamical  system.  The  interactive 
simulation  also  gives  the  designer  the  ability  to  test  the  sys¬ 
tem  continuously  throughout  the  operating  environment.  In 
the  case  of  a  control  system  designed  for  an  A/C,  the  inter¬ 
active  simulation  involving  a  pilot  gives  the  designer  the 
ability  to  perform  a  simulated  flight  test  before  the  design 
leaves  her/his  desk.  Such  simulations,  for  a  specified  A/C, 
are  often  performed  by  a  pilot,  for  example,  at  the  Wright- 
Patterson  AFB  Lamars  simulator. 

ni-2.10  HARDWARE-IN-THE-LOOP  SIMULA 
TION  /  IMPLEMENTATION  (#10) 

At  this  stage  of  design  and  implementation  the  control  sys¬ 
tem  algorithms  are  implemented  on  the  same  type  of  hard¬ 
ware  systems  as  those  that  control  the  dynamical  system. 
Other  Wdware  components  such  as  actuators  and  sensors 
are  also  connected  to  the  system.  This  allows  simulation  of 
real-time  operation  of  control  algorithm,  noise  corrupted 
measurements  for  feedback,  and  computation  cycle 
time/sampling  rate  quantiration  errors.  A  hardware-in-the- 
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loop-simulation  is  also  useful  to  ensure  that  commands  is¬ 
sued  from  the  control  system  move  the  effectors  in  the  cor¬ 
rect  directions  and  the  outputs  of  the  feedback  sensors  have 
the  correct  polarity. 

m-2.11  OPERATOR-IN-THE-LOOP  SIMULATION 
(#11) 

In  order  to  insure  the  controlled  system  meets  the  require¬ 
ments  of  the  human  operator  a  simulation  is  set  up  to  allow 
the  operator  to  interact  with  a  simulation  of  the  system. 
Many  of  these  simulations  surround  the  operator  with  visual 
cues  and  some,  inject  motion  into  the  simulation.  These 
types  of  simulations  are  used  to  improve  the  handling  quali¬ 
ties  of  the  controlled  system  by  giving  the  operator  a  chance 
to  tiy  out  the  controlled  system  and  then  using  his  or  her 
responses  to  help  shape  a  redesign. 

ni-2.12  SYSTEM  TEST  (#12) 

The  final  testing  of  the  control  system  involves  implemen¬ 
tation  on  the  dynamical  system  and  operational  testing. 
Once  the  controlled  system  has  been  shown  to  meet  the  per¬ 
formance  specifications  for  the  operating  environment,  a 
successful  control  design  has  been  achieved. 

ni-2.13  REDESIGN  (#13) 

At  every  stage  of  the  control  system  design  and  implemen¬ 
tation  process  the  designer  makes  a  decision  to  move  to  the 
next  stage  or  to  redesign  (modify)  the  control  system.  Once 
the  control  system  is  modified  the  simulation  testing  is  re¬ 
peated. 

IV  DESIGN  PROCESS  EXAMPLE 

The  Lambda  Unmanned  Research  Vehicle  (URV)  shown  in 
Fig.  .2  is  a  remotely  piloted  A/C  with  a  wingspan  of  14ft 
and  is  operated  by  the  US  Air  Force  for  research  in  flight 
control  technology.  The  objectives  of  the  project  described 
in  this  section  are  as  follows: 

1.  To  design  robust  flight  control  systems  using  the  QFT 
design  technique 

2.  To  flight  test  Aese  designs 

3.  To  implement  an  inner  loop  FCS  on  the  Lambda  URV 
that  would  be  part  of  an  autonomous  flight  control  sys¬ 
tem 

4.  To  illustrate  some  of  the  real-world  problems  that  are 
encountered  in  performing  the  control  system  design 
process  shown  in  Fig.  1. 

In  accomplishing  this  design  project  required  four  cycles 
around  the  control  design  process  loop.  These  four  design 
cycles  are; 


Cycle  1  -  This  cycle  involved  the  satisfaction  of  only  the 
first  two  of  the  project  objectives. 

Cycle  2  -  Cycle  1  was  repeated  but  involved  the  design  of 
an  improved  integrator  wind-up  limiter. 

Cycle  3  -  A  redesign  of  the  FCS  was  accomplished  to 
satisfy  requirements  1  through  3. 

Cycle  4-  A  refinement  of  the  plant  model  was  made  in 
order  to  take  into  account  a  bending  mode  that 
was  neglected  in  the  previous  designs. 

Cycles  1  and  3  were  unsuccessful  and  cycles  2  and  4  pro¬ 
duced  successful  flight  tests. 


IV-1  FIRST  DESIGN  CYCLE 

Requirements 

There  were  two  major  design  requirements  for  this  project. 
The  first  was  a  desire  to  develop  a  robust  flight  control  sys¬ 
tem  using  QFT,  and  take  the  design  through  flight  test.  The 
second  was  a  need  for  an  inner  loop  FCS  on  Lambda  that 
would  interface  with  an  autonomous  waypoint  directed 
autopilot. 

Specifications 

The  time  response  specifications  were  selected  base  on  the 
open-loop  response  of  Lambda.  The  pitch  rate  was  an  un¬ 
derdamped  response  that  settled  fairly  quickly.  Overshoot 
and  settling  time  were  chosen  to  be  25%  and  1  sec.,  respec¬ 
tively,  for  pitch  rate  response.  Roll  rate  was  an  overdamped 
response  that  settled  quickly,  and  the  settling  time  was  cho¬ 
sen  to  be  one  second.  Yaw  rate  was  also  underdamped,  but 
it  did  not  reach  steady  state  as  fest  as  the  other  two.  Yaw 
rate  overshoot  and  settling  time  were  chosen  to  be  15%  and 
2  secs.,  respectively.  These  specifications  were  transformed 
into  LTI  transfer  functions  for  use  in  the  QFT  design. 

Aircraft  (A/QModel 

The  A/C  model  developmental  process  began  with  the  use 
of  Digital  Datcom,  a  computer  program  which  predicts  sta¬ 
bility  and  control  derivatives  for  aerospace  vehicles  based 
on  the  physical  characteristics  of  the  vehicle.  Datcom  in¬ 
formation  forms  the  baseline  model  of  the  A/C.  This  base¬ 
line  model  was  refined  by  using  system  identification  soft¬ 
ware  to  estimate  the  aerodynamic  derivatives  from  actual 
flight  test  data®.  Maximum  likelihood  identification  was 
used  to  identify  the  natural  frequency  and  damping  ratios  of 
the  short  period  and  roll  modes.  This  information  combined 
with  the  Datcom  information  provided  a  working  model  for 
the  flight  control  system  design. 

FCS  Design 

There  were  two  QFT  designs  accomplished  at  the  Air  Force 
Institute  of  Technology’  *  (AFIT)  The  first  was  based  on  the 
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DATCOM  model  of  Lambda  alone.  The  second  design  was 
based  on  the  DATCOM  model  with  the  refinements  made 
with  system  identification.  This  second  design  used  line¬ 
arized  transfer  functions  to  represent  Lambda  in  various 
flight  conditions,  covering  the  entire  proposed  flight  enve¬ 
lope,  to  accomplish  the  design  and  for  linear  simulations. 

Linear  Simulations  and  Nonlinear  Simulations 
All  PCS  designs  were  simulated  using  Matrix*  and  LTI  state 
space  models  representing  the  full  fligjit  envelope  of 
Lambda.  After  successful  linear  simulations,  nonlinearities 
such  as  control  surface  travel  limits  were  introduced  into  the 
linear  simulation.  A  nonlinear  simulation  was  developed  at 
the  Air  Force  Research  Laboratory  (formerly  the  Wright 
Laboratory)  that  incorporated  a  six  degree  of  freedom 
simulation,  automatic  trim  calculation,  air  vehicle  kinemat¬ 
ics,  and  control  surface  saturation.  While  this  design  pro¬ 
duced  the  desired  responses  in  the  linear  simulation,  when 
implemented  in  the  nonlinear  simulation  the  original  control 
system  exhibited  undesirable  behavior  due  to  the  initial  as¬ 
sumptions  about  allowable  gain  being  incorrect.  Thus,  the 
allowable  gain  was  modified  to  achieve  a  redesigned  con- 
froller. 

Hardware-in-the-Loop  Simulation 

Software  fi-om  the  nonlinear  simulation  were  used  to  de¬ 
velop  a  hardware-in-the-loop  simulation’.  This  simulation 
allowed  the  implemented  PCS,  which  is  programmed  on  a 
EPROM  chip,  to  be  tested  in  the  A/C.  When  the  PCS  was 
implemented  in  this  simulation,  it  was  discovered  that  the 
angular  rate  sensors  had  high  levels  of  noise,  with  peak  val¬ 
ues  on  the  order  of  0.5  deg/sec.  The  PCS  amplified  this 
noise  and  this  effectively  masked  any  control  command 
signal.  The  noise  was  recorded  and  was  incorporated  into 
the  nonlinear  simulation.  The  MIMO  QFT  CAD‘’^*  for  de¬ 
signing  control  systems  allows  for  a  rapid  redesign.  The 
noise  problem  was  minimized  by  lowering  the  loop  trans¬ 
mission  gain  and  then  testing  the  resulting  PCS  in  Ae  non¬ 
linear  simulation.  This  remedy  was  an  “engineering  deci¬ 
sion”  in  order  to  obtain  a  satisfactory  design.  In  the  Third 
Design  Cycle  a  more  satisfactory  resolution  of  the  noise 
problem  was  achieved.  Once  simulations  of  the  redesign 
were  satisfactory,  the  PCS  was  flight  tested  (Flight  Test  #1). 

Flight  Test  #1 

Two  major  difficulties  caused  the  first  flight  test  to  fail;  the 
first  was  reversed  polarity  on  an  angle  sensor  and  the  second 
was  an  integrator  wind-up  limiter  scheme  that  did  not  work. 

Since  the  iimer  loop  PCS  was  to  be  implemented  as  a  part 
of  an  autonomous  system,  turn  coordination  logic  was  im¬ 
plemented  around  the  inner  loop  PCS  that  relied  on  the  roll 
angle.  Post  flight  analysis  of  the  flight  test  video  and  data 
showed  that  the  polarity  of  the  roll  angle  sensor  was  back¬ 
ward,  thus,  when  the  A/C  was  commanded  to  bank,  the  rud¬ 
der  was  commanded  to  deflect  in  the  wrong  direction.  The 


PCS  was  thus  turned  off  and  the  testing  involving  the  lateral 
control  channel  was  terminated.  Later,  during  the  same 
flight  test,  when  the  PCS  pitch  channel  was  turned  on,  the 
aircraft  developed  a  high  pitch  rate.  This  test  was  also  ter¬ 
minated  and  post  analysis  revealed  that  the  scheme  used  to 
limit  integrator  wind-up  had  caused  a  numerical  instability. 

IV-2  SECOND  DESIGN  CYCLE 

Requirements  and  Specifications  and  Aircraft  Model 

The  requirements  for  the  second  design  cycle  did  not  change 
fi'om  the  original  requirements.  An  additional  requirement 
was  incorporated  for  the  second  design  cycle  that  involved 
the  design  of  an  improved  integrator  wind-up  limiter.  The 
specifications  and  the  A/C  model  for  the  second  design  cy¬ 
cle  did  not  change  fi-om  the  original  requirements. 

FCS  Design 

Since  the  problems  encountered  in  the  first  test  had  nothing 
to  do  with  the  QFT  designed  FCS,  the  same  QFT  FCS  de¬ 
signed  for  the  first  flight  test,  was  used  in  the  second  flight 
test.  During  the  second  flight  test,  there  was  no  attempt  to 
use  a  turn  coordination  algorithm.  The  insertion  of  an  inte¬ 
grator  wind-up  limiter  involved  a  different  form  of  the  con¬ 
troller  implementation  for  the  second  design  cycle.  In  this 
cycle  instead  of  each  of  the  controllers  being  implemented 
by  a  single  software  algorithm  relating  their  respective  out¬ 
puts  to  their  respective  inputs,  they  were  implemented  in  the 
manner  described  by  E.R.12  of  Chap.  9  of  Ref.  1.  That  is, 
the  continuous  time  domain  transfer  functions  were  factored 
into  poles  and  zeros  in  order  to  create  first  order  cascaded 
blocks  (transfer  functions)  that  were  individually  trans¬ 
formed  into  the  discrete  time  domain.  The  individual  trans¬ 
fer  functions  were  then  implemented,  by  their  own  respec¬ 
tive  software  algorithm..  This  implementation  allowed 
limitations  to  be  placed  only  on  those  pieces  of  the  FCS  that 
contained  pure  integrators  and  provided  the  required  con¬ 
troller  accuracy. 

Linear,  Nonlinear,  Hardware-in-the-Loop  Simulation 
All  simulations  consisted  of  checking  out  the  new  imple¬ 
mentation  of  the  FCS.  There  were  no  problems  encountered 
during  any  of  these  simulations. 

Flight  Test  #2 

On  20  Nov  92,  the  temperature  was  in  the  6(fF +  with  winds 
at  5  to  7  mph.  Lambda  was  flown  in  manual  mode  for  take¬ 
off,  setup,  and  landing.  Due  to  problems  with  the  first  flight 
test  the  FCS  was  engaged  only  during  the  test  maneuvers. 
The  maneuvers  performed  consisted  of  unit  step  commands 
in  all  three  axes.  This  set  of  maneuvers  was  first  performed 
with  the  QFT  FCS  and  then  with  the  open  loop  A/C.  As 
shown  in  Fig.  3,  the  QFT  FCS  performed  as  it  was  designed. 
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.  The  figure  shows  the  responses  of  Lambda  to  a  step  pitch 
down  command.  The  dotted  lines  in  the  plot  represent  the 
specified  Tru  and  Tr,  .  It  is  important  to  note  that  during 
this  maneuver  the  A/C  covered  a  large  portion  of  its  dy¬ 
namics  envelope  by  varying  in  forward  airspeed  from  75  kts 
to  110  kts. 

IV-3  THIRD  DESIGN  CYCLE 

Requirements 

The  requirements  for  the  third  design  cycle  had  not  changed 
from  the  original  requirements.  This  cycle  involved  the 
design  of  an  inner  loop  PCS  that  had  intrinsic  turn  coordi¬ 
nation.  Also,  the  sensor  noise  problem  was  reduced  by  an 
order  of  magnitude  by  the  addition  of  a  hardware  noise  filter 
on  the  output  of  the  sensors.  It  was  determined  that  the 
noise  originated  from  a  motor  on  the  sensor;  the  noise  was  a 
high  frequency  noise  that  was  being  sampled  at  a  lower  fre¬ 
quency.  Thus,  this  aliased  noise  had  a  relatively  high  band¬ 
width.  The  remedy  was  to  place  a  filter  at  the  sensor  output 
before  the  sampler.  This  allowed  a  redesign  of  the  PCS  to 
improve  the  system  performance. 

Specifications 

Por  this  iteration  of  the  design  a  sideslip  angle  command 
was  incorporated  as  part  of  the  inner  loop  controller.  Since 
Lambda  has  a  sideslip  sensor,  a  sideslip  command  was  used 
to  cause  the  A/C  to  intrinsically  fly  coordinated  turns.  That 
is,  the  goal  of  turn  coordination  is  to  reduce  the  sideslip  an¬ 
gle  to  zero  during  a  turn  by  using  the  proper  amount  of  rud¬ 
der  deflection  during  the  turn.  Changing  to  sideslip  com¬ 
mand  allowed  the  use  of  the  yaw  rate  sensor  to  implement  a 
yaw  damper  to  reduced  the  dutch  roll  mode  oscillations. 
This  yaw  damper  was  implemented  by  adding  a  washout 
filter,  designed  through  the  use  of  a  root  locus  plot.  The 
yaw  damper  was  designed  and  then  incorporated  in  the  A/C 
model  for  a  PCS  design.  During  the  second  flight  test  the 
pilot  felt  that  the  aircraft’s  roll  rate  response  was  too  slow. 
Therefore,  the  roll  rate  response  specification  was  change  to 
match  that  of  the  pitch  rate.  After  this  change  the  roll  speci¬ 
fications  for  overshoot  and  settling  time  were  2.5%  and  1 
sec,  respectively. 

Aircraft  Model 

The  sensor  improvement,  mentioned  above,  was  included  in 
the  nonlinear  aircraft  model  by  recording  actual  noise  and 
inserting  it  as  a  block  in  the  model.  During  the  system 
identification  work  for  the  second  A/C  model,  some  of  the 
parameters  had  been  scaled  incorrectly.  This  caused  some 
modeling  errors.  After  the  second  flight  test  these  errors 
were  corrected  through  the  use  of  system  identification  ap¬ 
plied  to  flight  test  data  that  resulted  in  a  refinement  of  the 
A/C  model. 


FCS  Design 

MatriXx  was  used  to  develop  linearized  plant  models  about 
flight  conditions  in  the  fli^t  envelope.  An  attempt  was 
made  to  choose  flight  conditions  in  such  a  way  as  to  fully 
describe  the  flight  envelope  with  the  templates.  To  do  this  a 
template  expansion  process  was  developed  and  is  explained 
in  Sec.  V. 

Linear.  Nonlinear,  and  Hardware-in-the-Loop  Simulations 
The  refined  Lambda  model  was  implemented  in  all  three 
simulations.  The  PCS  was  implemented  in  the  cascaded 
method  outlined  previously.  All  simulations  produced  the 
desired  responses  to  given  stimulus. 

Flight  Test  #3 

During  the  third  flight  test,  when  the  PCS  was  engaged,  the 
A/C  exhibited  an  uncontrolled  pitching,  or  porpoising,  be¬ 
havior.  While  the  post  flight  test  analysis  was  inconclusive, 
a  longitudinal  bending  mode  at  13.2  rad/sec  seemed  to  be 
the  likely  cause. 

IV-4  FOURTH  DESIGN  CYCLE 

Requirements  and  Specifications 

The  requirements  for  the  fourth  flight  test  had  not  changed 
from  the  original  requirements,  but  involved  a  refinement  in 
the  aircraft  model  to  incorporate  effects  of  the  bending  mode 
discovered  in  Plight  Test  #3.  The  specifications  for  the 
fourth  design  cycle  were  the  same  as  those  for  the  third  cy¬ 
cle. 

Aircraft  Model 

A  model  of  the  porpoising  behavior  encountered  in  the  third 
flight  test  was  identified  by  assuming  that  the  behavior  was 
caused  by  an  unmodeled  effect.  Various  models  were  in- 
coiporated  into  the  nonlinear  model  and  simulated.  This 
simulation  used  the  identical  flight  test  inputs  as  simulation 
inputs  and  compared  the  simulated  outputs  to  the  flight  test 
data.  Using  this  procedure,  see  Sec.  VIII,  a  violation  of  the 
gain  margin  was  ruled  out  by  increasing  the  inner  loop  gain 
in  the  model  and  observing  the  response.  Instability  caused 
by  actuator  rate  limiting  was  ruled  out  by  inserting  severe 
rate  limited  actuator  models  in  the  nonlinear  simulation. 
When  a  bending  mode,  modeled  as  a  lightly  damped  pair  of 
poles,  was  inserted  in  the  model,  the  simulated  responses 
were  very  similar  to  the  flight  test  results. 

FCS  Design 

Matrix*  was  used  to  develop  linearized  plant  models  about 
the  given  flight  conditions  and  the  PCS  was  redesigned 
based  on  the  model  containing  the  bending  mode.  Note, 
when  the  PCS  from  design  cycle  three,  using  the  A/C  model 
with  the  bending  mode,  there  were  violations  of  stability 
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criteria  in  the  frequency  domain  and,  as  expected,  the  por¬ 
poising  behavior  occurred. 

Linear,  Nonlinear,  and  Hardware-in-the-Loop  Simulation 
A  fourth  design  cycle  was  accomplished  using  the  new 
model.  This  design  was  implemented  and  all  three  simula¬ 
tions  were  run  and  tested.  This  PCS  design  simulation  re¬ 
sponded  within  specifications  and,  as  expected,  the  por¬ 
poising  effect  was  eliminated. 

Flight  Test  #4 

The  fourth  flight  test  occurred  in  September  1993.  The  field 
conditions  were  a  little  gusty,  but  within  acceptable  limits 
for  the  flight  test.  During  the  flight  the  PCS  was  engaged 
and  then  left  engaged  for  the  entire  series  of  tests.  The  PCS 
performed  as  designed.  The  intrinsic  turn  coordination 
scheme  worked  as  designed.  The  pilot  was  pleased  with  the 
handling  qualities  and  felt  comfortable  flying  with  the  PCS 
engaged  at  all  times.  His  one  criticism  was  that  the  roll  rate 
was  too  slow.  Since  the  roll  rate  was  limited  by  the  maxi¬ 
mum  roll  rate  detectable  by  the  roll  rate  gyro,  the  problem 
was  unavoidable.  When  the  data  was  examined,  it  was 
found  that  all  of  the  60  Hz  data  had  been  lost,  but  much  of 
the  10  Hz  data  had  been  captured.  Analysis  of  this  data 
showed  that  the  PCS  did  cause  Lambda  to  respond  within 
the  specified  envelope,  during  onset  of  the  command,  but,  in 
some  cases,  Lambda’s  response  exhibited  more  overshoot 
and  longer  settling  time  than  specified.  These  problems 
could  be  attributable  to  the  gusty  conditions,  since  no  gust 
disturbance  was  specified  during  the  design  process.  More 
flight  testing  of  this  PCS  will  be  required  to  answer  this 
question. 

V  SELECTION  OF  DESIGN  ENVELOPE 

At  the  onset  of  a  QFT  design,  the  designer  must  select  a  set 
of  operating  conditions  in  order  to  obtain  the  LTI  transfer 
functions  that  represent  the  dynamical  system  and  which  are 
used  to  obtain  the  templates  that  are  required  for  the  design. 
The  problem  is  which  operating  conditions  to  choose.  Only 
those  operating  conditions  that  yield  points  that  lie  on  the 
contour  of  the  templates,  for  all  frequencies  of  interest,  are 
necessaiy.  Choosing  too  many  LTI  plants  may  yield  points 
that  lie  inside  the  template  contours  and  can  lead  to  compu¬ 
tational  problems  during  the  design.  Note  by  applying  engi¬ 
neering  insights  it  is  readily  determined  that  tiie  template 
contours  and  not  the  LTI  plants  which  lie  within  the  tem¬ 
plate’s  contour  determine  the  performance  bounds  that  need 
to  be  satisfied  by  the  synthesized  functions.  Thus,  the  com¬ 
putational  workload  and  associated  problems  may  be  mini¬ 
mize  by  reducing  the  number  of  plants  to  be  utilized  in  the 
design  process  to  only  those  plants  that  lie  on  the  template 
contours. 

Through  engineering  knowledge  of  the  problem  the 
designer  is  able  to  determine  the  particular  parameters  that 


effect  the  operating  conditions  and  the  physical  limits  of 
these  parameters.  In  the  case  of  Lambda  the  parameters  that 
were  varied  to  set  the  operating  conditions  were  airspeed, 
altitude,  weight,  and  center  of  gravity.  Gross  limits  were  set 
for  these  values  from  knowledge  of  Ae  A/C  and  the  possible 
flight  envelope.  Next,  the  template  expansion  process  was 
used  to  find  the  set  of  operating  conditions  that  fully  de¬ 
scribed  the  flight  envelope.  The  template  expansion  proc¬ 
ess,  shown  in  Fig.  5,  is  a  graphical  process  Aat  tracks  the 
effect  of  variations  of  the  parameters  which  are  involved  in 
selecting  the  operating  conditions  and  determine  the  result¬ 
ing  LTI  plants.  The  process  is  as  follows: 

1.  Determine  the  important  parameters  that  describe  the 
operating  condition  and  their  minimum,  maximum, 
and  nominal  values. 

2.  Choose  a  template  frequency  for  the  expansion  proc¬ 
ess.  This  frequency  should  be  representative  of  the 
dynamic  system  in  the  bandwidth  of  interest.  At  the 
end  of  the  process,  other  template  frequencies  should 
be  checked  to  Insure  that  a  complete  set  of  operating 
conditions  have  been  chosen. 

3.  For  the  template  frequency  of  step  2,  plot  the  dB  vs 
phase  values  of  the  nominal  operating  condition. 

4.  On  this  same  graph,  plot  the  results  of  varying  each 
parameter  through  its  maximum  and  minimum  while 
holding  the  rest  of  the  parameters  at  their  nominal  val¬ 
ues.  This  forms  an  initial  template. 

5.  Identify  the  variations  caused  by  each  parameter.  This 
can  be  accomplished  by  coimecting  the  points  on  the 
template  due  to  each  parameter  variation. 

6.  Choose  the  two  parameters  that  cause  the  largest 
variations  and  use  these  to  expand  the  template.  This 
is  accomplished  by  holding  the  remaining  parameters 
at  their  nominal  values  and  plotting  the  four  points  of 
the  templates  resulting  from  the  extremes  of  the  two 
parameters. 

7.  Use  the  outside  points,  on  this  expanded  template,  as 
nominal  points  for  further  expansion  with  other  pa¬ 
rameters. 

8.  Choose  other  frequencies  in  the  bandwidth  of  interest 
to  ensure  that  the  operating  envelope  is  completely  de¬ 
fined. 

For  Lambda,  a  nominal  flight  condition  was  chosen  to 
be  50  kts,  velocity,  1,000  ft  altitude,  a  weight  of 205  lbs,  and 
center  of  gravity  at  29.9%  of  the  mean  aerodynamic  cord. 
From  this  nominal  trim  flight  condition,  each  parameter  was 
varied,  in  steps,  through  maximum  and  minimum  values, 
while  holdmg  the  other  parameters  at  their  nominal  trim 
values.  These  variations  produced  an  initial  set  of  tem¬ 
plates.  On  these  templates,  the  variation  corresponding  to 
each  parameter  was  identified.  Each  variation  when  trans¬ 
lated,  on  the  template,  identified  an  expanded  template  area 
of  the  flight  envelope  that  required  more  plants  for  better 
definition. 
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VI  CONTROL  SYSTEM  IMPLEMENTATION  IS¬ 
SUES 

An  implementation  problem  that  can  cause  stability  and 
performance  problems  is  integrator  wind-up.  This  is  the 
situation  that  occurs  when  the  controlled  system  cannot  re¬ 
spond  quickly  enough  to  the  commands  from  the  controller 
and  the  commanded  values  keep  increasing  due  to  integrator 
action.  A  situation  like  this  occurs  when  a  control  effector 
has  reached  its  limits.  The  longer  the  system  is  in  this  state 
the  more  the  commanded  value  increases.  The  problem 
occurs  when  the  controller  tries  to  reverse  the  command,  the 
commanded  value  must  be  “integrated”  back  down  to  the 
operational  range  before  it  becomes  effective.  In  order  to 
prevent  integrator  wind-up,  anti-windup  algorithms  must  be 
applied  to  integrators  during  implementation.  During  the 
QFT  design  process  the  controller  is  in  the  form  of  transfer 
functions  that  can  be  of  any  order.  For  implementation, 
these  transfer  functions  can  be  separated  into  first  and  sec¬ 
ond  order  transfer  functions  (see  E.R.  12  of  Chap.  9*).  With 
the  transfer  functions  separated  in  this  manner  individual 
integrators  can  be  limited. 

VII  HARDWARE/SOFTWARE  CONSIDERATION 

During  the  modeling  and  development  of  the  control  sys¬ 
tem,  assumptions  were  made  as  to  the  polarity  of  feedback 
and  command  signals.  During  implementation  these  as¬ 
sumptions  must  be  tested.  This  is  one  of  the  reasons  to  use  a 
hardware-in-the-loop  simulation.  With  this  type  of  simula¬ 
tion  the  control  algorithms  can  be  implemented  and  the 
control  effectors  can  be  monitored  during  simulated  opera¬ 
tion.  Feedback  signals  can  be  checked  by  moving  sensors 
by  hand,  if  possible. 

The  other  phenomena  that  a  hardware-in-the-loop 
simulation  can  identify  is  the  effects  of  feedback  noise  on 
the  controlled  system.  If  the  feedback  noise  is  within  the 
bandwidth  of  the  control  system,  and  the  noise  has  not  been 
included  in  the  modeling  or  simulation,  the  controller  may 
need  to  be  redesigned  to  account  for  the  noise.  This  might 
result  in  a  trade  off  between  performance  and  noise  rejec¬ 
tion.  Sometimes  it  is  possible  to  implement  a  hardware  filter 
after  the  sensor,  but  before  the  sampler  too  reduce  the  noise 
in  the  bandwidth  of  interest. 

Vni  BENDING  MODES 

During  the  design  of  a  control  system,  the  effects  of  higher 
frequency  modes  on  stability  and  performance  must  be  con¬ 
sidered.  In  A/C,  one  soiuce  of  higher  frequency  modes  is 
structural  bending.  A  control  system  that  excites  a  bending 
mode  in  a  flying  A/C  can  produce  disastrous  consequences. 
During  the  modeling  process  it  is  very  important  to  include 
the  effects  of  these  higher  frequency  modes  so  they  can  be 
minimized  during  the  design  process.  In  the  case  of 


Lambda,  the  existence  of  a  bending  mode  was  discovered 
during  a  flight  test. 

VIII-l  Lambda  Bending  Example 

Following  the  initial  flights,  the  A/C  operators  decided  that 
they  would  prefer  a  different  feedback  structure  in  the  FCS 
that  included  turn  compensation.  Thus,  to  implement  turn 
compensation,  a  sideslip  angle  command  was  incorporated 
as  part  of  the  inner  loop  controller.  The  goal  of  turn  coordi¬ 
nation  is  to  reduce  the  amount  of  sideslip  angle  during  a  turn 
by  using  the  proper  amount  of  rudder  deflection  during  the 
turn.  Since  Lambda  has  a  sideslip  sensor,  sideslip  feedback 
was  used  to  cause  the  A/C  to  intrinsically  fly  coordinated 
turns.  Changing  to  sideslip  command  also  allowed  the  use 
of  the  yaw  rate  sensor  to  implement  a  yaw  damper  to  re¬ 
duced  the  dutch  roll  mode  oscillations.  This  yaw  damper 
was  implemented  by  adding  a  washout  filter,  designed 
through  the  use  of  a  root  locus  plot.  The  yaw  damper  was 
designed  and  then  incorporated  in  the  A/C  model  for  a  FCS 
design. 

When  this  design  was  finally  flight  tested,  a  porpois¬ 
ing  behavior  was  observed.  To  ensure  flight  safety.  Lambda 
was  flown  to  a  safe  altitude  by  the  pilot  before  the  QFT  FCS 
was  engaged.  The  pilot  had  Lambda  flying  in  level  flight 
when  the  longitudinal  portion  of  the  QFT  FCS  was  engaged. 
At  this  point  Lambda  began  oscillations  in  the  pitch  axis 
and  the  QFT  FCS  was  disengaged  immediately.  In  order  to 
collect  sensor  data  on  this  behavior.  Lambda  was  flown 
back  to  level  flight,  the  longitudinal  portion  of  the  QFT  FCS 
was  engaged  and  the  sensor  data  was  recorded  for  further 
analysis.  Pitch  attitude  data  from  this  flight  is  shown  in  Fig. 
5  whose  high  resolution  data  was  at  a  60Hz  sample  rate. 

Vin-2  Unmodeled  Behavior 

A  model  of  the  porpoising  behavior  was  identified  by  as¬ 
suming  that  the  behavior  was  caused  by  an  unmodeled  ef¬ 
fect.  Various  proposed  models  were  incorporated  into  a 
nonlinear  model  of  Lambda  and  simulated.  This  simulation 
used  the  actual  flight  test  inputs  as  simulation  inputs  and 
compared  the  simulated  outputs  to  the  flight  test  data.  Using 
this  procedure,  a  violation  of  the  gain  margin  was  ruled  out 
by  increasing  the  inner  loop  gain  in  the  model  and  observing 
the  response.  Instability  caused  by  actuator  rate  limiting 
was  ruled  out  by  inserting  severe  rate  limited  actuator  mod¬ 
els  in  the  nonlinear  simulation.  Upon  reviewing  the  video 
record  of  the  flight,  it  was  suggested  that  the  A/C  appeared 
to  have  a  second-order  bending  mode  in  the  longitudinal 
axis.  It  was  possible  to  excite  and  observe  such  a  mode  by 
tapping  rhythmically  on  the  tail  of  the  A/C. 

A  bending  mode  modeled  as  a  lightly  damped  pair  of 
poles  at  13.2  rad/sec,  just  within  the  bandwidth  of  the  FCS, 
was  inserted  in  the  nonlinear  simulation  as  shown  in  Fig.  6. 
This  model  generated  a  pitch  acceleration  signal  from  ele¬ 
vator  deflection  which  was  passed  through  the  second  order 
filter: 
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8^+5.283  +  174.2 

The  simulated  response  was  veiy  similar  to  the  flight 
test  results.  Matrixx  was  used  subsequently  to  develop  new 
linearized  plant  models  containing  the  bending  mode  about 
the  given  flight  conditions.  The  Bode  plots  of  these  models 
are  shown  in  Fig.  7 

The  new  plant  models  were  entered  in  to  the  MIMO 
QFT  CAD  software.  The  FCS  was  redesigned  based  on  the 
new  models  using  the  FCS  from  the  previous  design  cycle 
as  a  baseline.  The  previous  controller  was: 

1093(s  +  8.5)(s  + 1  l)(s  +  3.9  ±  j2) 

"  s(s  +  2)(s  +  80)(s  +  36  ±  y48) 

The  MIMO  QFT  CAD  software  showed  that,  with  the  old 
controllers,  there  were  violations  of  stability  criteria  on  the 
Nichols  chart. 

The  standard  method  of  design  would  be  to  add  a 
notch  filter  to  keep  the  mode  from  becoming  excited.  The 
bending  mode  is  close  enough  in  frequency  to  the  perform¬ 
ance  bandwidth  of  Lambda  that  care  nee^  to  be  taken  to 
design  a  controller  that  will  be  able  to  take  advantage  of  the 
available  bandwidth  to  deliver  performance,  stability,  and 
disturbance  rejection  without  exciting  the  bending  mode.  A 
standard  notch  filter  would  not  take  advantage  of  any  bene¬ 
ficial  dynamics  at  frequencies  nearv  the  bending  mode.  It 
would  also  increase  the  order  of  the  compensator.  As  an 
alternative,  the  inner  loop  filter  was  revised  to  compensate 
for  the  new  information.  It  was  also  possible  to  design  a 
fourth-order  controller  to  replace  the  earlier  fifth-order  de¬ 
sign,  lowering  the  complexity  of  the  controller  instead  of 
increasing  it.  The  new  controller  was  determined  to  be . 

125(s  +  l)(s  + 2.5  ±79.4) 
s(s  +  10)(s  + 35  ±735.7) 

A  characteristic  of  a  bilinear  transformation  is  that,  in 
general,  it  transforms  an  unequal-order  transfer  function  («j 
w,)  in  the  s-domain  into  one  for  which  the  order  of  the 
numerator  is  equal  to  the  order  of  its  denominator  =  w^) 
in  the  z-domain.  This  characteristic  must  be  kept  in  mind 
when  synthesizing  g,-(5)and  /ii{s).  Therefore,  a  nondominat¬ 
ing  s-domain  zero  at  -150  is  inserted  in///. 

With  the  MIMOQCAD  program  it  was  possible  to 
shape  the  loop  so  that  at  5  rad/sec  the  loop  intersected  a 
point  on  the  Nichols  chart  where  the  stability  boundary  and 
the  performance  boundary  met.  This  was  an  optimal  point 
for  the  loop  to  pass  through  given  Lambda's  performance 
bandwidth.  The  new  A/C  model  was  implemented  in  the 
nonlinear  simulations  and  tested  with  both  filters.  As  ex¬ 


pected,  the  resonance  occurred  with  the  FCS  that  was  de¬ 
signed  in  Design  Cycle  #3.  The  FCS  resulting  from  Design 
Cycle  #4  responded  within  specifications.  The  new  FCS 
passed  a  hardware-in-the-loop  simulation  and  was  scheduled 
for  a  flight  test.  During  the  next  flight  test,  the  field  condi¬ 
tions  were  gusty,  but  within  acceptable  limits  for  the  ex¬ 


periment.  The  QFT  FCS  was  engaged  and  there  was  no 
noticeable  oscillation.  The  pilot  was  very  pleased  with  the 
handling  qualities  and  felt  comfortable  flymg  with  the  FCS 
engaged  for  the  entire  series  of  tests.  The  only  problems 
encountered  were  some  roll  performance  problems  which 
could  be  attributed  to  the  windy  conditions.  Pitch  response 
during  this  flight  is  shown  in  Fig.  8.  Unfortunately,  the  test 
data  recording  function  failed  during  the  flight  so  that  the 
only  data  available  is  low  resolution  data  (±0.5  “)  recorded  at 
lOHz. 


IX  SUMMARY 

Control  design  and  implementation  in  the  real  world  is  an 
iterative  process.  Initial  steps  are  performed  with  linear 
models  that  have  been  formulated  wiA  simplifying  assump¬ 
tions.  After  successful  testing  of  the  designed  control  sys¬ 
tem,  based  upon  these  simplified  models,  it  is  tested  on  in¬ 
creasingly  realistic  (nonlinear)  models.  At  any  point  in  the 
design  process,  if  the  control  system  does  not  meet  perform¬ 
ance  and  stability  specifications,  the  control  system  must  be 
redesigned  and  retested  on  the  simplified  models.  This  re¬ 
design  is  followed,  once  again,  by  testing  on  the  nonlinear 
model  (see  Fig.  1).  At  every  point  of  the  design  process  the 
designer  must  be  aware  of  test  assumptions  so  engineering 
judgement  can  be  use  to  help  guide  the  design  to  a  success¬ 
ful  implementation  and  operation.  The  bottom  line  is  ftiat 
the  controlled  system  must  meet  the  requirements  set  out  at 
the  beginning  of  the  process. 
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#2 

Perfornmnce  Specificationi 
These  are  the  maAemadcal 
expressions  which  represent  the 
funcdonal  requirements. 


Functional  Requirement^  ' 
This  is  the  problem  statement 
Included  are  the  operational 
goals  of  the  controlled  system 
and  its  c^>erating  environment 


Control  Authority  Allocation 
Algorithm  to  optimi2e  the  use  of 
control  effectors  for  elTicien^  and 
decoupling 


0 


Dynamics  Model  ^ 
Mathematical  model 
of  the  system  to  be 
controlled. 


'lSK\ 

QFT  Control  System  Design"^ 
Produces  control  algorithms  for  .. 
test  and  implementation 


’  - - BIT 

System  Test 

Tryout  of  controlled  system 
under  actual  operating  conditions 

1  1 

i>\ 

\ 

1 

P 

S 

Ooerafftr.in.fhe-l4.on 

•Msual  cues 

•Moving  base 

Engineering  Visualization 
Used  to  better  understand  results 
of  simulations  and  System  tests 


Design  can  be  broken 
down  by  open  or  closed- 
loop  operating  condition 


Engineering  Interactive  Simulation 
•User  supplies  commands  and  then  can 
react  to  resulting  dynamic  beharior 
•Gives  a  better  understanding  of  control 
system  operation 


Hardware-in-the-Loon 
Simulation/lmplementation 
•Real-time  operation  of  control  algcmthm 
•Noise  corrupted  measurements  available 
for  feedback 

•Computation  cycle  time/SampIing  Rate 
•Quantization  ^or,  Warping 


Fig.  1  The  QFT  control  system  design  process:  Bridging  the  Gap. 
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Fig.  2  Lambda  Unmanned  Research  Vehicle  (URV). 


Fig.  3  Response  to  pitch-down  command. 


Fig.  5.  Template  expansion  process. 
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Abstract 

This  paper  proposes  a  procedure  to  design  robust  decentralized  controllers  for  linear  systems.  The  design 
procedure  combines  a  robust  frequency  domain  design  procedure  (Wang,  Trierweiler  and  Engell,  1997)  vi^ith  the 
sequential  closure  of  the  loops  (Mayne,  1973;  Hovd  and  Skogestad,  1994).  In  each  step  of  the  sequential  design, 
an  individual  controller  is  designed  by  the  robust  design  procedure.  To  reduce  the  complexity  of  the  controller, 
the  order  of  the  elements  of  the  individual  controller  in  each  step  is  reduced  by  frequency  response  approximation 
(Engell  and  Muller,  1993).  The  approach  is  demonstrated  for  a  non-minimum-phase  continuous  stirred  tank 
reactor  (CSTR). 

Keywords;  process  control,  decentralized  control,  robust  control,  reactor  control,  order  reduction,  loop  shaping 
1  Introduction 

Decentralized  controllers  are  usually  preferred  because  they  can  be  easily  implemented,  simply  designed  and 
individually  tuned.  Furthermore  it  is  easy  to  make  the  closed-loop  system  failure-tolerant  by  decentralized 
control.  In  chemical  processes,  restrictions  on  the  feedback  compensator  structure  are  often  encountered.  When 
several  control  stations  are  provided  only  with  local  measurements,  decentralized  controllers  must  be  used.  The 
commonly  used  methods  for  the  design  of  decentralized  controllers  can  be  arranged  in  the  following  three 
groups:  independent  design  (Skogestad  and  Morari,  1989),  sequential  design  (Mayne,  1973;  Chiu  and  Arkun, 
1992)  and  direct  parameter  optimization  (e.g.  Sandell  et  al.,  1978;  Davison  and  Ferguson  ,1981). 

In  this  paper  the  decentralized  control  design  is  conducted  by  combing  a  robust  controller  design  procedure 
(Wang,  Trierweiler  and  Engell,  1997)  with  the  sequential  design  approach.  As  the  robust  controller  design 
procedure  usually  yields  a  high  order  controller,  in  each  step  a  single  loop  controller  is  first  computed  and  order 
reduction  is  performed  using  frequency  response  approximation  method  (Engell  and  Muller,  1993).  With  the 
resulting  low  order  controllers  the  loops  are  closed  one  after  another. 

In  Chiu  and  Arkun  (1992),  a  general  analysis  of  the  robustness  of  sequentially  designed  decentralized  control 
systems  was  proposed.  With  the  results  of  the  analysis  the  robust  stability  or  robust  performance  obtained  using 
ILo  methods  can  be  incorporated  in  the  sequential  design.  The  main  results  of  their  work  can  be  stated  as  follows: 
If  certain  robustness  constraints  on  the  individual  decentralized  controllers  are  satisfied,  the  closed-loop  system  is 
guaranteed  to  possess  prespecified  robustness  properties  if  and  only  if  the  overall  system  is  nominally  stable  as 
well.  The  robustness  of  the  individual  loops  can  lead  to  the  robustness  of  the  coupled  system  if  certain  constraints 
on  individual  decentralized  controllers  are  satisfied.  In  the  design  procedure  of  decentralized  controllers 
discussed  in  this  paper  the  robustness  of  the  overall  system  is  guaranteed  by  adjusting  the  robustness  of  the 
individual  loops.  The  application  of  the  above  design  procedure  to  a  CSTR  shows  that  the  design  strategy  is 
viable. 


2  The  sequential  design  procedure 

Sequential  design  is  the  most  popular  design  method  for  decentralized  control  of  real  multivariable  processes.  In 
the  sequential  design,  each  step  in  the  design  procedure  involves  designing  one  individual  controller.  Because  at 
each  step  one  utilizes  the  information  about  controllers  designed  in  the  previous  steps,  the  method  can  be  less 
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conservative  than  independent  design.  In  sequential  design,  if  stability  has  been  achieved  after  the  design  of  each 
loop,  then  the  system  will  remain  stable  if  loops  fail  or  are  taken  out  of  service  in  the  reverse  order  of  how  they 
were  designed.  Similarly,  during  startup  the  system  will  be  stable  if  the  loops  are  brought  into  service  in  the  same 
order  as  they  had  been  designed. 

In  a  sequential  design  the  final  controller  depends  on  the  order  in  which  the  controllers  in  the  individual  loops  are 
designed.  Usually  the  fast  loops  are  closed  first,  because  the  loop  gain  and  phase  in  the  bandwidth  region  of  the 
fast  loops  is  relatively  insensitive  to  the  tuning  of  the  lower  loops.  Since  the  closing  of  subsequent  loops  may 
change  the  response  of  previously  designed  loops,  an  iterative  design  may  be  necessary. 

3  A  new  robust  design  procedure 

Our  new  robust  design  procedure  is  a  combination  of  the  Frequency  Response  Approximation  (FRA)  method 
(Engell  and  Muller,  1993)  and  the  Loop  Shaping  Design  Procedure  (LSDP)  (McFarlane  and  Glover,  1990). 


desired  closed  loop 


Figure  1  The  standard  feedback  control  loop  for  FRA 


In  the  FRA  method  the  classical  frequency  compensation  technique  is  understood  as  the  approximation  of  an 
ideal  controller 


CoO'ffl)  = 

which  achieves  a  desired  closed-loop  system  To(jQ)),  where  G(jo))  is  the  nominal  plant.  In  LSDP,  the  plant  is 
premultiplied  by  a  loop  shaping  precompensator  (weighting  function)  C(s).  The  feedback  controller  IC.(s)  is  then 
optimized  for  G(s)C(s)  instead  of  G(s).  A  disadvantage  of  the  LSDP  is  that  there  is  no  clear  methodology  for  the 
selection  of  the  weighting  function  C(s).  In  the  combined  robust  design  procedure  (Wang,  Trierweiler  and  Engell, 
1997),  the  weighting  function  which  insures  the  desired  closed-loop  behavior  is  optimized  by  the  FRA  procedure 
avoiding  the  “trial  and  error”  process  in  the  weighting  function  selection.  This  reduces  the  design  time 
considerably. 

Figure  2  shows  the  control  structure  for  the  robust  control  design.  The  detailed  design  procedure  proceeds  as 
follows: 


1.  Choose  a  nominal  plant  G(s).  For  the  computation  of  C(s),  select  a  desired  closed-loop  reference-to-output 

transfer  matrix  To(s).  ^ 

2.  For  the  nominal  plant  model  G(s),  the  weighting  function  C(s)  is  optimized  by  the  FRA  procedure.  It  consists 
of  two  steps: 

a. )  Use  the  column-by-colunin  least  squares  optimal  frequency  response  approximation  to  calculate  a 

transfer  function  C(s)  which  achieves  good  model-matching. 

b. )  Using  C(s)  from  a.  as  a  starting  point,  the  non-linear  optimization  of  the  weighting  function  C(s)  is 

performed  such  that 
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j=p£, 

/si 


[I  +  L(7iy,)]-‘L(M)-T‘(M) 


(2) 


is  minimized,  where  L(s)=G(s)C(s).  Here  e^ax  is  the  design  indicator  in  the  LSDP  which  represents  the 
maximum  achievable  stability  margin  of  the  compensated  closed-loop  system.  In  the  cost  function  the 
first  term  is  for  good  model-matching.  The  second  term  maximizes  the  maximum  achievable  stability 
margin  Eniax  for  the  shaped  plant  Gn(s)C(s).  The  constant  p  controls  the  compromise  between  the  model¬ 
matching  and  the  robust  stability  of  the  closed-loop. 


3.  For  ensuring  robust  stability  of  the  closed-loop  system,  a  feedback  controller  K„(s)  is  computed  for  e  =  0.95 
Eroax-  The  final  feedback  controller  is  K(s)  =  C(s)K.«(s).  If  robust  stability  of  the  closed-loop  system  can  not 
be  achieved  by  K(s),  adjust  p  and  return  to  step  2.b. 

The  structure  and  the  orders  of  the  elements  of  the  weighting  matrix  C(s)  can  be  chosen  freely  by  the  designer. 
K„(s)  can  be  computed  by  a  standard  algorithm  (McFarlane  and  Glover,  1990). 


4  Sequential  design  of  robust  decentralized  controllers 

Combining  the  new  robust  design  procedure  in  the  SISO  case  vwth  the  sequential  design  method,  we  have  the 
following  sequential  design  procedure  of  robust  decentralized  controllers: 

Step  1:  Determine  the  order  of  loop-closing  by  estimating  the  desired  bandwidth  in  each  loop. 

Step  2:  Design  the  controller  Ki(s)  =  Ci(s)Ki„(s)  using  the  new  robust  design  procedure  in  the  SISO  case 
considering  only  the  transfer  function  Qi(s)  from  Uj  to  yi. 

Step  3:  Calculate  the  transfer  function  Q2(s)  from  U2  to  y2  by  which  the  first  loop  is  closed  by  the  controller  Ki(s). 
For  the  transfer  function  Q2(s),  design  the  controller  K2(s)=C2(s)K2«(s). 


Step  k:  Design  the  controller  K).(s)  =  Ck(s)Ki£»(s)  for  Qic(s)  which  is  the  transfer  fimction  from  Uk(s)  to  yij(s)  after 
closing  the  first  (k-1)  loops  with  the  designed  controllers  Ki(s),  K2(s), ...,  Kti(s). 


Step  r:  Design  the  last  controller  Kr(s)  =  Cr(s)Kp„(s)  via  Qr(s). 

Here  r  is  the  number  of  the  inputs  and  outputs  of  the  system.  The  new  robust  controller  design  procedure  usually 
yields  a  high  order  controller.  Therefore  in  each  step  a  high  order  SISO  controller  is  first  designed,  and  then 
order  reduction  is  performed  using  the  fi'equency  response  approximation  method  again  to  reduce  the  controller 
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complerity.  With  the  resulting  low  order  controllers  the  loops  are  closed.  If  the  performance  of  the  closed-loop 
system  is  not  satisfactory,  an  adjustment  of  the  design  parameter  pj  in  each  design  step  and  a  different  design 
sequence  may  be  necessary. 


5  Example 

Here  we  consider  the  control  problem  of  a  continuous  stirred-tank  reactor  (CSTR)  which  was  used  as  a 
benchmark  problem  for  controller  design  for  nonlinear  processes  by  Engell  and  Klatt  (1993),  Amann  and 
Allgower  (1994)  and  others.  The  plant  is  non-minimum-phase  and  exhibits  significantly  nonlinear  behaviour,  thus 
robustness  plays  an  essential  role  when  a  linear  controller  is  designed  for  a  range  of  operating  points. 

5.1  The  control  problem 

The  CSTR  considered  here  is  an  example  for  the  Van  de  Vusse  reaction  scheme  (Kantor,  1986).  The  abstract 
reaction  scheme  is 


(3) 

(4) 


where  A  is  the  educt,  B  the  product  and  C  and  D  are  unwanted  byproducts.  The  dynamics  of  the  system 
considered  here  are  described  by  four  nonlinear  differential  equations  which  can  be  derived  from  mass  and 
energy  balances  ( Engell  and  Klatt,  1993): 


dt 


(5) 


dCg 

dt 


k2iB)cg 


(6) 


1 


pCf 


pCpVg 

■[k,(d)c^AHg^^  +k2(e)cgAHg^^  +^3(^)c/Aff„  ] 


dOy 


dt  fngCpg 


\Qg+ky/Ag{9 


(7) 


(8) 


where  is  educt  concentration,  Cg  is  product  concentration,  0is  reactor  temperature  and  Og  is  the  temperature  of 

the  coolant  medium.  Vr  is  the  volume  of  the  reactor,  and  V  is  the  volume  flow  through  the  reactor.  AHp  are  the 

various  reaction  enthalpies,  9o  is  the  temperature  of  the  inlet  stream,  kw  represents  the  heat  transfer  coefiBcient, 
Ar  is  the  surface  of  the  cooling  jacket  and  /n*  is  the  mass  of  the  coolant.  The  rate  coefficients  ki,  k2  and  ks  depend 
on  the  reaction  temperature  via  Arrhenius’  law 


ki(d)  =  koi  -  exp 


R(9+ 213.15) 


(9) 
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For  the  values  of  the  parameters  in  the  non-linear  model  for  the  reaction  system  considered  here,  the  reader  is 
referred  to  Engell  and  Klatt  (1993).  All  parameters  here  are  only  known  with  limited  accuracy.  The  manipulated 

variables  are  the  inverse  of  the  residence  time  VIV^  and  the  amount  of  heat  removed  by  the  coolant,  Q  ^ .  They 
are  restricted  in  the  ranges: 


kJ  U 

h  ^  h 


The  reactant  A  is  fed  into  the  reactor  with  concentration  Cao  and  temperature  Gq.  The  variation  of  the  reactant 
concentration  Cao  is  considered  as  the  main  unmeasurable  disturbance  of  the  system.  It  varies  in  the  range, 

45^<c,oS5.7^.  (11) 

h  h 

The  goal  of  the  control  design  is  to  control  the  product  concentration  Cb  of  the  reactor  in  the  range, 

0.7— <Cs<  0.95— .  (12) 

/  ®  / 

As  a  test  signal,  the  reference  input  for  the  concentration  is 

c»„r(O  =  0.9-0.2M(t-10)  +  0.25M(t-60)  [mol/1],  (13) 


while  the  reactor  temperature  6  should  be  unchanged. 


5.2  Nominal  plant  model  and  uncertainty  description 

Considering  the  product  concentration  Cb  and  the  reactor  temperature  as  the  output  variables,  linearization  at  the 
main  operating  point. 


.  =1.078—,  =0.825—,  0=  135.0“C.  =130.9“C,  :^  =  16.3/t-‘,  Q^=-?>555^ 


which  corresponds  to  the  educt  concentration  Cao  =  5.1  mol/1,  yields  the  nominal  design  model  {A,  B,  C,  D}(all 
time  constants  in  minutes)  where 


■- 1.412 

0 

-0.0630 

0 

■  0.0670 

0 

0.8873 

-1.1588 

0.0132 

0 

B  = 

-0.0138 

0 

2.4417 

3.4708 

-05970 

05138 

-  0.0833 

0 

0 

0 

1.4450 

-1.4450 

0 

0.0017 

(14) 


The  corresponding  plant  transfer  matrix  G„(s)  =  C{sl  -  A)"'B  +  D  has  a  transmission  zero  at  2.89  in  the 
right-half-plane.  We  will  use  a  robust  linear  controller  designed  for  the  above  linear  nominal  model  to  control  the 
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original  non-linear  system.  The  uncertainty  in  the  robust  design  of  the  linear  controller  therefore  consists  of  two 
major  parts  due  to  the  non-linearity  and  due  to  uncertain  physical/chemical  parameters  (e.g.,  rate  coefficients, 
activation  energies,  and  reaction  enthalpies).  Letting  G(s)  be  the  linear  transfer  function  of  the  system  at  a 
stationary  point  in  the  operation  range,  we  write 

G(5)  =  G„(s)-bA(j) .  (16) 

The  uncertainty  A(s)  from  the  non-linearity  can  be  represented  by  uncertainty  bands  obtained  by  linearizing  the 
model  for  extreme  values  of  Cb  (  Muller  and  Trierweiler,  1995): 
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Figure  3  Nyquist  diagram  of  each  channel  with  uncertainty  bounds 

0.004805(0.00100^  +  l)(0.009398.y  + 1)(0.3586^  + 1) 

(O.OOlOOli^  -I-  0.038555  -I-  l)(0.158s  + 1) 


^  I  -0.00001877(0.00038835-H)(0.0036l5-H)(0.043725-H) 
~  (0.00428 15=*  +  0.0547 j  + 1)(0.14845  + 1) 


Ia  (A  ^  ~  +  0-00147b  +  1)(0.83825  + 1) 

'  “  (0.01 1695  + 1)(0.1 1765  +  1)(0.82225  + 1) 

Ia  J  ^  7.439g  -  4(1.  .888g  -  65"  +  0.0010235  -1- 1)(0.21565  -I- 1) 
'  “  “  (0.0085915^  -1-  0.12645  + 1)(0.28955  + 1) 


The  Nyquist  diagram  of  each  channel  with  nonlinearity  uncertainty  bounds  is  shown  in  Figure  3.  These  bounds 
illustrate  that  our  nominal  plant  is  reasonable  if  we  consider  the  nonlinearity  of  the  system  as  uncertainty  of  the 
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linear  plant  used  in  the  linear  controller  design.  As  a  representative  of  the  uncertainty  of  the  parameters,  we 
assume  that  the  activation  energy  of  the  reaction  corresponding  to  ki  and  ka,  Ea(1)  and  Ea(2)  in  equation  (9) 
increases  by  2%  corresponding  to  a  variation  of  the  reaction  rates  by  40%. 

5.3  Design  of  the  robust  decentralized  controller 

In  this  section  the  design  strategy  described  in  section  4  will  be  used  to  design  a  robust  decentralized  controller 
for  the  CSTR.  The  desired  closed-loop  is  chosen  to  have  3  minutes  rise  time  in  the  concentration  channel  and  1 
minute  rise  time  in  the  temperature  channel;  both  channels  should  have  10%  overshoot  for  step  inputs.  This  leads 
to  the  desired  closed-loop  transfer  matrix 

Tfe')  =  f _ _ _  _ ^ - }.  (21) 

^  ‘2.25^ +1. 7545 +  r  0.24445^+0.58465  +  1 


Qn(s) 


Figure  4  Control  structure  for  the  sequential  design 


In  our  design  method  the  restrictions  on  the  manipulated  variables  V/Vn  and  are  considered  by  choosing  a 
reasonable  rise  time  in  each  channel.  This  can  be  done  by  estimating  the  smallest  duplication  time*  in  each 
channel  under  the  restrictions  on  the  manipulated  variables.  The  minimum  duplication  time  for  the  reference  step 
0.2u(t)  is  1.8  minutes  for  the  concentration  channel  and  0.4  minutes  for  the  temperature  channel  (Muller,  1996). 
The  rise  times  of  our  desired  closed-loop  system  are  consistent  with  these  duplication  times. 


Since  the  temperature  channel  is  the  fast  channel,  the  design  begins  with  the  second  loop.  For  the  minimum  phase 
element  g22(s),  a  weighting  function  C2(s)  was  optimized; 


3.66435  +  0.7440  ,^3 
€2(5)  = - xlO^ 


(22) 


with  the  design  parameter  P2  =  100  and  YmM  =  1-7687.  The  H„-controller  { A^2>  ®/fc2  } 

computed  for  g22(s)-C2(s)  by  standard  algorithms.  The  order  of  the  overall  controller 


^22  ~  (^i2  ^*2)  ®t2  "^^*2)  ■  ^2('^) 


(23) 


in  the  second  channel  is  6.  After  order  reduction  we  obtained  the  following  Pl-controller: 


‘  The  duplication  time  is  the  minimum  time  at  which  the  output  response  crosses  the  final  value. 
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(24) 


,  ,  25125  +  464.93 

^22  (■y)  = - 

s 

With  the  controller  1^22 (■^)  we  closed  the  second  loop,  the  transfer  function  Qii(s)  was  calculated,  which  is  non- 
minimum-phase  and  has  a  zero  at  2.89  in  RHP.  In  order  to  avoid  the  approximation  of  an  xmstable  ideal 
controller,  the  transfer  function  of  the  desired  closed-loop  system  was  multiplied  by  (1+  s/2.89)  for  the 
approximation  of  the  controller  (Engell,  1988).  With  p,  =  160  we  obtained  the  following  weighting  function: 

16.3185  +  27.26 

C,(5)  = -  (25) 

5 

leading  to  a  maximum  stability  margin  Ymini  (l/Emini)  =  1.8406.  For  this  weighting  function,  an  ^..-controller 
{ A^j,  ,  Dj, }  was  computed.  The  controller  for  the  first  channel  is 

=  A^,)  'Bji +D;ti)  •  Ci(5).  (26) 


This  controller  can  also  be  reduced  to  a  Pl-controller: 

.  17.4445  +  17.872 
s 


(27) 


The  final  robust  decentralized  controller  thus  is 


K(5)  = 


- 1 

o 

_ I 

_  1 

'17.4445  +  17.872 

0 

0 

5 

0 

25125  +  464.93 

(28) 


The  simulation  of  the  above  controller  is  shown  in  Figure  5.  Because  the  design  specification  is  satisfied,  no 
iteration  was  necessary. 


Figure  5  Simulation  of  CSTR  with  the  Pl-Controller  (28) 


For  Pi  =  85,  the  corresponding  robust  decentralized  controller  is 
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0 

25125  +  464.93 


(29) 


K,(5) 


21.95365  +  15.76 

5 

0 


The  simulation  of  this  controller  is  shown  in  Figure  6. 


rho1  *85.ftio2o100,1/gamaniln1  =0.61 31 ,1/9amaniin2=0.5654 


Figure  6  Simulation  of  the  CSTR  with  the  Pl-Controller  (29) 

Comparing  Figure  6  and  Figure  7  the  robustness  of  the  closed-loop  is  increased  by  changing  the  design  parameter 
pi  at  the  expense  of  a  slightly  slower  response. 


6  Conclusion 

A  new  sequential  design  procedure  for  robust  decentralized  controllers  is  proposed.  In  each  step  of  the  design  a 
new  robust  design  procedure  is  used  to  design  an  individual  controller.  To  reduce  the  complcMty  of  the  controller 
and  also  of  the  plant  transfer  function  in  the  following  steps,  the  order  of  the  computed  SISO  controller  m  each 
loop  is  reduced  by  the  FRA  method  and  then  the  corresponding  loop  is  closed  with  the  low  order  controller.  The 
design  procedure  is  demonstrated  for  a  CSTR  with  complex  reaction  scheme,  the  simulation  results  show  that  the 

design  is  successful. 
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Abstract 

In  this  paper,  a  frequency  domain  design  methodology  for  Equivalent  Disturbance  Rejection  (EDR)  in  a 
multiple-input-single-output  (MISO)  plant  which  has  a  special  cascaded  multiple  loops  structures  addressed. 
First,  EDR  method  transfers  not  only  the  maximum  variation  of  the  plant  uncertainty  to  the  values  of 
equivalent  external  disturbance  at  the  plant  output  with  a  fixed  nominal  plant,  but  also  the  maximum 
variation  of  the  desired  output  tolerance  to  the  fixed  values  at  some  specified  frequencies.  Therefore,  the 
uncertain  plant  design  problem  will  become  an  EDR  problem.  Similarly,  once  the  control  input  constraints 
expressed  in  the  time  domain  with  bandwidth  limitation  are  mapped  into  a  set  of  target  transfer  functions, 
they  can  also  be  treated  as  an  equivalent  external  disturbance  upon  being  transferred  to  the  output.  Thus, 
the  control  design  problem  coping  with  the  control  inputs  and  output  constraints  under  a  persistent  bounded 
disturbance  wiU  also  become  an  EDR  problem.  Design  procedures  of  the  single-input  single-output  uncertain 
plant  tracking  problem  and  the  cascaded  multiple  loops  idle  speed  control  of  a  V-6  fuel  injection  engine  are 
provided,  respectively,  as  illustrative  examples. 

Keywords:  Cascaded  multiple  loops  systems,  disturbance  rejection.  Quantitative  Feedback  Theo¬ 

ry  (QFT),  robust  control  systems,  uncertciin  plant. 

1.  Introduction 

Quantitative  feedback  theory  (QFT)  design  method  developed  by  [1]  requires  templates 
(value  sets)  of  the  uncertain  plant  on  the  Nichols  chart  in  addition  to  matching  the  sys¬ 
tem’s  specifications  in  order  to  obtain  the  bounds  at  some  given  frequencies.  Once  those 
bounds  are  determined,  a  systematic  approach  can  be  applied  to  design  a  compensator  and 
a  prefilter  so  that  the  two-degree-of-freedom  (■2D0F)  system  satisfies  the  specifications  and 

performance.  ... 

An  alternative  concept  provided  by  [2]  which  was  not  used  in  the  synthesis  of  uncertain 
feedback  control  system  can  transfer  the  plant  uncertainty  to  an  equivalent  external  distur¬ 
bance  with  fixed  nominal  plant.  Although  [3]  used  this  concept  on  plant  uncertainty  and 
developed  an  Equivalent  Disturbance  Attenuation  Method  (EDAM)  to  solve  this  problems, 
it  stiU  needs  to  calculate  the  bounds  by  figuring  out  the  mid-points  of  the  uncertain  plant 
and  system’s  specification,  which  will  be  neither  efficient  nor  accurate. 

Equivalent  Disturbance  Rejection  (EDR)  method  uses  the  maximum  variations  of  the 
svstem  tolerance  as  well  as  the  maximum  variations  of  the  uncertain  plant  which  can  be 
transferred  to  the  plant  output  as  an  equivalent  external  disturbance  to  calculate  the  values 
of  bounds  at  some  specified  frequencies  through  an  algebraic  equation,  this  case,  the 
uncertain  plant  design  problem  will  become  an  EDR  problem.  This  alternative  concept  for 
plant  uncertainty  is  being  extended  to  solve  various  control  design  problems  resulting  from 
output  and  control  constraints  under  a  persistent  bounded  disturbance  [4,5, 6, 7]  of  a  special 
cascaded  multiple-loop  (CML)  structure.  Those  constraints  and  bounded  disturbance  will 
be  represented  as  the  time  domain  limitation  and  step  input  response  respectively.  [5]  pro¬ 
posed  a  frequency  domain  design  methodology  for  disturbance  rejection  in  multiple-input 
single-output  (MISO)  plant  which  has  a  specizil  parallel  structure.  To  make  the  loop  trans¬ 
mission  function  maintained  within  the  bounds  obtained  from  the  prespecified  constraints, 


25 


it  used  two  different  inequality  equations  at  any  arbitrary  phase  angle,  -2x  <  0  <  0,  to 
obtain  the  three  dimensioned  tube- type  bound  [6].  This  makes  the  design  procedures  a 
little  touchy  although  it  works  well  to  solve  the  problems  of  output  and  control  constraints 
under  a  persistent  bounded  disturbance. 

For  a  general  MISO  parallel  plant  structure  as  shown  in  Figure  1,  where  u,(s),  i=l,. .  .,n, 
and  y{s)  denote  control  inputs  and  system  output  constraints  respectively,  and  a;(s)  denotes 
persistent  bounded  disturbance.  The  corresponding  cascaded  multiple-loop  system  which 
closes  each  loop  with  a  controller  is  shown  in  Figure  2.  Consequently,  the  objective  is  to 
synthesize  the  controllers  one  at  a  time  so  that  the  prespecified  time  domain  constraints 
and  bandwidth  limitations  are  satisfied  when  a  step  disturbance  is  applied.  Each  of  the 
time  domain  constraints  will  be  transferred  to  an  equivalent  target  transfer  function  which 
coincides  with  the  amplitude  and  bandwidth  limitations.  The  target  transfer  functions  will 
map  to  the  plant  output  as  an  equivalent  external  disturbance.  The  equivalent  external 
disturbance  will  be  treated  just  like  that  in  the  alternative  concept  of  plant  uncertainty. 

This  paper  is  organized  as  follows.  In  Section  2,  an  alternative  concept  of  plant  uncer¬ 
tainty  for  a  QFT-type  design  methodology  is  presented.  The  CML  system  design  procedures 
are  developed  in  Section  3.  In  Section  4,  two  examples  are  provided  to  demonstrate  the 
results  of  single-input-single-output  (SISO)  uncertain  plant  tracking  problem  and  the  CML 
structure  idle  speed  control  problem  of  a  V-6  fuel  injection  engine.  Conclusions  are  included 
in  Section  .5. 


2.  Uncertain  plant  tracking  problem 

In  this  section,  we  develop  a  different  concept  for  the  plant  uncertainty  which  will  be 
transferred  to  an  equivalent  external  disturbance.  Then  the  nominal  plant  without  any 
uncertainty  will  be  adopted  to  design  the  2DOF  system  to  satisfy  the  system’s  specifications 
and  performance.  The  concept  will  be  extended  to  solve  the  problems  of  system  output 
and  control  input  constraints  under  a  persistent  bounded  disturbance  of  a  CML  structure 
as  shown  in  the  next  Section. 

2.1.  Problem  statement 

Consider  a  linear  time-invariant  (LTI)  single-input-single-output  (SISO)  2DOF  feedback 
system  as  shown  in  Figure  3a,  where  p  set  is  the  set  of  the  plant  transfer  function  P(s). 
Po{s)  is  the  nominal  plant  transfer  function  of  P(s).  The  compensator  Gc(s)  and  prefilter 
F(s)  are  realizable  transfer  functions.  u(s)  and  y(s)  are  input  and  output  transfer  functions 
respectively,  u  (s)  is  the  equivalent  external  disturbance.  T(s)  and  To{s)  are  the  perturbed 
and  nominal  system  response  transfer  functions  from  u(s)  to  y(s)  respectively.  Lo{s)  = 
Po{s)Gc{s),  is  the  nominal  loop  transmission  function. 

The  design  objective  in  this  problem  is  to  synthesize  a  controller  Gc{s)  and  a  prefilter 
F(s)  to  satisfy 

7l(<)  <  |2/(t)  -  J/o(t)|  <  72(i). 

subject  to  the  constraints 

•P(^)  G  Ip 

where  y(t)  and  ?/o(t)  are  the  perturbed  and  nominal  system  responses  from  u(t)  to  y(t) 
respectively.  And  7i{t)  and  72(t)  are  the  allowable  upper  and  lower  time  domain  bounds 
of  \yit)  -yoit)\. 

2.2.  Design  procedures 

2.2.1.  Transfer  the  time  domain  bounds  7i(t)  and  72(1)  into  the  frequency 
domain  bounds  P/(s)  and  Bu(s)  respectively. 

Although  so  far  there  is  no  known  way  to  transfer  the  rigorous  time  domain  bounds 
into  the  frequency  domain  bounds,  by  using  a  simple  first  or  second  order  transfer  function 
coupled  with  computer  simulation  facilities  the  corresponding  frequency  domain  bounds 
can  be  obtained,  and  the  prespecified  time  domain  bounds  can  also  be  satisfied. 

2.2.2.  Derive  the  bounds  through  an  algebraic  equation 

Following  lemmas  are  introduced  to  obtain  the  equivalent  external  disturbance  at  plant 
output  due  to  plant  uncertainty  and  the  bounds  from  some  algebraic  equations. 
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Thus,  1  Po{s)/P(s)  or  Po{s)f P{s)  +  Lo{s)  can  be  treated  as  an  input  at  u  '{s)  and 
or  To{s)/T{s)  as  an  output  at  y(s).  The  overall  closed  loop  transfer  function 

from  u“{s)  to  y(s)  can  be  expressed  as  1/(1  +  Lo{s)).  As  a  result,  the  block  diagram  in 
Figure  3a  can  also  be  redrawn  as  shown  in  Figure  3b. 

Note  that  equation  (5)  can  also  be  expressed  as 


'  1  +  I,o(s) *  T(s)  '  P(s) 

where  Ar(s)  =  T{s)  -  T„(s),  AP(s)  =  P{s)  -  P,{s).  Hence  Z„(s)  should  be  designed  to 
satisfy 


■l  +  Lo(s) 


IdB  < 


1^), 

'  T(s) 


IdB  —  I 


P(s) 


IdB- 


(7) 


Lemma  2  ; 

Consider  a  equivalent  external  disturbance  system  as  shown  in  Figure  3a,  the  overall  transfer 
function  from  u"(s)  to  y(s)  can  be  expressed  as  shown  in  (5)  or  (6),  then  the  bounds  of 
nominal  loop  transfer  function  Lo(s)  at  any  given  frequencies  can  be  expressed  as  follows: 


=  W/T(s)  -  Po(s)/P(s) 
1  -  To(s)/T(,) 


(8) 


where  To(s)/T(s)  and  Po(s)/P(s)  are  the  maximum  variations  of  system  response  tolerance 
and  uncertain  plant,  respectively. 

proof:  The  proof  follows  directly  from  equations  (5)  and  (6)  and  therefore,  is  omitted 


Let  Lo(s)  =  1/Q(s),  then  equation  (7)  becomes 


Q(^) 

1  +  Q(3) 


Us  <  I 


^T(a) 

T(s) 


IdB  — 


AP(a) 

P(s) 


Us- 


(9) 


It  should  be  noticed  that  the  relation  between  Q(s)  and  Q(s)/(1+Q(s))  is  exactly  the 
open  loop  and  closed  loop  relation  used  in  the  Nichols  chart  and  likewise,  the  relation  be¬ 
tween  Lo{s)  and  l/(l-fXo(s))  is  the  open  and  closed  loop  relation  used  in  the  inverse  Nichols 
chart. 

Also  note  that  the  upper  bounds  of  the  loop  transmission  function  Lo{s)  obtained  by 
(1/(1  -h  Lois)}\dB  are  a  set  of  the  closed-loop  contours  in  the  inverse  Nichols  chart. 

2.2.3.  Determine  the  Compensator  Gds)  and  the  prefilter  F(s) 

Once  those  bounds  are  determined,  the  shaping  of  the  nominal  loop  transmission  func¬ 
tion  io(s)  can  be  obtained  to  satisfy  the  system  response  tolerance.  The  compensator  G4s) 
is  determined  by  using  the  relation  Gc{s)  =  Lois)/Po{s).  Then,  the  prehlter  F(s)  is  designed 
to  make  the  system  response  satisfy  the  system  performance. 

Two  choices  for  the  nominal  plant,  the  extreme  value  of  the  uncertain  plant,  will  be 
selected  as  the  nominal  plant  and  the  design  procedures  will  be  shown  in  the  next  Section. 


3  CML  structure  with  control  inputs  and  output  constraints  under  persistent 

bounded  disturbances. 


-  3.1.  Problem  statement 

Consider  the  CML  structure  as  shown  in  Figure  2.,  the  control  objective  is  to  design  a 
set  of  controllers  G'ci(s),  . . .,  G'cn(s)  to  satisfy 


subject  to  the  constraints 


U(<)  -  Vo(t)|  <  7 


(10) 


Ui(l)  —  y-oi  (01  ^  ft  >  »  —  1, 2,  ....  71 


(11) 
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on  the  control  inputs  for  aU  time  t  €  [0,oo)  due  to  a  unit  step  disturba^e,  where  7  and 
3i  i=l,. .  ..n,  represent  scalar  bounded  constraints.  And  yo(t),  Uot(t),  i-l,-  •  -jp,  sie  the 
nominal  values  of  control  inputs  and  output  constraints  corresponding  to  the  disturbance 
a;(s)  =  0.  It  is  also  desirable  to  reduce  the  cost  of  feedback  as  reflected  by  the  bandwidth 
of  each  compensator.  In  other  words,  in  order  to  reduce  any  noise  amplification  that  tends 
to  saturate  the  actuators,  the  bandwidth  of  each  controller  should  be  mimmized. 

The  design  procedures  will  be  systematically  presented  as  follows. 

3.2.  Design  procedures 

3.2.1.  Target  transfer  function  _  i  u 

The  target  transfer  functions  are  chosen  so  that  the  umt  step  disturbance  signal  0® 
injected  to  verify  that  this  target  transfer  function  satisfies  the  time  domain  and  bandwidth 
(rise  time)  constraints  of  the  control  inputs  and  system  output.  Let 


aiiu  /  . 

w(s) 

denote  those  target  transfer  functions.  Once  the  target  transfer  functions  ai^  determined, 
the  equivalent  external  disturbances  at  the  plant  output  will  be  obtained.  Then,  Lemma 
2  will  be  applied  to  get  the  bounds.  Without  losing  generality,  it  is  assumed  that  the 
controller  synthesis  begins  by  opening  aU  the  inner  loops  except  the  outer  most  loop.  Once 
the  outer  most  loop  controller  is  designed,  the  outer  most  inner  loop  is  synthesized  with 
the  outer  most  loop  controller  in  place.  The  design  procedure  is  repeated  until  all  the  inner 
loops  are  closed. 

3.2.2.  Loop  1  closure: 

Considered  in  this  situation  is  that  all  the  inputs  U2(s)  through  Un{s)  have  been  opened. 
The  target  transfer  function  T„i(s)  from  cj(s)  to  ui(s)  is  transferred  to  be  an  equiv^ent 
disturbance  r,;i(s)  from  a;(s)  to  u[{s)  at  plant  output  as  shown  in  Figure  4.  Then  T„i(s) 
can  be  treated  as  an  input  at  Ui(s)  denoted  as  an  equivalent  external  disturbance  Tui(s) 
from  a;(s)  to  u"{s).  The  transfer  function  from  u^ifs)  to  y(s)  is 


V(i)/u)(s) 

“1  {«)Ms) 


1  +  Li  (s) 


where  Li(s)  =  Gci{s)G^{s)Pi{s),  and  Ty{s)  and  T^'iCs)  are  the  maximum  output  variation 
and  maximum  equivalent  disturbance  variation  respectively.  _  ^ 

The  values  of  bound  for  Li(s)  will  be  obtained  from  Lemma  2.  The  loop  transmission 
function  Lio(s)  and  the  compensator  Gci(s)  can  be  obtained  from  the  conventional  QFT 
method. 

3.2.3.  Loop  2  closure;  j  1 ,  1 

From  Figure  2  where  all  the  inputs  U3(s)  through  u„(s)  have  been  opened,  i he  block 
diagram  representation  of  this  situation  is  shown  in  Figure  5.  The  two-loop  closed  loop 
transfer  function  from  equivalent  external  disturbance  112  (®)  output  y(s)  are 


y{s)fu(s)  _  Ty{s) 
ii''[s)/w(s)  T"  , 


1  +  Li2(s)’ 


y{s)/uj{s)  _  Ty(s)  _  I _ ^ 

u^(s)/u,{s)  T;,(s)  1  +  Li(5)1-|-Li2(s)’ 


where  ii(s)  =  Gci(.s)G'i(s)Pi{s),  L^is)  —  Gc2(s)P2(s),  Li2(s)  —  Since 


Ti_is)  =  T„,(s) 


1 4-  Li{s) 
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and  Zi(s)  is  obtained  in  loop  1  closure,  Xi2(s)  will  be  determined  from  (13).  Z2(s)  can  also 
be  derived  by 


£2(5)  =  ii2(5)(l  +  Zi(s)).  (15) 

Then  the  upper  bounds  of  the  loop  transmission  function  £2(3),  which  can  be  obtained  by 
^  of  closed-loop  contours  in  the  inverse  Nichols  chart.  Once  bounds  on 

£2(3)  are  obtained  at  each  frequency,  loop  shaping  £2(3)  and  the  compensator  €^2(5)  can 
be  determined.  ^ 

3.2.4.  Loop  j  closure: 

After  j-1  loops  have  been  closed,  i.e.,  Gci(s),  Gc2(s), . . .,  Gc(j_i)(s)  have  been  determined 
accordingly.  Next  is  to  synthesize  Gcj(s).  Consider  the  block  diagram  shown  in  Figure  6 
where  Uj4.i(s)  through  Un(s)  have  been  opened.  Following  the  procedure  outlined  from  the 
Loop  2  closure,  the  j-loop  closed  loop  transfer  function  from  equivalent  external  disturbance 
Uj(s)  and  Uj(s)  to  output  y(s)  are 

y(s)Ms)  _  T„(s)  _  1 

and 


y(s)/u(s)  _  Ty(s)  _  _ _ 1  1 

u'(s)/u;(s)  T^.{s)  \  +  Li(s)  +  L2{s)  +  ...  +  Lj-i(s)  1  +  Lij  (s) 

^  __1 _ 1  1 _ 1 

1  +  I-i(s)  1  Li2[s)  1  +  Li(j_i)(s)  1  Lij(s) ' 


(17) 


where  =  G.i(s)P,(s),  i.,(s)  =  and 

(")  1  +  i„(,)  +  I„(.|  +  . . 

-  t'  r-'  ^  _  1  1 

£ij(s)  can  be  derived  from  (1/),  (19)  as  well  as  the  values  obtained  from  previous  loop 
closure  procedures,  i.e.,  £i(s),  £i;(s),  Then  Lj{s)  and  G^j  wiU  be  obtained 

accordingly. 

3.2.5.  Outline  of  CML  design  procedures 

(1)  Obtain  the  target  transfer  functions  Ty{B)  and  Tui{s),  i=l,. .  .,n. 

(2)  Loop  1  closure:  Transfer  the  target  transfer  function  Tui{s)  to  be  the  equivalent  external 

disturbance  at  output.  Using  £^1(3),  Ty(s),  and  Lemma  2,  determine  the  bounds  of 

£i(s).  Then,  loop  transmission  function  £10(3)  and  compensator  Goi(s)  will  be  obtained 
through  the  conventional  QFT  method. 

(3)  Loop  2  closure^  Transfer  the  target  transfer  function  r„2(s)  to  be  the  equivalent  exter¬ 
nal  disturbance  £„2(3)  at  output.  Using  £^2(3),  Ty{s),  and  Lemma  2,  derive  the  bounds  of 
£12(3).  Then,  the  bonds  of  £2(3)  will  be  obtained  from  equation  (15).  Once  the  bounds 
of  £2(5)  is  determined,  loop  transmission  function  £20(5)  and  compensator  Gc2{s)  will  be 
obtained  through  the  conventional  QFT  methods. 

(4)  As  G'ci(s),  G'c2(3),  . 

•  •)  Gen  (s)  have  been  detemined,  the  design  procedures  is  finished. 
Presented  in  the  next  section  as  an  example  for  the  purpose  of  illustrating  the  proposed 
design  technique  is  an  Idle  speed  control  of  the  V-6  fuel  injection  engine  [4,5]  which  has  a 
cascaded  multiple-loop  structure. 


4.  Illustrative  examples 
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Example  1;  (SISO  uncertain  plant  tracking  problem)  Consider  a  system  zis  shown 
in  Figure  3a,  where  the  plant  is  P(s)=^^^^-y,  K  €  [1,  10],  a  €  [0.2,  5],  \L/{1  +  X-)!  <  3  db 

and  the  system  response  tolerance  of  time  and  frequency  domains  are  shown  in  Figures  8 
and  9  respectively. 

Solution  : 

(a)  Choose  Po(s)  as  the  maximum  values  of  the  uncertain  plant,  i.e.,  Po(-s)  =  3(a|o2)  > 
\To\db  as  the  maximum  value  of  the  system  response  tolerance.  By  using  (8),  the  bounds 
and  shape  of  the  Lo{s)  will  be  obtained  through  the  conventional  QFT  method  as  shown  in 
Figure  7.  The  procedures  of  obtaining  the  values  of  bound  are  shown  in  Table  1. 

Where  the  nominal  loop  transmission  function  Lo{s)  is 

^  ,  V  _  576 _ (3  +  _ 

®  (0%  +  +  i)(m  +  + 

and  the  prefilter  F(s)  is 


p,  \  _  (7  ^11  65  100  150 

(ifs  +  ^Kio  +  ^)(^®  +  +  ^1 

Figure  8  shows  that,  as  far  as  the  four  extremes  of  the  uncertain  plant  are  concerned,  the 
frequency  responses  all  fall  inside  of  the  system  bounds.  Similarly,  the  unit  step  responses 
also  fall  inside  of  the  bounds  as  shown  in  Figure  9. 

(b)  Choose  Po(s)  as  the  minimum  values  of  the  uncertain  plant,  i.e.,  Pois)  =  and 

|To|rf5  the  minimum  value  of  the  system  response  tolerance.  By  using  (8),  the  bounds  can 
be  obtained  and  the  Lo{s)  can  be  shaped  through  the  conventional  QFT  method  as  shown 
in  Figure  10.  The  procedures  of  obtaining  the  values  of  bound  are  shown  in  Table  2.  The 
nominal  loop  transmission  function  Xo(s)  is 


17.5 _ (^  +  i)(^  +  i) 


and  the  prefilter  F(s)  is 


F{s) 


(f +  i)(^  +  i) 
(5% +  !)(?% +  + 


For  the  four  extremes  of  the  uncertain  plant,  the  frequency  responses  all  fall  inside  of  the 
system  bounds  as  shown  in  Figure  11,  and  the  unit  step  responses  also  fall  inside  of  the 
bounds  as  shown  in  Figure  12. 

Discussion:  The  cost  of  feedback  (COF)  for  a  feedback  system  evaluated  by  the  plant 
input  with  a  sensor  noise  is  defined  as  follows  [1] 


COF  = 


Lo(s) 
Po(s) ' 


The  COFs  of  these  two  nominal  plants  are  demonstrated  in  the  Bode  plot  as  shown  in  Fig¬ 
ure  13.  It  also  includes  for  comparison  the  results  of  the  method  in  [3]  and  conventional  QFT 
method  [.3].  Results  show  that  the  proposed  method  which  chooses  P,  as  the  maximum  val¬ 
ue  of  the  uncertain  plant  achieves  the  minimum  COF,  i.e.,  the  minimum  noise  amplification. 


Example  2:  (CML  idle  speed  control)  The  engine  model  linearized  at  an  idle  (steady- 
state)  operating  speed  of  800  rpm  has  a  parallel  structure  as  shown  in  Figure  14  [4,5].  For  a 
single  scalar  disturbance  input  w,  the  control  objective  is  to  maintain  the  engine  idle  speed 
within  a  prespecified  tolerance  by  using  the  ignition  timing  ui  and  idle  valve  setting  U2  as 
control  inputs.  The  cascaded  multiple  loops  structure  corresponding  to  Figure  14  is  shown 
in  Figure  15.  The  transfer  functions  for  each  block  shown  in  Figure  15  are 


Pl{s) 


3  +  3 

+2.23  +  5.62’ 
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P2is) 


1 

s*  +  2.4a +  4.6’ 


Gi(8)  =  15.9e“®®^’, 

G2(a)  =  9.62e““-^®’, 

and  Gel (s)  and  Gc2(s)  are  the  controllers  to  be  designed.  At  the  steady-state  operating 
condition,  the  maximum  available  control  efforts  and  allowable  engine  speed  variation  are 


Ignition  timing  :  ±20°, 


Idle  air  valve  setting  :  ±80  counts, 

Engine  speed  variation  :  ±20  rpm 

Moreover  the  bandwidth  constraints  of  the  ignition  timing  and  idle  valve  are 

Ignition  timing  :  ljs  >  20  rad./ sec., 


Idle  air  valve  setting  :  uij  >  1  rad./ sec. 

where  those  lower  bounds  on  the  bandwidth  assure  a  minimum  rise  time  for  the  actuator, 
me  Ucits)  and  Gc2(s}  will  be  so  designed  that  the  prespecified  constraints  given  above  are 
satisfied  when  the  engine  is  subject  to  a  step  torque  disturbance  of  15  Nm  which  represents 
the  demands  from  an  automotive  air  conditioner.  It  is  also  required  that  there  should  be 
no  steady-state  error  in  engine  speed  and  ignition  timing. 

Solution:  Since  the  idle  vdve  and  ignition  timing  control  loops  have  delays  of  0.16  second 
and  0.04  second  respectively.  [8]  shows  that  for  a  first  order  model  with  time  delay,  its 
integral  squared  error  of  first  order  pade  approximation  for  a  unit  step  input  will  be  about 
less  thp  1.57  X  10~-’  when  the  delay  time  is  less  than  0.1.  Thus,  the  first  order  pade 
approximation  adopted  for  time  delay  terms  is  pertinent  but  it  will  cause  a  right  half  plane 
zero  to  the  plant.  Then,  Gi(s)  and  G2(s)  can  be  expressed  as  follows: 


Gi(s)  =  15.9 


+  1 


“  +  1 
(in  I  * 


G2(s)  =  9.62^1^^. 

12.5  ^ 

[9]  shows  that  the  maximum  achievable  bandwidth  for  each  loop  with  non-minimum  phase 
system  is  limited.  The  maximum  cross  over  frequency  of  the  idle  air  valve  loop  with  a  0.16 
second  time  delay  should  be  Umited  to  about  w/  <  0.5  x  5^  =  6.25  rad./sec.  for  phase 
margin  .36.8  .  Similarly,  for  a  36.8'’  phase  margin  on  the  ignition  timing  loop,  the  cross  over 
frequency  can  be  limited  to  about  u,  <  0.5  x  =  25  rad./sec..  Thus,  the  bandwidth 
constraints  of  those  two  loops  are 

Ignition  timing  :  25  >  uij  >  20  rad./sec.. 

Idle  air  valve  setting  :  6.25  >  w/  >  1  rad./sec. 

Based  on  the^  maximum  available  control  efforts,  allowable  engine  speed  variation  and 
bandwidth  limitations,  the  design  procedures  will  be  presented  as  follows. 

(1)  The  target  transfer  functions  chosen  to  satisfy  the  maximum  available  control  efforts 
and  allowable  engine  speed  variation  are 


ui(s) 

w(s) 


=  Tui(s)  = 


20 

—  +  1 
10  ^  ^ 


“2(^) 

a/(s) 


Tu2{s) 


y(s)  T,  ,  ,  20 


(1- 


(f +  1)^' 
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(2)  Loop  1  (ignition  loop)  closure:  From  Figure  16,  the  equivalent  external  disturbance 
derived  from  the  target  transfer  function  is 


2’'i(s)  =  T"(5)  =  r„i(5)Fi(5) 


20  s  +  3 

^  +  1  +  2.25  +  5.62 


The  transfer  function  from  ^^(s)  to  y(s)  is 

y(s)M^)  _  yy(»)  _  1 

Uj  (a)/a/(s)  T"i(s)  1  +  Li  (s) 

The  values  of  bound  at  some  specified  frequencies  will  be  obtained  from  Lemma  2.  The 
procedures  of  obtaining  the  values  of  bound  and  phase  shift  due  to  right  half  plane  zero  are 
shown  in  Table  .3.  Since  Gi(s)Pi(s)  is  a  non-minimum  phase  plant,  the  method  of  [10]  is 
adopted.  The  nominal  minimum  phase  plant  Pio(s)  and  iVio(s)  are 

P  ^  +  3  15.9 

^  +  2.2s +  5.62  ^ +  l’ 


iVio(s)=^  +  l. 

From  Table  3,  the  minimum  phase  bounds  Bimo  and  non-minimum  phase  bounds  Bino 
are  shown  in  Figure  17  respectively.  According  to  Pi„o  and  bandwidth  limitation,  the  loop 
transmission  function  iimo(s)  is 


9.15 _ f  +  1 

_i - L  1  3^  2.23  ,  ,  ■ 

1000  ^  ^  ^ 


Then  compensator  Gci(s)  is 


Limojs)  ^  1.078 

Pio(.s)Nio(a)  +  1 


(3)  Loop  2  (idle  air  valve  loop)  closure:  From  Figure  18,  the  equivalent  external 
disturbance  obtained  from  target  transfer  function  are 


TU^)  =  T^2(.s)P2{s) 


80 _ 1 

f +  ls2  +  2.4s  +  4.6’ 


and 


Ta2U)  =  I’u2(*) 


1  +  Li(s) 


The  transfer  function  from  u^is)  to  y(s)  is 


y(s)/u{s)  _  Ty{s)  _  1 

<(s)/w(s)  T^',(s)  1  +  Li2(s) 

where  Lui-s)  =  Pi(s)  =  Gci{s)Gi{s)Pi{s),  L^ls)  =  Gc2(-?)G2(s)P2(s).  Since 

£2(3)  =  Li2(s)(1  +  Bi(s)),  the  values  of  bound  for  Li2(-5)  and  Z2(-^)  at  some  specified 
frequencies  will  be  determined.  The  procedures  of  obtaining  the  values  of  bound  and  phase 
shift  due  to  right  half  plane  zero  are  shown  in  Table  4.  Since  G'2(s)p2(-s)  is  a  non-minimum 
phase  plant,  the  nominal  minimum  phase  plant  P2o(s)  and  iV2o(s)  are 


P2o(s) 


1 _ 9.62 

+  2.4s  +  4.6  +  1  ’ 


N2.(a)  =  (j^  +  1). 
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F-  minimum  phase  bounds  B2mo  and  non-minimum  phase  bounds  Bono 


^2mo{s)  — 


7.1 


4.6 


-t-1 


Then  compensator  Gc2  (s)  is 


Gc2(s) 


^2mo{s)  _  3.395 

P2o(s)N2o(s)  s 


(4)  Discussion:  As  Gpi(s)  and  Gc2{s)  have  been  obtained,  the  time  domain  responses  of 
the  cascaded  two  loops  idle  speed  control  system  are  shown  in  Figure  20  for  a  15  Nm  dis¬ 
turbance  torque.  The  results  show  that  the  two  inputs  and  the  engine  speed  remain  within 
the  prespecified  time  domain  tolerance.  The  transient  and  steady-state  responses  are  fairly 
good  when  ^mpared  with  the  QFT-type  design  methods  [5]  as  shown  in  Figure  20.  Al- 
^ough  the  controUers  were  not  given  by  [5],  its  results  was  not  provided  in  Figure  20. 
However,  judging  from  the  disturbance  responses  shown  in  Figure  20  and  that  in  [41  the 
transput  responses  are  also  extremely  good  when  compared  with  the  design  method 
[4].  Furthermore,  Ill  [4]  and  [5],  they  all  have  two  three-state  compensators,  while  the 
controllers  obtained  via  the  proposed  approach  consist  of  just  two  one-state  compensators 
Apparently  it  paves  a  better  way  for  hardware  implementation  and  experimental  evaluation 


5.  Concluding  remarks 


In  the  dternatiye  concept  of  plant  uncertainty,  no  matter  which  nominal  plant  of  the 
uncertain  plant  is  chosen,  very  similar  results  will  be  obtained.  Therefore,  through  the  con¬ 
cept  of  equivalent  external  disturbance,  the  EDR  method  can  also  be  extended  to  solve  the 
cascaded  multiple  loops  system  with  control  inputs  and  output  constraints  under  a  persis¬ 
tent  bounded  disturbance  The  result  shows  EDR  is  an  effective  and  easy  frequency  domain 
design  inethodology  for  the  idle  speed  control  of  a  V-6  fuel  injection  engine.  Even  though 
the  pla.nt  uncertainty  is  not  considered  in  this  example,  the  equivalent  external  disturbance 
which  implicitly  includes  the  plant  uncertainty  demonstrates  the  robustness  inherent  in  the 
system. 
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Table  1.  Values  of  bound 


Dl 

\To\db 

|7min  [db 

Lo  (8) 

LU 

0.5 

-2.5 

1.4125 

50 

117.7771 

-41.4947 

wm 

0.7 

-6.25 

2.2259 

26.7922 

20.0399 

-26.4609 

Bll 

-1.78 

-15 

4.5814 

14.1308 

2.6664 

-11.2847 

mm 

-7.1 

-25 

7.8524 

11.1781 

0.4853 

-3.4365 

Ell 

-13.4 

-39.3 

19.7242 

10.3072 

-0.5029 

6.0717 

Table  2.  Values  of  bound 


|T^»|db 

I7max|d6 

MSBmwgam 

Lo  (8) 

-2.5 

0.5 

0.7079 

0.02 

2.3555 

-10.5153 

-6.25 

0.7 

0.4493 

0.0373 

0.7480 

-4.8507 

-15 

-1.78 

0.2183 

0.0708 

0.1887 

-1.5014 

-25 

-7.1 

0.1274 

0.0895 

0.0434 

-0.3692 

-39.3 

-13.4 

0.0507 

0.0970 

-0.0488 

0.4345 

Table  3.  Values  of  bound 


iO 

Ty 

WEsm 

Li  (8) 

phase  shift  (°) 

0.05 

2.9933 

10.6802 

3.8563 

-13.7260 

-0.1146 

0.1 

5.9468 

10.6924 

0.9593 

-5.8421 

-0.2292 

0.2 

11.5755 

10.7411 

-0.0789 

0.7142 

-0.4584 

2 

20.9533 

15.0809 

-0.2943 

3.0277 

-4.5812 

5 

17.8495 

4.6808 

-0.7815 

13.2129 

-11.4212 

Table  4.  V2ilues  of  bound 


Cd 

Ty 

— 

Li2  (8) 

^2(15) 

phase  shift  (°) 

0.05 

2.9933  , 

3.5817 

0.2952 

1.4335 

-7.7245 

-0.4584 

0.2 

11.5759 

18.9269 

0.6951 

0.6402 

-4.2981 

-1.8333 

0.5 

23.8216 

39.9833 

0.7082 

0.3124 

-2.3616 

-4.5812 

2 

20.9533 

21.7587 

0.0404 

0.0258 

-0.2440 

-18.1806 

3 

19.2320 

14.8816 

-0.2386 

-0.1304 

1.2132 

-26.9915 

5 

17.8495 

10.9387 

-0.4101 

-0.0896 

0.8155 

-43.6028 

Figure  1.  General  multiple-input-single-output  (MISO)  parallel  structure  system 


l~Po{s)/P^s),  or 

(P,(S)/P(5)  +  X,(S)) 


Figure  3b.  A  EDR  system 


Fig.  7.  Bounds  on  the  inverse  Nichols  chart  and  Lo  -  example  1(a) 


Fig.  9.  Time  domain  specification  and  response  for  example  1  (a) 


1 


Figure  12.  Time  domain  specification  and  response  for  example  1  (b) 


Figure  14.  ParaUel  structure  of  V-6  fuel  engine  model 
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(j{s) - - 


=  Gi(5)Gci(s),  G;2(5)  =  G2{s)Gc2{s) 

Figure  15.  Cascaded  multiple-loop  structure  of  V-6  fuel  engine  model 


Figure  16.  Loop  1  (Ignition  timing)  closure 


Figure  17.  Bounds  on  inverse  Nichols  chart  and  Limois) 


Gc2(s)  =  Gc2{s)G2{s) 


Figure  18.  Loop  2  (Idle  air  valve)  closure 
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Phase  (degree) 


Figure  19.  Bounds  on  inverse  Nichols  chart  and  L2mo{s) 


Timo  (Second) 


Fig.  20.  15  Nm  step  torque  disturbance  responses  of  a  V-6  injection  engine 
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ABSTRACT 

Multiple-effect  evaporators  are  Integrated  by  their  nature  and  as  such  provide  a  good  candidate 
process  for  evaluating  multivariable  control  schemes.  The  aim  of  this  work  was  to  test  the  appiicabiiity 
and  utility  of  linear  robust  analysis  tools  when  applied  to  a  typical  chemical  engineering  operation.  A 
linear  nominal  plant  with  bounded  perturbations  describing  the  entire  range  of  plant  operating 
conditions  was  found.  Useful  information  could  be  obtained  from  robust  analysis. 

1.  INTRODUCTION 

The  need  for  feedback  control  originates  from  uncertainty;  either  model  uncertainty  or  uncertain 
disturbances.  Model  uncertainty  has  several  sources  (Skogestad  &  Morari,  1987;  Morari  &  Zaffiriou, 
1989):  processes  that  are  not  fully  understood,  the  application  of  linearised  models  to  inherently  non¬ 
linear  processes,  the  variation  of  process  parameters  over  time  and  with  operating  point,  neglected 
dynamics,  etc. 

Tools  for  analysing  the  robustness  of  linear  systems  have  been  developed  by  several  workers  (Doyle, 
1982;  Postlethwaite,  Edmunds  &  MacFarlane,  1982;  Kouvaritakis  &  Latchman,  1985a,b;  Skogestad  & 
Morari,  1987;  etc.).  Firstly,  the  family  of  all  possible  plants  is  described  by  perturbing  a  linear,  nominal 
plant  model  with  a  bounded  uncertainty  matrix.  As  the  perturbation  varies  over  the  allowed  bounds,  a 
set  of  plants  encompassing  the  family  of  possible  plants  is  generated.  Following  this,  the  stability  and 
performance  of  the  entire  set  of  plants  can  now  be  evaluated  in  a  second  step.  This  is  discussed 
further  in  section  2. 

In  this  study  the  applicability  and  utility  of  linear  multivariable  robustness  techniques  to  a  typical 
chemical  engineering  system  was  investigated.  In  particular  the  difficulties  associated  with  obtaining 
an  uncertainty  description  was  considered.  It  appears  as  if  the  second  step  in  the  discussion  above 
has  received  far  more  attention  than  the  first.  Of  course  even  the  most  elegant  mathematical  tools 
used  in  the  second  step,  have  their  usefulness  determined  by  the  accuracy  and  ease  with  which  the 
first  step  can  be  completed. 

In  order  to  facilitate  investigation  of  the  relevant  phenomena  in  a  fast,  efficient  and  safe  manner,  it  was 
decided  to  create  a  rigorous  computer  model  of  a  typical  chemical  engineering  process.  A  triple-effect 
evaporator  was  chosen  for  this  purpose.  Multiple-effect  evaporators  are  integrated  by  their  nature  and 
as  such  provide  a  good  candidate  process  for  evaluating  multivariable  control  schemes.  After 
implementation  the  computer  model  was  regarded  as  a  ‘‘black  box"  In  subsequent  work.  The  plant  is 
described  further  in  section  3. 

Following  this  an  identification  procedure  was  used  to  find  a  nominal,  linear  model  with  bounded 
perturbation  describing  the  entire  operating  range  of  the  plant.  The  identification  procedure  used 
directly  resulted  in  a  frequency  domain  plant  description.  Multivariable  controllers  were  designed  for 
the  nominal  model.  This  is  discussed  in  sections  4  and  5  respectively.  Hereafter  robust  analysis  was 
applied  to  the  resulting  closed  loop  system.  This  is  discussed  in  section  6. 

2.  LINEAR  ROBUST  ANALYSIS  AND  THE  MA-STRUCTURE 
2.1  EVALUATING  NOMINAL  PERFORMANCE 

Consider  the  nominal  feedback  loop  shown  in  figure  1. 

It  follows  that  the  error,  e(s),  is  given  by 

e(s)  =  S(s)r(s)  -  S{s)G,{s)d{s)  (1) 

with  the  sensitivity,  S,  given  by 
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S(s)  =  [/  +  6(s)K(s)]-’ 


(2) 


Figure  1 :  Nominal  feedback  loop 


With  reference  to  (1).  it  follows  that  the  performance  of  the  feedback  loop  can  be  evaluated  by 
considering  its  sensitivity  function.  A  typical  performance  specification  is  given  by  the  weighted 
sensitivity  (Skogestad  &  Postiethwaite,  1 996): 


llW,(s)S(s)L  <1 


with  a  typical  weighting  function  given  by 


Wp{s)  =  diag 


S/  +  Q}g^ 

s  +  ry^.i  A 


si  Mj  +  (Og  j 

s  +  mgjAj 


where  Mj  =  peak  height  of  S  (typically  a  value  of  2  is  used) 
(OBJ  =  bandwidth  (related  to  the  speed  of  response) 

Aj  =  value  of  S  at  low  frequencies  (steady  state  error) 


(3) 


(4) 


2.2  THE  MA-STRUCTURE 

The  famiiy  of  all  possible  plants  is  described  by  perturbing  a  linear,  perfectly  known,  nominal  plant 
model  with  bounded  sources  of  uncertainty,  6’s  (Skogestad  &  Morari.  1987).  Three  commonly  used 
perturbations  are:  additive,  input-  and  output  multiplicative  (Maciejowski,  1989).  As  the  8’s  vary  over 
the  allowed  bounds,  a  set  of  plants  encompassing  the  family  of  possible  plants  is  generated. 

The  only  bounds  considered  restrict  the  spectral  nom  of  the  8’s,  o*(8)  a,  disregarding  any  phase 
information.  In  what  follows  8  refers  to  the  smallest  uncertainty  element  with  a  bound  imposed  on  it. 

It  is  always  possible  to  isolate  all  sources  of  uncertainty,  all  8’s,  into  a  single  block-diagonal  matrix  A 

A  =  diag{s„S2 . Sj  (5) 


Of  course  each  of  the  blocks  has  a  specific  size.  The  only  allowed  A-matrices  are  the  ones  with  the 
required  block-diagonal  structure  that  satisfy  the  constraints  on  the  individual  blocks.  Let  the  set  of 
block-diagonal  matrices  with  the  required  structure  be  denoted  by  BD„.  This  is  commonly  represented 
using  the  so-called  MA-structure  shown  in  figure  2. 


M  is  partitioned  so  that 


M 


22A^y 


(6) 
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V  . - -  V 


Figure  2:  MA-structure 


It  is  customary  to  include  scaling  matrices  in  M  so  that  the  uncertainty  bounds  are  all  reduced  to 
(T*(S,)<'[  ,  Vro.V/  (7) 

2.3  ROBUST  STABILITY 

It  can  be  shown  (Doyle  ,1982)  that  for  the  class  of  perturbations  considered  here,  robust  stability  is 
achieved  if  and  only  if 

//(iW22(yry))<1,  Vo  (8) 

given  that  scaling  as  described  above  has  been  performed  and  nominal  stability  achieved.  Analysing 
robust  stability  is  hereby  reduced  to  evaluating  an  upper  bound  on  a  scalar  function  of  frequency, 
namely  p  or  the  structured  singular  value  (SSV).  Although  the  SSV  itself  can  not  be  calculated,  feirly 
accurate  upper  bounds  can  be  established  (Maciejowski,  1989). 

2.4  ROBUST  PERFORMANCE 

It  can  be  shown  that  robust  performance  can  be  evaluated  using  only  the  theory  developed  thus  far.  A 
fictitious,  full-block  inverse  output  multiplicative  uncertainty,  Ap,  is  added  to  the  plant.  Using  the  main 
loop  theorem  from  Packard  &  Doyle  (1993),  it  can  be  shown  that  robust  performance  is  equivalent  to 
robust  stability  with  respect  to  the  appended  uncertainty,  diag{Ap,A}. 

3.  PLANT  DESCRIPTION 

The  plant  considered  is  a  triple-effect,  falling  film  evaporator  used  for  concentrating  a  solution  of  water 
and  a  non-volatile  solute.  Steam  generated  in  one  effect  is  used  as  heating  medium  in  the  next  effect. 
(Effects  are  numbered  in  the  direction  of  steam  flow).  Process  flow  is  from  the  3"*  effect  to  the  1®*,  and 
from  there  to  the  2™*.  The  controlled  variables  are  the  final  product  composition  (Xp,2,  the  process  fluid 
leaving  the  second  effect),  and  the  heights  in  all  the  sumps  (hi,  ha  and  hzy  The  manipulated  variables 
are  the  flow  rate  of  fresh  steam,  Vst,  and  the  process  flows  from  all  the  effects  (Fp.i,  Fp.2  and  Fp,3).  The 
most  important  disturbances  acting  on  the  process  are  the  feed  flow  rate  (Ffeed)  and  composition 
(Xfped)- 

The  range  of  operating  conditions  of  these  variables  is  shown  in  table  1. 


4.  DETERMINATION  OF  NOMINAL  MODEL  AND  UNCERTAINTY 
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There  are  a  number  of  templates  that  can  be  used  for  describing  parametric  SISO  uncertainty  gain 
uncertainty,  pole  uncertainty,  zero  uncertainty  etc.  (Skogestad  &  Postlethwaite,  1996).  It  is  also  stated 
that  very  often  a  lumped  description  yields  good  results,  especially  where  neglected  dynamics  or  a 
number  of  parametric  uncertainties  need  to  be  considered.  For  the  MIMO  case  such  standard 
templates  are  not  so  abundant.  When  uncertainty  can  be  attributed  to  measurement  or  manipulated 
variable  uncertainty,  use  of  respectively  diagonal  output  and  -input  perturbations,  is  justified 
(Skogestad  &  Postlethwaite,  1996).  For  general  cases  no  clear  guidelines  exist.  The  problem  of 
course  being  that  all  multiplicative  perturbations  affect  either  entire  rows  or  columns. 

When  approaching  the  uncertainty  description  for  this  plant,  there  were  really  two  questions  to  be 
answered.  First  of  ail  the  choice  of  nominal  plant  model,  secondly  the  choice  of  uncertainty 
description  and  uncertainty  bounds.  It  was  decided  to  make  use  of  independent ,  additive  uncertainty 
in  the  transfer  function  matrix  elements.  This  can  be  written  as: 


=  G 

+  A 

^p.1 

^P.2 

^^P.3  > 

(9) 


where  G  is  the  nominai  plant  and  each  element  of  A  satisfies: 

(10) 

This  type  of  uncertainty  description  is  potentially  very  conservative,  since  it  does  not  allow  for  coupling 
between  elements,  but  allows  them  to  vary  independently  (Morari  &  Zafiriou,  1989).  Also,  such 
descriptions  may  prove  to  be  quite  useless  for  plants  with  large  RGA  elements  (Skogestad  & 
Postlethwaite,  1996).  This  was  not  the  case  here. 

This  type  of  uncertainty  description  however  has  the  advantage  that  it  reduces  the  choice  of  nominal 
plant  model  and  perturbation  norm  to  a  number  of  SISO  problems.  It  is  now  simple  to  find  a  useful 
nominal  plant  model.  Similar  to  Skogestad  &  Postelthwaite  (1996),  it  was  decided  to  use  the  central 
plant  (corresponding  to  the  smallest  norm  bound  on  the  uncertainty).  Since  the  uncertainty  is  norm- 
bounded  and  phase  information  disregarded,  the  resulting  uncertainty  regions  are  disk-shaped.  The 
smallest  uncertainty  bound  therefore  corresponds  to  the  smallest  disk. 

The  identification  probiem  can  now  be  formulated  as:  for  each  transfer  function  matrix  element,  find 
the  nominal  plant,  g^.  so  that  the  smallest  possible  bound  on  the  uncertainty,  cT*(8ij)<aij,  describes  the 
entire  range  of  possible  plants. 

The  following  procedure  yielded  a  nominal  model  with  uncertainty  description  describing  the  entire 
range  of  plant  operation  in  table  1 ,  directly  in  the  frequency  domain.  The  results  were  calculated  over 
a  discrete  grid  of  frequency  values. 

•  Pulse  tests  were  performed  at  a  large  number  of  possible  operating  points  and  the  results  Fourier 
transformed.  This  resulted  in  a  number  of  points  in  the  complex  plane  for  each  input  output  pair 
at  each  frequency. 

•  The  smallest  circle  including  this  set  of  points  for  each  input  output  pair  at  each  frequency  was 
now  determined.  This  was  done  using  the  novel  algorithm  below. 

•  The  nominal  plant,  gij,  was  defined  as  the  centre  of  the  circle. 

•  The  additive  uncertainty  norm  bound,  ajj,  was  defined  as  the  radius  of  the  circle. 

The  smallest  circle  through  any  2  points  is  the  circle  with  the  2  points  on  a  diameter.  Further,  a  circle 
in  the  plane  is  uniquely  determined  by  any  3  points  on  it’s  boundary,  except  where  two  points 
corresponding  to  a  diameter  is  given.  This  leads  to  the  following  algorithm  for  finding  the  smallest 
circle  enclosing  a  number  of  points  in  the  complex  plane: 
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All  possible  combinations  of  two  points  from  the  set  of  possible  plants  were  selected  and  the  two 
points  yielding  the  largest  distance  retained. 

If  all  points  are  included  in  the  circle  constructed  using  the  two  retained  points  as  the  end-point  of 
a  diameter,  stop.  This  is  the  desired  circle. 

Else 

•  Select  all  possible  combinations  of  three  points 

•  Construct  a  circle  through  the  three  points.  This  can  be  conveniently  done  using  a  result 
concerning  central  lead  lines  from  geometry  (Baker  &  Bourne,  1920). 

•  The  smallest  circle  including  all  points  is  the  desired  circle. 

•  Stop 

Typical  results  are  shown  in  figures  3  and  4. 


Real 

Figure  3:  Family  of  possible  plants  and  least  conservative  norm-bound  forgi_i((ff=6, 707x10-4) 


It  was  found  that  11  of  the  16  transfer  function  matrix  elements  had  significant  size,  indicating  a 
multivariable  problem,  namely  entries  gi.i,  ga.i,  gs.i,  g4.i.  gi.2,  92,2.  93.2.  93,3.  9i.4.  92.4  and  g4,4. 
Furthermore,  sizeable  uncertainty  (more  than  10  %  of  the  nominal  plant  magnitudes)  was  present  in  7 
of  these  elements,  namely  entries  gi,i,  gi,2,  gi,4,  92,1. 93.1.  94.1  and  g3,2. 

A  full-block  output  multiplicative  uncertainty  could  also  have  been  used  in  this  case.  It  is  however  not 
a  simple  matter  to  find  the  nominal  plant  model  for  this  type  of  description.  Picking  the  centre  of  the 
operating  range  as  the  nominal  model  does  not  necessarily  result  in  the  smallest  uncertainty  bound. 
In  fact  the  nominal  model  corresponding  to  the  centre  of  the  operating  range  resulted  in  a  useless 
uncertainty  description  when  tried  for  the  additive  case.  The  region  of  possible  plants  was  not 
symmetric  around  this  operating  point.  However  the  point  furthest  away  determines  the  size  of  the 
uncertainty  bound.  The  resulting  disk  covered  the  origin,  implying  a  sign  change  of  the  model.  The 
family  of  plants  allowed  by  such  a  description  can  never  be  integral  controllable  (Skogestad  &  Morari, 
1987). 

Three  serious  limitations  of  the  proposed  methodology  should  however  be  stated.  Performing  a 
sufficient  number  of  identification  runs  on  real  equipment  may  prove  to  be  prohibitive.  This  procedure 
could  however  be  applied  to  a  rigorous  model,  as  was  done  here.  Independent  uncertainty  in  the 
transfer  function  matrix  elements  may  be  very  consenrative,  since  coupling  between  elements  is  not 
taken  into  account.  A  simple  way  of  circumventing  this  difficulty  is  however  not  apparent.  Lastly,  a  lot 
of  the  uncertainty  considered  here,  is  in  fact  well  known  non-linearity.  An  approach  allowing  for  this 
will  surely  prove  superior. 
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Figure  4b:  gij  -  phase  angle 


Figure  4c:  ay,/  -  magnitude 


5.  CONTROLLER  DESIGN 

Given  that  the  frequency  response  of  the  nominal  plant  was  determined  directly  during  the 
identification,  it  was  decided  to  perform  controller  design  using  an  algorithm  requiring  only  the 
frequency  response  of  the  nominal  plant.  Use  was  made  of  the  characteristic  locus  method 
(MafFarlane  &  Belletruti,  1973;  MacFarlane  &  Kouvaritakis,  1977).  The  aim  of  this  design  method  is  to 
directly  shape  the  plant’s  characteristic  loci,  using  approximately  commutative  controllers  at  high 
medium  and  low  frequency. 

The  designed  controller  was  subsequently  used  for  robust  analysis. 
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6.  ROBUST  ANALYSIS 

In  order  to  perform  robust  analysis  as  discussed  in  section  2,  all  that  is  required  is  frequency 
responses.  These  are  available  over  a  discrete  grid  for  the  nominal  plant  and  uncertainty  bounds,  and 
can  be  quite  easily  calculated  for  the  controller  over  the  same  grid,  by  simply  applying  the  substitution 
rule. 

In  Agamennoni  et  al  (1989)  a  controller  is  designed  and  then  detuned  trhough  multiplication  with  a 
scalar  constant,  q.  This  is  done  in  order  to  try  and  better  meet  robustness  requirements.  Here 
nominal  stability,  robust  stability,  nominal  perfromance  and  robust  performance  were  investigated  over 
a  range  of  q  values,  namely  q  =  0,1;  0,25;  0,5;  0,75;  1  and  1,25. 

6.1  NOMINAL  STABILITY 

Applying  the  standard  Nyquist  test  it  was  found  that  the  closed  loop  system  was  stable  over  the  entire 
range  of  controller  detunings,  values  of  q,  investigated.  It  is  imperative  that  nominal  stability  be 
ensured  prior  to  investigating  robust  stability  and  performance  using  the  techniques  outlined  in  section 
2. 


6.2  ROBUST  STABILITY 

As  indicated  in  section  4,  7  of  the  16  elements  showed  significant  uncertainty.  Two  of  these,  namely 
g3.i  and  g3,2,  however  have  h2  as  output.  Since  the  manipulated  variable  associated  with  h2,  Fp.2,  does 
not  affect  any  other  output  variable,  this  uncertainty  can  not  lead  to  instability.  Attempts  to  include 
these  2  elements  result  in  singular  matrices,  since  no  mechanism  exists  whereby  uncertainty  in  these 
two  elements  can  be  fed  back  into  the  system. 

The  approach  to  casting  the  robust  stability  problem  with  independent  uncertainty  in  the  transfer 
function  matrix  elements  into  the  standard  block-diagonal  form  used  by  the  MA-structure  used  here 
and  subsequently,  follows  Morari  &  Zafiriou  (1989).  The  MA-structure  for  this  problem  is  shown  in 
figure  5. 


Figure  5;  MA-structure  for  additive  uncertainty 


Wi  and  W2  are  scaling  matrices  making  A(s)  a  block  diagonal  matrix  with  unit  norm-bounds  on  the 
individual  blocks.  All  blocks  are  1x1.  A,  Wi  and  W2  are  given  by: 


A(s)  =  d/ag{^i(s),^2(s). 

0  0  1 

0  10  0  0 

Vv  = 

^  0  0  0  0  0 

,0  0  1  0  0, 
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(11) 


(12, 13) 
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A  simple  calculation  shows  that  the  transfer  function  matrix  of  which  the  SSV  needs  to  be  calculated 
with  respect  to  A  in  (11),  is  given  by: 


M22  (s)  =  -yVj  (/  +  KG)-'  KW^ 

The  calculated  bounds  on  the  SSV  for  robust  stability  is  shown  in  figure  6. 


(14) 


Figure  6;  SSV  for  robust  stability  (q=0,1;  0,25;  0,5;  0,75;  1  and  1,25) 


It  follows  from  figure  6  that  the  feedback  connection  is  robustly  stable  for  all  detunings  except  1,25.  It 
also  appears  that  q  =  0,5  gives  the  largest  safety  margin  over  the  entire  frequency  range.  The  fact 
that  the  SSV  for  all  detunings  is  the  same  at  low  frequencies  can  be  explained  by  noting  that  GK»I  at 
low  frequencies.  Therefore  (14)  simplifies  to: 

M22  (s)  = -1/14  (/ +  KG)"' Kiy, 

«  -W^iKG^KW,  =  -l/l/jG-W, 

This  is  independent  of  K. 

6.2  PERFORMANCE 

Based  on  an  analysis  of  the  expected  disturbances,  it  was  decided  that  the  bandwidth  requirements 
were  as  follows: 

output  1:  0,005  rad/s 
output  2:  0,001  rad/s 
outputs:  0,005 rad/s 
output  4:  0,03  rad/s 

6.2.1  Nominal  performance 

Nominal  performance  can  be  evaluated  more  simply  than  using  the  SSV.  For  the  purpose  of 
comparison  the  SSV  was  used  here.  The  MA-structure  shown  in  figure  7  is  used. 

Ap  is  a  single  4x4  block  uncertainty  with  a*(Ap)  <  1.  Robust  stability  of  this  structure  is  equivalent  to 
nominal  performance,  where  Wp  is  the  sensitivity  weighting  in  (3).  With  reference  to  (4)  and  the 
bandviridth  requirements  stated  above.  Wp  was  chosen  as: 

+  0,001  .  s/2-,0.03  ] 

[j  +  0,005  X  0,03  J  +  0,001  X  0,03  ’  j  +  0,001  X  0,03 0,03x0, 03 J 
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Figure  7:  MA-structure  for  nominal  performance 


A  simple  calculation  shows  that  the  transfer  function  matrix  of  which  the  SSV  needs  to  be  calculated 
with  respect  to  Ap  is  given  by; 

M^(s)  =  Wp(l  +  GK)-'  (17) 

The  calculated  upper  bound  on  the  SSV  is  shown  in  figure  8. 


Figure  8;  SSV  for  nominal  performance  (q=  0,1;  0,25;  0,5;  0,75;  1  and  1,25) 


It  can  be  concluded  that  nominal  performance  is  only  achieved  for  q  =  0,25  and  0,5,  with  0,75  Just 
failing.  Low  frequency  violations  (smaller  q  values)  are  a  result  of  bandwidth  requirements,  while  high 
frequency  violations  (bigger  q  values)  are  a  result  of  sensitivity  peak  height. 

6.2.2  Robust  performance 

When  evaluating  robust  performance  all  7  significant  additive  uncertainties  discussed  in  section  4  had 
to  be  included.  The  MA-structure  shown  in  figure  9  was  used. 

Ap  is  a  single  4x4  block  with  a*(Ap)  <  1.  A  is  a  diagonal  matrix  with  seven  1x1  blocks,  each  with  unit 
bound,  on  its  diagonal.  Wp  is  diagonal  matrix  similar  to  (16),  except  that  the  peak  magnitude  in  S  (see 
(4))  had  been  increased  to  5.  This  was  done  to  obtain  meaningful  graphs,  but  in  practice  corresponds 
to  very  oscillatory  behaviour.  Wi  and  Wj  is  given  by 
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0  1  0  0  0  0  0 
0  0  1  0  0  1  0 


0  10  0 


Figure  9:  MA-structure  for  robust  performance 

'aii(s)  0  0 

I  0  1^  ®2.i(s)  0  0 

)  0  0  °  ° 

)  1  0  a4i(s)  0  0 

.  _  _  0  a.^(s)  0 


ai,2(s) 

93,2(5) 

0 


91.4(5), 


(18,19) 


A  simple  calculation  shows  that  the  transfer  function  matrix  for  which  the  SSV  must  be  calculated  with 
respect  to  the  appended  structure  diag{Ap.  A},  is  given  by; 

mJ  W^(l  +  GKy  M/,(;  +  GK)-V,  1 

[-W^il  +  KGY'K  ~W^(l  +  KGyKW,j  '  ' 


The  bound  on  the  SSV  shown  in  figure  10  was  calculated. 


L  iUUL 
I  I  I  nil 


I  I  1 1 II I 
L  LUVl 


inceasing  q 


rrcquohcy  nd/? 

Figure  10:  SSV  for  robust  performance  (q  =  0.1;  0,25;  0,5;  0,75;  1  and  1,25) 


Robust  performance  is  only  achieved  for  q=0,5,  despite  the  increase  in  sensitivity  peak  to  5.  This 
deterioration  from  the  nominal  case  is  to  be  expected,  since  the  worst  possible  performance  of  all 
plants  allowed  by  the  uncertainty  description  is  determined. 

7,  CONCLUSIONS 

It  is  possible  to  derive  a  linear  plant  model  with  norm-bounded  perturbation  describing  the  entire 
operating  range  of  the  triple-effect  evaporator.  The  uncertainty  description  used  (independent 
uncertainty  in  the  transfer  function  matrix  elements)  is  convenient,  since  it  reduces  the  identification 
problem  to  a  number  of  SiSO  problems.  Determining  the  nominal  model  and  uncertainty  bound  is 
now  simple.  It  however  does  not  allow  for  possible  coupling  between  elements  and  may  be  very 
conservative. 

Robust  analysis  is  a  useful  aid  during  controller  design.  The  detuning  of  controllers  used  here,  is  just 
a  simple  application  of  this.  More  powerful  techniques,  directly  shaping  closed  loop  transfer  functions 
should  be  ideal  for  this  (e.g.  H„  mixed  sensitivity  or  p-synthesis  (Balas  et  al,  1995)). 

Finally  it  is  felt  that  a  lot  of  what  is  treated  as  uncertainty  in  this  approach  is  in  fact  well  known  non¬ 
linearity.  An  approach  directly  treating  non-linearities,  should  prove  to  be  superior.  The  validity  of  all 
results  obtained  is  heavily  dependent  on  the  tightness  of  the  uncertainty  description. 
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Abstract 

In  this  paper  two  different  multivariable  con¬ 
trol  systems  designs  are  presented  for  the 
MEC  Benchmark  Challenge  on  gasifier  con¬ 
trol.  The  design  methods  employed  were:  a 
Sequential  Loop  Closing  (SLC),  and  an  Hoo 
optimal  control  design  method.  Both  methods 
satisfied  the  design  specifications,  as  shown  in 
the  simulation  results.  A  comparison  between 
the  methods  is  given  and  the  importance  of 
specific  steps  taken  in  each  of  the  design  meth¬ 
ods  is  discussed  to  provide  a  better  insight  into 
the  problem. 

Keywords:  Multivariable  Control;  Sequen¬ 
tial  Loop  Closing  (SLC);  Hoo  Optimal  Con¬ 
trol. 


1  Introduction 

The  gasifier  (Fig.l)  is  a  real  industrial  nonlin¬ 
ear,  multivariable  system,  having  five  control¬ 
lable  inputs:  coal  extraction  flow  (WOOL), 
limestone  mass  flow  (WLS),  air  mass  flow 
(WAIR)  and  char  extraction  flow  (WCHR)-, 
and  four  outputs:  fuel  gas  pressure  (PGAS), 
fuel  gas  temperature  (TGAS),  bed  mass 
(MASS)  and  fuel  gas  calorific  value  (CVGAS) 
with  a  high  degree  of  coupling  between  them. 
The  sixth  input  shown  in  Fig.l  is  a  sink  pres¬ 
sure  (PSINK)  disturbance  input,  represent¬ 
ing  pressure  disturbances  as  the  downstream 
gas  turbine  fuel  inlet  valve  is  opened  and 
closed.  Because  limstone  absorbs  sulphur  in 
the  coal,  the  limestone  mass  flow  is  set  to  a 
1:10  fixed  ratio  of  coal  flow.  This  effectively 
reduces  the  controllable  inputs  to  4.  The  aim 
of  the  benchmark  challenge  [1]  was  the  de¬ 
sign  of  a  controller,  based  on  the  linearised 
model  of  the  gasifier  at  the  100%  load  operat¬ 
ing  point,  which  satisfies  the  design  specifica¬ 
tions  on  the  system  outputs,  inputs  and  input 


PSINK 


Figure  1:  The  gasifier 


rate  of  change  shown  in  Table  1,  when  a  step 
pressure  disturbance  is  applied  to  the  system. 
Additionally,  the  robustness  of  the  controller 
is  to  be  tested  by  evaluating  its  performance 
when  applied  to  the  linearized  gasifier  models 
at  the  50%  and  0%  load  operating  points.  Fi¬ 
nally,  the  performance  of  the  controller  is  also 
to  be  tested  when  a  sine  wave  pressure  dis¬ 
turbance  input  is  applied  to  the  system  at  the 
0%,  50%  and  100%  load  operating  points. 


INPUTS 

RANGE 

RATE 

WCOL(kg/s) 

[0,10] 

0.2 

[0,20] 

1.0 

WSTM  (kg/s) 

[0,6] 

1.0 

WCHR  (kg/s) 

[0,3.5] 

0.2 

OUTPUTS 

RANGE 

±10000 

±500 

±10000 

TGAS  (C) 

±1 

Table  1:  Design  Specifications 


The  gasifier  data  were  provided  by  GEC  Al- 
sthom  in  the  form  of  the  25*^  order  state  space 


models. 


2  The  Sequential  Loop  Closing  (SLC) 
Approach 

The  100%  load  linearized  model  is  stable  but 
very  ill-conditioned,  as  indicated  by  the  wide 
spread  of  the  singular  values  shown  in  Fig.2. 
The  units  of  the  outputs  were  very  different, 


Figure  2:  Singular  Value  Plot  of  the  100%  load 
state  space  linear  model  of  the  gasifier 

and  thus  an  initial  output  scaling  was  consid¬ 
ered  necessary  before  any  interaction  analysis 
was  carried  out.  The  post-multiplying  scaling 
matrix,  Kpostj  applied  to  the  system  outputs 
was 

Kpost  =  diag{l0-^,  10"^  10-^  10“^}  (1) 

An  interaction  analysis  on  the  scaled  system, 
Kpost  Ggas(s),  revealed  its  high  interacting 
behaviour.  Table  2  shows  Rosenbrock’s  col¬ 
umn  diagonal  dominance  as  well  as  the  funda¬ 
mental  dominance  measure,  a  less  conserva¬ 
tive  dominance  criterion,  at  various  frequen¬ 
cies  within  the  bandwidth  [2].  In  an  at¬ 
tempt  to  improve  this,  the  Relative  Gain  Ar¬ 
ray  (RGA)  was  employed  as  a  guide  to  find¬ 
ing  the  best  input/output  pairs.  This  is  a 
basic  step  in  the  well  known  control  struc¬ 
ture  design,  and  should  be  the  initial  and  very 
important  step  in  every  multivariable  control 
systems  design  [4].  The  steady-state  Rela¬ 
tive  Gain  Array  (A(0)  =  [Ay])  of  the  gasi¬ 
fier  suggested  that  the  first  input;  ncunely,  the 
char  offtake;  should  control  the  second  output; 
namely,  the  bed  mass;  as  shown  in  Eq.(2)^  The 

*Note  that  the  same  pairing  was  used  in  the  vali¬ 
dation  procedure  of  the  linearised  models  for  reasons 
explained  in  the  problem  documentation. 


Column 

Dominance 

Fundamental 

Dominemce 

Frequency 

(rad/sec) 

1.87e-f001 

6.80e-l-000 

l.OOe-005 

1.50e-t-001 

5.60e-)-000 

2.63e-005 

1.23e+001 

4.60e-t-000 

4.28e-005 

1.07e-i-001 

3.68e+000 

6.95e-005 

1.14e-|-001 

3.31e-l-000 

1.12e-004 

1.67e+001 

3.16e4-000 

2.97e-004 

3.37e-f001 

3.83e+000 

7.84e-004 

4.97e+001 

4.41e-|-000 

1.27e-003 

7.54e-|-001 

5.04e+000 

2.06e-003 

1.73e+002 

6.71e-|-000 

5.45e-003 

2.62e+002 

8.66e-b000 

8.85e-003 

6.25e+002 

1.32e+001 

1.43e-002 

4.00e+003 

2.89e-f001 

2.33e-002 

1.23e-b003 

1.46e-f001 

3.79e-002 

1.54e-f-003 

1.03e-f-001 

6.15e-002 

2.43e+003 

7.91e-b000 

l.OOe-001 

Table  2:  Diagonal  Dominance  of  the  scaled  sys¬ 
tem 


element  A21  of  the  RGA  is  closer  to  1,  which 
indicates  that  the  aforementioned  pairing  is 
the  most  favorable. 

0.4133  -0.0724  0.4187  0.2404 

0.5781  -0.0302  0.4246  0.0274 

0.0150  0.9066  0.0519  0.0265 

-0.0064  0.1959  0.1048  0.7056 

(2) 

Re-ordering  the  system  outputs  as  suggested 
by  the  RGA  is  equivalent  to  left-multiplying 
the  transfer  function  matrix  representing  the 
gasifier  by  the  corresponding  permutation  ma¬ 
trix.  Then,  a  simple  input  shaping  compen¬ 
sator  of  PI  type  was  applied,  and  the  corre¬ 
sponding  loop  was  closed  with  unity  feedback. 
Consequently,  it  was  found  that  the  remaining 
3x3  system,  GsxsCs),  defined  as 


A(0)  = 


GsxsCs)  = 


0  1  0  O' 
0  0  10 
0  0  0  1 


Kpost  Ggas(s) 


0  0  o' 
1  0  0 
0  10 
0  0  1 


(3) 


could  be  made  diagonal  dominant  by  simple 
scaling  for  all  frequencies  up  to  0.01  rad/sec, 
which  was  far  greater  than  the  desired  closed- 
loop  bandwidth. 


The  rest  of  the  control  loops  were  closed  in  a 
sequential  fashion.  The  SLC  design  method  is 
an  iterative  procedure  based  on  the  successive 
closing  of  the  loops,  ensuring  at  each  step  that 
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the  previously  closed  loops  continue  to  meet 
the  design  specifications.  In  each  step,  the 
best  input /output  scaling-permutation  matri¬ 
ces  were  found  using  a  normalisation  proce¬ 
dure  [3],  and  the  remaining  interaction  was 
removed  using  the  Align  algorithm  [3].  More 
specifically,  the  normalisation  algorithm  cal¬ 
culates  input  and  output  constant  scaling- 
permutation  matrices,  such  that  the  resulting 
system  is  as  diagonal  dominant  as  possible. 
The  Align  algorithm  on  the  other  hand,  at¬ 
tempts  to  calculate  a  real  approximation  of 
the  inverse  of  a  complex  matrix.  The  resulting 
constant  decoupling,  or  near  decoupling,  com¬ 
pensator,  is  then  connected  in  cascade  with 
a  PI  controller  designed  to  shape  the  input 
of  the  corresponding  loop.  It  is  important 
to  note  that  the  faster  loops  are  closed  first, 
and  any  nasty  behaving  elements,  such  as  non¬ 
minimum  phase  for  instance,  are  usually  the 
last  to  be  closed.  This  is  why  gas  tempera¬ 
ture,  which  had  non-minimum  phase  charac¬ 
teristics,  was  the  last  loop  to  be  closed.  Also, 
the  frequency  at  which  the  scaling  and  the 
align  algorithm  were  applied,  was  found  to  be 
very  critical.  The  fact  that  the  system  numer¬ 
ics  were  so  ill-conditioned  made  the  selection 
of  the  right  frequency  even  more  important. 
However,  in  general  this  is  an  ad-hoc  proce¬ 
dure. 

Following  this  procedure,  the  resulting  4x4 
input  shaping  compensator  (Kpre(s))  is  de¬ 
fined  as  the  product  of  a  full  constant  decou¬ 
pling  compensator  (Kd)  times  a  dynamic  di¬ 
agonal  compensator  formed  by  appending  for 
each  iteration  (loop)  on  the  diagonal  the  PI 
controller  designed  for  the  corresponding  loop 
[5]. 


is  applied.  This  controller  was  then  applied 
to  the  linear  models  corresponding  to  the  0% 
and  50%  operating  points  to  test  the  robust¬ 
ness  of  the  design.  As  expected  there  were 
violations  of  the  performance  specifications  in 
both  cases,  as  can  be  seen  in  the  figures  given 
in  the  Appendix. 

The  SLC  based  controller  designed  is  very  sim¬ 
ple,  of  very  low  order,  and  hence,  easily  main¬ 
tainable.  However,  it  is  not  robust,  which  sug¬ 
gests  that  different  controllers  should  be  de¬ 
signed  for  the  various  opearating  points,  and 
then  a  scheduling  should  be  performed  across 
the  gasifier’s  operating  envelope. 


3  The  Hoo  Design  Approach 

A  mixed  sensitivity  Hoo  design  approach  [4] 
will  now  be  presented  in  this  section.  First, 
the  desired  disturbance  specifications  are  di¬ 
rectly  translated  into  weights  on  the  the  sen- 
sistivity  and  the  complementary  sensitivity 
functions,  which  are  then  used  to  define  the 
Hoo  optimisation  problem  in  hand.  The  solu¬ 
tion  to  this  problem  sub-optimaUy  determines 
a  controller  which  satisfies  the  design  specifi¬ 
cations,  as  will  be  shown  in  the  sequel.  The 
weight  selection  and  the  results  obtained  will 
be  further  analysed  below. 

3.1  Hoo  Scheme 

The  one  degree  of  freedom  Hoo  control  scheme 
shown  in  Fig.3  was  adopted.  The  same  con¬ 
figuration  but  in  the  usual  generalised  plant 
form  is  given  in  Fig.4. 


The  resulting  closed-loop  input  and  output  re¬ 
sponses,  as  well  as  the  input  rates  of  change, 
to  a  sink-pressure  step  disturbance  of  magni¬ 
tude  — 20000Ar/m^  at  time  t=30s  are  shown 
in  Appendix  A. 


Comparing  the  results  in  these  figures  with 
the  design  specifications  given  in  Table  1,  it 
is  clear  that  all  specification  are  met  for  the 
100%  load  case  apart  from  the  coal  flow  rate, 
which  is  exceeded  when  the  step  disturbance 


Figure  3:  Hoo  control  scheme 


The  resulting  exogenous  outputs  Zi(s);  i  = 


Figure  4:  Closed-loop  representation  using  the 
Generalised  Plant 

1,2,3;  given  by: 

zi  =  Wj,  [yi,y2,y3,yAf  +  'Wd  d  (5) 

Z2  =  w„  [ui ,  W2 ,  U3  >  (6) 

Z3  =  Wd„  [ui,U2,Uz,Ui]'^  (7) 

can  be  expressed  in  terms  of  the  disturbance 
input  d  as: 


w 

■  WySWd  ■ 

Z2 

= 

W„KSWd 

.=“3. 

Wd„KSWd 

where  S  =  (I-f  GK)~^  is  the  sensitivity  func¬ 
tion,  and  Wd,  Wy,  W„,  Wdt,  are  the  weights 
to  be  chosen.  Note  that  the  variable  s  in  all 
transfer  functions  has  been  dropped  for  nota¬ 
tion  simplicity. 

Let  T2,d(s)  denote  the  closed-loop  transfer 
function  relating  the  exogenous  outputs  to  the 
disturbance  input  (eq.8).  The  objective  hence 
becomes  the  minimisation  of  the  infinity  norm 
of  this  closed-loop  transfer  function,  i.e., 

l|T..<,(s)l|oo  (9) 


3.2  Weights  Selection 
The  selection  of  the  weights  to  be  used  is  dis¬ 
cussed  in  this  section.  The  intial  selection  of 
the  weights  was  based  on  the  SLC  design  and 
the  contraints  on  the  input  signals.  Specif¬ 
ically,  the  initial  choice  of  Wii(s),  which  is 
related  to  the  disturbance  attenuation  proper¬ 
ties  of  the  design,  was  based  on  the  closed-loop 
bandwidth  achieved  by  the  SLC  design.  The 
weights  Wu  and  Wju  were  actually  the  given 
bounds  of  the  input  and  input  rate  of  change, 
respectively.  All  the  weights  were  then  tuned 
iteratively,  until  an  adequate  response  for  the 
nominal  case  of  100%  load  was  found.  Then, 
the  weights  were  further  tuned  to  achieve  ro¬ 
bustness  across  the  full  operating  range. 


Selection  of  Wrf(s) 

This  is  the  performance  related  weight  ma¬ 
trix,  where  performance  in  this  problem  cor¬ 
responds  to  the  closed-loop  disturbance  re¬ 
jection  properties  of  the  system.  Assuming 
Wy(s)  =  J4,  eq.(8)  shows  that  closed-loop 
noise  amplification  will  appear  at  the  firequen- 
cies  where  |S(ia;)Wd(jcj)|  >  1.  In  fact  our 
design  has  to  ensure  that  |S(;a;)Wd(jw)|  < 
1,  Vu>,  which  alternatively  can  be  written  as 

\s(M\  <  (IWdOw)!)-!,  vw. 

Since  the  disturbances  are  assumed  to  be  act¬ 
ing  directly  on  the  outputs,  W(f(s)  should  be 
considered  as  a  model  of  the  disturbance  psink 
acting  upon  the  different  channels.  A  typical 
form  of  this  weight  for  each  channel  is  a  low 
pass  filter  of  the  form  [4]: 

Wdis)  =  k-(^'^J  (10) 

s  +  ujbA  '  ’ 

where  k  is  a  constant  gain,  wb  is  the  required 
bandwidth,  A  <  1  and  M  >1. 

Choosing  a  diagonal  weight  matrix  Wdd(s)  ^ 
to  be 


Wdd(s)  =  diag  < 


[-  s/2-(-0.15  -1 

Tn 

s+0.15  0.05 
s/2+0.01 

s+0.01  0.05 
s/2+0.2 
s+0.1  0.05 
s/2+0.1 

L  s+0.1  0.05  J 

1 

(11) 


the  closed-loop  system  is  required  to  reject  dis¬ 
turbances  at  low  frequencies  by  a  factor  of  200 
to  1  (see  Fig.5),  thus  producing  a  good  steady- 
state  disturbance  rejection.  A  gain  matrix 
which  is  equal  to  the  steady-state  gain  of  the 
given  disturbance  response  Gd(s)  is  then  mul¬ 
tiplied,  such  that  the  direction  of  the  model 
disturbance  is  the  same  as  that  of  the  actual 
disturbance  psink,  resulting  in 


Wrf(s)  =  |Gd(0)|  Wdd(s)  (12) 


Selection  of  Wy(s) 

This  weight  is  used  for  fine  tuning  of  the  de¬ 
sign,  and  was  chosen  to  be  the  constant  diag¬ 
onal  weighting  matrix  given  below: 

Wy  =  dia5{l,0.1, 1, 100}  (13) 


^The  subscripts  “dd”  correspond  to  directionless 
disturbance 
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Figure  5:  The  inverse  of  the  weight  W<id(s) 
Selection  of  Wu(s) 

This  weight  is  used  to  penalise  the  control  ef¬ 
fort,  ensuring  that  the  input  constr2dnts  in  the 
design  specifications  are  met.  W„  was  chosen 
to  be  the  diagonal  constant  matrix  given  be¬ 
low: 

W„  =  diag{\,  10, 70, 10}  (14) 

Selection  of  Wd„(s) 

This  weight  is  used  to  penalise  the  control  in¬ 
put  rates  of  change,  ensuring  that  the  input 
rate  constraints  in  the  design  specifications  are 
met.  Wdu  was  chosen  to  be  the  diagonal  ma¬ 
trix  given  below: 

Wdu(s)  =  dfa5{1000, 500, 5000, 100}  Wdif{s) 

(15) 

where  Wdif{s)  =  o^ooooT” +T  behaves  like  a 
differentiator  across  the  wide  frequency  range 
[10''®,10®]  rad/sec. 

3.3  Application  of  the  Hoo  optimisation 
For  the  set  of  weights  given  in  the  previous 
section,  the  best  Hoo  norm  was  found  to  be 
0.8533.  The  resulting  augmented  plant  is  of 
33'’“*  order  and  thus  so  is  the  resulting  com¬ 
pensator.  The  order  of  the  controller  could 
be  decreased  by  applying  model-order  reduc¬ 
tion  techniques  to  the  plant  and  the  resulting 
controller.  However,  since  this  is  an  academic 
exercise  and  since  any  reduction  in  the  order 
of  the  controller  would  result  in  a  decrease  in 
the  controller’s  performace,  it  was  ommitted. 

The  time  responses  of  the  closed-loop  sys¬ 
tem  at  the  100%  load  case  to  a  sink  pressure 
step  disturbance  of  — 20000iV/m^  and  to  a  sine 
wave  disturbance  of  amplitude  20000iV/m^ 


and  of  frequency  0.04  Hz  are  given  in  the  Ap¬ 
pendix.  The  responses  show  that  the  design 
specifications  were  all  met. 

To  check  the  robustness  of  the  controller  the 
same  time  responses  for  the  50%  and  0%  load 
cases  are  also  included.  For  the  case  of  50% 
load,  no  violations  of  the  performcince  specifi¬ 
cations  occur  when  the  step  disturbance  input 
is  applied.  When  the  sine  wave  disturbance 
input  is  applied,  the  fuel  gas  pressure  output 
(PGAS)  is  violated  by  2000N/Tn^. 

For  the  case  of  0%  load,  there  was  a  vio¬ 
lation  of  the  design  specifications  when  the 
step  disturbance  input  was  applied.  The  fuel 
gas  pressure  output  (PGAS)  is  violated  by 
3250Ar/m^.  Controllers,  which  met  the  de¬ 
sign  specifications  for  the  fuel  gas  pressure, 
violated  the  control  rate  constraints,  and  vice 
versa.  This  indicates  that  either  the  PGAS  or 
the  input  rate  constraints  may  have  to  be  re¬ 
laxed.  Also,  when  the  sine  wave  disturbance 
input  is  applied  there  are  two  violations.  The 
fuel  gas  pressure  disturbance  is  violated  by 
6200 A^/m^,  and  the  fuel  gas  calorific  value  is 
violated  by  50007/1^5. 


4  Conclusions 

The  SLC  based  controller  is  very  simple  and  of 
very  low  order,  and  easy  to  implement.  How¬ 
ever,  it  is  not  robust,  and  hence  different  con¬ 
trollers  should  be  designed  for  the  various  sys¬ 
tem  opearating  conditions  and  then  a  schedul¬ 
ing  should  be  performed  across  the  full  oper¬ 
ating  envelope.  On  the  other  hand,  the  Hoo 
controller  is  robust  but  of  very  high  order  and 
mainly  very  complicated.  The  weights  con¬ 
sidered  were  selected,  after  a  lot  of  trial  de¬ 
signs,  in  order  to  satisfy  the  design  specifica¬ 
tions  across  the  operating  envelope  as  much  as 
possible.  Due  to  the  large  uncertainty  in  the 
system  description,  however,  the  use  of  a  sin¬ 
gle  controller  for  the  whole  operating  envelope 
is  not  possible.  Some  of  the  specifications  were 
also  found  to  be  in  conflict,  and  maybe  some 
design  specifications  may  have  to  be  relaxed. 
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Appendix 

The  time  responses  of  the  closed-loop  system 
at  the  100%,  and  0%  load  designed  using  the 
SLC  (Fig.6-17)  and  the  Hoo  method  (Fig.18- 
29)  are  given  below. 


Figure  6:  Closed-loop  time  responses  to  a  step 
disturbance  input  of  the  outputs  for 
the  100%  load  case 


Figure  7:  Closed-loop  time  responses  to  a  step 
disturbance  input  of  the  inputs  for 
the  100%  load  case 


Figure  8:  Closed-loop  time  responses  to  a  step 
disturbance  input  of  the  input  rate  of 
change  for  the  100%  load  case 
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Figure  9:  Closed-loop  time  responses  to  a  sine 
wave  disturbance  input  of  the  outputs 
for  the  100%  load  case 
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Figure  16:  Closed-loop  time  responses  to  a  sine 
wave  disturbance  input  of  the  inputs 
for  the  0%  load  case 


Figure  17:  Closed-loop  time  responses  to  a  sine 
wave  disturbance  input  of  the  input 
rate  of  change  for  the  0%  load  case 
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Figure  24:  Closed-loop  time  responses  to  a  step 
disturbance  input  of  the  outputs  for 
the  0%  load  case 


Figure  27 :  Closed-loop  time  responses  to  a  sine 
wave  disturbance  input  of  the  out¬ 
puts  for  the  0%  load  case 
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Figure  25:  Closed-loop  time  responses  to  a  step 
disturbance  input  of  the  inputs  for 
the  0%  load  case 


Figirre  28:  Closed-loop  time  responses  to  a  sine 
wave  disturbance  input  of  the  inputs 
for  the  0%  load  case 
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Figure  26:  Closed-loop  time  responses  to  a  step 
disturbance  input  of  the  input  rate 
of  change  for  the  0%  load  case 
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Figure  29:  Closed-loop  time  responses  to  a  sine 
wave  disturbance  input  of  the  input 
rate  of  change  for  the  0%  load  case 
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Abstract.  This  paper  deals  with  the  design  of  a  stabilizing  controller  using  the  p-synthesis  approach  for  a  3  DOF 
arm  manipulator  affected  by  non-modeling  dynamics,  non-linearities,  actuator  dynamics  and  sensor  noise.  The 
performance  specifications  were  expressed  as  weighting  transfer  functions  that  express  the  magnitude  and 
frequency  content  of  load  disturbance,  sensor  noise,  error  signal  that  guarantee  an  exact  tracking  and  also  the 
weighting  function  that  normalize  the  Hoo  norm  of  the  uncertainty.  A  controller  was  computed  by  solving  the 
corresponding  Hoo  optimization  problem.  The  results  showed  robust  stability  and  nominal  performance,  but  not 
robust  performance.  Then,  tuning  the  performance  weighting  function  and  using  the  D-K  iteration  approach  a 
design  that  achieve  robust  stability,  nominal  performance  and  robust  performance  specification  was  obtained. 


1.  Introduction 

Many  robot  manipulators  show  undesirable  dynamics  present  on  their  performance.  A  small  didactic  five  DOF 
robot  manipulator  has  this  problem.  This  robot  has  already  feedback  P  control  on  every  servo  imposing  a  degree 
of  linearity  to  the  robots.  Due  to  the  mechanical  design,  non-linearities  are  still  present  on  the  system  that  affect 
the  performance  of  the  robot  as  bad  repeatability,  steady  state  errors  to  step  inputs  and  poor  regulation  on  every 
configuration.  Here,  the  robot  was  taken  as  a  stable  but  unknown  system.  An  important  research  topic  in  robotics 
is  the^development  of  more  arm  manipulator  to  carry  on  dangerous  tasks  or  work  in  environment  that  may  affect 
the  operation  of  the  robot.  Robustness  of  a  robot  can  be  enhanced  by  designing  mechanical  sturdy  components  or 
by  using  modem  control  methodologies  to  design  robust  controlled  systems.  Among  the  methodologies 
developed  for  the  purpose  of  enhancement  of  robustness  of  a  system,  we  can  name  Hco  optimal  technique  and  p- 
svnthesis.  Adaptive  design  technique  is  also  a  very  valuable  and  important  tool  for  this  purpose  (Kelly,  1989). 
Here  p-synthesis  approach  has  been  chosen  to  design  a  robust  control  for  an  arm  manipulator.  Application  of  p- 
synthesis  to  robotics  (Pannu,  1996),  aviation  (Lind,  1997),  industrial  (Buso,  1999)  have  shown  the  applicability 
of  the  technique.  Analysis  of  the  behavior  of  the  uncontrolled  robot  (Gonzalez,  1999),  produce  non-parametric 
frequency  dependent  multivariable  nominal  model  and  additive  uncertainty  upper  bounds.  A  weighting  function 
that  cover  the  upper  bound  of  the  additive  uncertainty  was  chosen  and  used  along  the  design  procedure, 
weighting  functions  are  chosen  as  the  main  variable  parameters  to  tune  the  controlled  system.  Many  works  have 
been  dedicated  to  find  a  general  method  to  choose  the  weighting  function,  (Postlethwaite,  1989),  (Ali,  1997) 
(Lundstrom,  1991),  but  mostly  they  are,  application  dependent.  The  weighting  functions  were  chosen  as  diagonal 
matrices  to 'model  the  reference  commands,  disturbances  and  noise  from  sensors.  The  third  joint  shown  to 
respond  to  a  higher  frequencies  spectrum  than  the  other  two  joints.  So,  frequency  band  of  the  corresponding 
weighting  functions  were  chosen  wider  and  in  some  cases  of  second-order.  A  sequence  of  two  H ^  design  with 
tuning  on  the  weighting  function  ended  with  a  robust  stable  and  with  nominal  performance  controlled  system. 
Then  a  D-K  iteration  was  applied  to  reduce  the  margin  of  robustness  //(Af)  with  fine  results.  The  design 
obtained  proved  to  achieved  performance  objectives  and  show  improved  closed-loop  time  dynamics. 
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Figure  1:  Experimental  Setup 


2.  Non-Parametric  Models 

For  this  experiment  two  of  the  links,  the  wrist  and  the  end-effector  were  not  taken  into  design  process.  Therefore 
we  take  the  robot  as  a  three  degrees  of  freedom  robot.  Under  this  assumption  the  robot  was  viewed  as  a  three 
control  inputs,  three  measured  outputs  linear  stable,  time  invariant  multivariable  system.  We  found  out  that  the 
robot  responses  to  control  input  were  different  at  different  configuration,  therefore  a  set  of  frequency  analysis 
experiments  were  carried  out  in  order  to  derive  a  set  of  non-parametric  models  corresponding  to  a  set  of  different 
configurations  of  the  robot.The  experiment  gave  as  result  27  non-parametric  models  corresponding  to  27 
different  configurations  respectively.  Figure  2  shows  the  results  of  nine  of  the  experiments. 


Figure  2:  Family  of  models  from  the  experiments 


2.1  Nominal  Model 

Since  what  we  are  looking  for  was  a  decoupled  robust  multivariable  control  it  was  proposed  a  diagonal  nominal 
model  of  the  form: 


C„(^)  = 


T,l  (•5) 
0 
0 


0  0 
C„,(5)  0 

0  G„3(s) 


(1) 
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where 


5.6%^  +5.565  +  4.2 
^4  ^5  46^3  +8.065  +  3.9 

^ _ 5.895^  +5.25  +  0.706 _  (2) 

”  5“  +5.135^  +8.655^  +5.085  +  0.606 
11.965^-2.415  +  41.74 
G„3(^)-  ^4  +6.45^  +14.335^  +23.865  +  34.45 


2.2  Additive  Unstructured  Uncertainty 

Due  to  the  structure  of  the  nominal  model  proposed  the  following  additive  unstructured  uncertainty  was 
considered: 


Aa(yru) 


A,0<y)  GijO'ty)  GijCyry) 
G2,(y<u)  AzC/ftj)  GjjO’ftj) 
GjiCyoj)  G32OVU)  AjO'oj) 


(3) 


where  Gj,(yru)are  the  family  of  curves  off  the  main  diagonal  of  the  experimental  matrix  and  ^tijco)  /-1, 2,3  are 
the  additive  uncertainty  of  the  diagonal  elements  respectively.  So  the  set  of  plant  models  in  which  the  real  plant 
resides  in: 


G:={G„+A,^F„:|A,fF,l|<l} 


(4) 


where  is  a  weighting  function  matrix. 

An  approximate  of  the  upper  bound  frequency  response  for  the  additive  uncertainty  of  the  main  diagonal 
A  (yTw)  /-1, 2, 3  was  derived.  For  more  details  on  the  derivation  of  the  nominal  plant  and  bounds  for  the  additive 

uncertainty  see  (Gonzalez,  1999) 

3.  Control  Objectives 

We  looked  for  design  a  robust  stable  system  to  additive  uncertainties  present  on  the  model.  Also,  we  want  robust 
performance  of  the'controlled  system  as  to  regulate  the  system  for  load  disturbances,  mainly  on  the  joint  three, 
output  attenuation  of  high  frequency  noise  present  in  the  sensors  and  good  tracking  of  reference  signals.  The 
interconnection  structure  used  in  the  design  procedure  is  shown  in  Figure  3. 


Figure  3:  Controlled  system 
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G„  represents  the  multivariable  linear  nominal  model  of  the  system  represented  by  Equation  2.  is  a  stable 
weighting  transfer  function  which  together  with  are  used  to  model  plant  uncertainty.  It  is  assumed  that  is 
unknown  but  norm  bounded  such  that  ||W^aAo|[  <  I .  The  frequency  dependent  weighting  functions  iVj,  W„, 
and  are  used  to  define  performance  objectives.  K  was  derived  from  the  set  of  real  rational  transfer  function 
matrix,  which  internally  stabilize  the  close  loop  system.  The  design  objective  is  to  find  a  stabilizing  controller  K 
such  that  for  stable  perturbation  A^  with  ||ffoAo||<l  the  perturbed  close  loop  system  remains  stable  and 
satisfies; 

||F„(F,(G,/:),AJll„<l  (5) 


where  G  is  the  open  loop  matrix  function  and  F,(C,Ar)is  the  close  loop  matrix  transfer  function  from  the 
external  inputs  w  =  [r^  to  objective  output  In  this  problem  the  unstructured  additive 

uncertainty  covers  the  inertia  variations  and  uncertainty  in  the  linear  and  angular  accelerations  produced  by  the 
generated  torque.  The  uncertainty  weight  is  a  3x3  diagonal  transfer  function  matrix  that  was  taken  to  model 
the  additive  uncertainty  of  the  unknown  dynamics  of  the  mechanical  structure.  The  maximum  singular  values 
frequency  response  of  covers  the  upper  bound  of  the  additive  uncertainty  as  shown  in  Figure  5.  The  used 


in  this  paper  was  =  diag( 


1.73(s  +  .3)  1.73(s  +  .3)  1.73(s^  +  0.806s +  0.1 5) 


5  +  1  5  +  1  S-+1.2S  +  0.75 

The  block  is  used  to  normalize  specifications,  in  this  case  to  set  the  performance  objective  life's’ll^  <  1 .  The 


block  is  an  ideal  model  that  we  want  the  closed  loop  system  to  match.  The  input  angular  deviation 

command  signals  are  normalized  with  respect  to  maximum  expected  command  signals  by  means  of  the 
weighting  function  .  The  block  named  Wj  is  used  to  characterize  the  low  frequency  load  disturbance 

affecting  the  system.  Finally,  the  block  designated  as  is  used  to  model  the  corruption  by  sensor  noise  of  each 
actual  angular  position  measurement. 


.  a(lVa) 


Figure  4:  Maximum  singular  value  of  A^ 

Before,  we  try  p-synthesis,  it  was  worth  to  start  with  the  design  of  an  Hoo  optimal  controller  by  using  as 
uncertainty  weighting  function  and  low  order  performance  weighting  functions  to  keep  the  order  of  the  controller 
low  and  chosen  as  to  reflect  engineering  specifications  as  close  loop  stability,  tracking  error,  disturbance 
rejection,  and/or  noise  attenuation.  Then,  carry  out  a  p-analysis  of  the  controlled  system  to  see  if  robust  stability 
and  nominal  performance  are  satisfied.  Usually,  the  Hoo  optimal  controller  achieved  one  or  two  of  these 
specifications.  If  not,  refine  the  Hoo  design  by  adjusting  the  performance  weighting  functions  to  achieve  robust 
stability  and  nominal  performance  without  spoiling  the  engineering  specifications.  Once  an  Hoo  optimal  or 
suboptimal  controller  is  derived  synthesize  a  robust  controller  for  the  p  problem.  Finally,  verify  if  the  controlled 
system  satisfies  the  engineering  specifications  for  the  original  set  of  plants. 

A  former  Hoo  optimal  control  design  was  derived  for  a  set  of  weighting  functions  chosen  based  on  desired 
performance.  IVj  was  chosen  as  a  3x3  diagonal  transfer  function  matrix  that  model  the  low  frequency  load 
disturbances  with  a  50  DC  gain.  The  cut-off  design  frequencies  for  links  1,  2,  and  3  were  0.012,  0.056,  and  0.12 
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rad/s  respectively.  was  also  chosen  as  a  3x3  diagonal  transfer  function  matrix,  such  that  at  low  frequency  we 
have  1.5  %  errors  in  tracking  the  reference  signals,  and  a  shift  of  0.3°  from  reference  for  disturbance  inputs  in 
every  angular  position.  The  crossover  frequencies  for  each  link  were  0.1.  0.4,  and  1.5  rad/s  respectively.  was 
chosen  as  a  3x3  diagonal  transfer  function  matrix  with  low  gain  to  attenuate  the  maximum  command  signals  at 
low  frequencies  and  with  a  first  order  roll-off  at  frequencies  larger  than  2  rad/s.  Finally,  W„  was  chosen  as  a  3x3 
diagonal  transfer  function  matrix  with  high  pass  filters  on  every  element  with  a  crossover  frequency  of  21.3  rad/s 
in  order  to  model  the  noise  introduced  to  the  system  by  the  position  sensors  of  the  servos.  In  this  first  design 
Hj,,  was  not  used.  With  this  weighting  functions  an  augmented  plant  was  formed  and  it  was  used  on  the  Hoc 

design  and  a  29  order  controller  K^  (s)  with  y  =  0.0066  was  obtained.  Then,  we  start  with  the  p-analysis  of  the 
performance  of  the  closed  loop  system  with  respect  to  robust  stability  and  nominal  performance,  The  closed  loop 
transfer  function  Fi(G,K)  for  this  problem  is: 


'fV^KS  i  W^KSW, 

-fV.KSWj 

-W,KSW„' 

'Mu 

1  M,2' 

-W,S  ;  W,iH-TW, 

-fV^SW, 

WJW„  \ 

[Mj, 

1^22] 

'where  S  =  (l  +  GKy'  is  the  output  sensitivity  matrix  and  T  =  I-S  is  the  complementary  sensitivity  matrix. 
Robust  stability  is  achieved  when: 

The  closed  loop  system  achieves  nominal  performance  if  the  performance  objective  is  satisfied  for  the  nominal 
plant  model  G„  .  In  this  problem,  that  is  equivalent  to: 

\\fVAffue.-TW,  -W^SW,  wjw„\l<\ 

The  closed  loop  system  achieves  robust  performance  if  the  closed  loop  system  is  internally  stable  for  all 

Ge{G„  +lV^Aa}  and 

(9) 

is  satisfied  for  every  G  e  {G„  +  } . 

The  controlled  system  under  A:,  (s)  only  satisfied  the  robust  stability  performance  as  can  be  seen  in  Figure  5. 
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Figure  5:  Robust  stability.  Nominal  performance  and  robust  performance  for  ^|(s) 


Since  our  final  goal  is  to  minimize  p  approximated  by  the  scaled  singular  value  a{DMD  ' )  the  diagonal  blocks 
of  Fi{C,K)  are  not  affected  by  the  D-scales,  so  these  blocks  were  worked  out  by  means  of  the  weighting 
functions  as  our  design  parameters  in  order  to  achieved  an  Hoo  optimal  control  design  that  satisfy  Equation  7  and 
Equation  8.  As  in  our  first  design  we  work  only  out  3x3  diagonal  weighting  functions  matrices  with  first  order 
transfer  function  in  order  not  to  provoke  untractable  controllers  K(s).  In  this  second  design,  H was  proposed 
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as  a  diagonal  matrix  with  first  order  transfer  functions  with  a  bandwidth  of  1.4  rad/s.  So  from  Equation  8  to 
achieve  tracking  objective  we  need  At  low  frequencies  and 

||^e(^“^)^r|L  submatdx  of  F/(G,  ^)and  here  is  used  as  to  characterize 

also  good  performance  by  making  <  1 .  In  this  design  was  chosen  as  a  3x3  diagonal  matrix  with  a  15 

low  frequency  gain  and  a  0.3  rad/s  crossover  frequency  to  achieved  I|ff'eS||^  <  1 .  was  chosen  with  maximum 
singular  value  plot  below  the  plot  of  J  .  At  high  frequencies  (  oj  >  1.8  rad/s),  the  ||S||^  »  1  and  fk^,  and  Ik^ 
roll-off  as  first-order  systems.  Disturbance  attenuation  objective  is  reached  if  <1.  For  effective 

disturbance  rejection  at  low  frequencies  we  setup  >1 .  A  first  order  diagonal  fk^  with  0.8  rad/s 

general  crossover  frequency  was  used.  Finally,  noise  attenuation  at  the  output  is  achieved  if  <  1 .  At 

low  frequencies  F^land  <  1  so  ||^n||  <|K-|r'-  at  high  frequencies  T~GK  so 

\W,GKW„\^<\  ,  since  ||GK||  and  |iWe||  rolls-off  as  a  second  and  first-order  system,  respectively,  then  ||Wn||>l. 

Therefore,  W„  was  chosen  as  a  high  pass  filter  with  first-order  transfer  functions  with  80  rad/s  as  crossover 
frequency  The  weighting  function  modified  under  the  above  criteria’s  were 


fV^(s)  =  diag 


15(.04.y  +  l)  15(.04.y  +  l)  15(.0035  +  1) 
lOOj  +  l  ’  lOOj-rl  ’  1/.015^-h1 


fk,.(j)  =  diag 


fl0(2.  +  3) 

0.5(1/665  +  1)  0.5(1/665  +  1)  0.5(1/66.75  +  1) 


5  +  1 


5  +  1 


0.55  +  1 


and  the  ideal  model  was 


■0;035(£+5^ 
’  0.15  +  85 


s  +  1 


(10) 

(11) 

(12) 

(13) 

(14) 


For  this  case  the  optimal  control  design  resulted  in  a  31-order  A'2('^)  controller  with  /  »  0.0688.  Clearly, 
nominal  performance  and  robust  stability  but  not  robust  performance  was  achieved  by  the  controlled  system  as 
can  be  seen  in  Figure  6. 
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Figure  6:  Robust  stability.  Nominal  performance  and  robust  performance  for  A'j 
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This  improvement  in  performance  with  respect  to  the  first  design  was  not  without  penalties  since,  the  crossover 
frequencies  for  disturbance  rejection  and  noise  attenuation  were  smaller  and  larger  than  the  previous  design 
respectively. 


4.  //-Synthesis 


In  terms  of  the  Linear  Fractional  Transformation  (G,  K)  =  M{G,  K)  the  perturbed  transfer  function  (w  ) 
can  be  drawn  as  shown  in  Figure  7. 


w 


Figure  7:  Linear  Fractional  Transformation 
Partition  of  the  transfer  function  matrix  M  as  shown  in  Equation  6  with 

M^^=W^KS  M,2  -W^KSWj  -W^KSW,,]  (15) 

The  left  block  diagram  in  Figure  7,  shows  the  feedback  arrangement  for  which  system  analysis  of  robust  stability 
and  nominal  performance  is  based  for  a  perturbation  matrix  representing  the  uncertainty.  Under  the  condition 
the  system  M(G,K)  is  nominally  stable  by  K  the  following  results  apply, 

Stability  is  robust  if  and  only  if 

CT(A/|,(y<u))<1  V&) 

Nominal  performance  is  satisfied  if  and  only  if 

CT  =  (M22(yru))<1  Vry 


(16) 

(17) 


The  right  block  diagram  in  Figure  7  is  used  for  robustness  performance,  Af  (|lAf||^<l)  is  a  fictitious 
“performance  perturbation”  connecting  to  w.  Provided  that  the  closed-loop  is  nominally  stable  the  non¬ 
conservative  necessary  and  sufficient  condition  for  robust  performance  is 

(18) 

Sup/yA(M(y<»))<1 

W 

where  A  =  cf/aglA^,  Af } 


Briefly,  the  structured  singular  value  p  of  a  complex  matrix  M  is  defined  as 

_ 1 _ 

(Af ) ^  0} 


(19) 


where  A  =  cliag{A^,A2^-,Ap}  with  l|A]|^<land  A,-  are  real  or  complex  perturbations.  Unless  no  A  makes  l- 
MA  singular,  in  which  case  /i^(Af);=0.  Exact  computation  of  the  structured  singular  value  is  not  possible 
though  computable  upper  and  lower  bounds  for  p  have  been  developed.  For  a  general  A  with  real  and  complex 
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blocks  a{M).  The  bound  is  refined  with  transformation  on  M that  do  not  affect  but  do  affect 

a{M) .  The  transformation  is  a  block  real-complex  diagonal  matrix 

and  DA  =  AD.  A  very  important  results  is: 

Here  we  only  consider  the  upper  bound  so  replace  the  by  the  upper  bound  of 

fi,  a(DMD~^)  .  The  goal  of  the  ^  -synthesis  is  to  minimize  over  all  stabilizing  controllers  K,  the  peak  value  of 
{Ff  (G,  K))  or  a(DFf  {G ,  K){jco)D~^ )  at  every  frequency  co.  That  is 

min  min  ^DFAG,K)(Jcoi)D~^\ 

K  D„.sD  ' 


where  D„  is  chosen  to  belong  to  D  at  every  co. 

In  this  paper  only  complex  perturbation  A^  is  considered  and  the  set  D  is  of  the  form  D  = 
D  =  {diag[d^I x,I]:d^  >0}  where  the  scaling  di  is  a  real  rational,  stable,  minimum-phase  transfer  function.  The 
optimization  is  for  this  problem 


min  min 

K  D{s)e  D 


DFi(P,K)b~' 


(21) 


In  this  way  the  optimization  problem  of  minimizing  the  worst  case  performance  has  been  fit  into  the 
synthesis  framework.  Optimizing  over  K  and  D  simultaneously  is  in  general  not  convex.  An  indirect  scheme 
called  the  D-K  iteration  is  used.  D-K  iteration  optimizes  over  the  stabilizing  K(s)  while  holding  D  (s)  fixed  and 
then  optimizes  over  stable,  minimum  phase  D(s)  keeping  K(s)  fixed.  For  more  details  on  the  practicalities  of  this 
procedure  can  be  found  in  (Balas,  1994)  (Zhou.  1994). 

5.  Experimental  Results. 

The  open-loop  transfer  function  matrix  of  the  15  inputs  and  9  outputs  interconnection  shown  in  Figure  3  is  of  the 
form: 


G  = 


0  0  0 
-W,  -W,Wj 


0  W, 

0  -KG„ 


-w. 


-w„ 


-G„ 


(22) 


The  block  structure  of  the  uncertainty  for  the  robust  performance  objective  was  defined  of  the  form 
A  =  c(/ag{A(, ,  Ay  }.  The  appropriate  D-scaling  set  is 


D 


\,D-; 


0 

I9 


d>Q 


(23) 


Robust  performance  analysis  for  the  last  optimization  design  gave  as  results  the  plots  shown  in  Figure  7. 
The  p-p!ot  shows  that  robust  performance  is  not  achieved,  since  a  peak-value  of  14.5  at  (o  =  0.001  rad/s  was 


obtained.  That  means  that  a  perturbation  matrix  A^ 


with  A„ 

a  00 


1 

14.5 


make  >1-1"  this  p-synthesis. 


two  iterations  of  the  D-K  iteration  procedure  were  performed.  For  the  first  iteration  we  pick  a  second-order  d(s). 
Plots  of  robust  stability,  nominal  and  robust  performance  for  the  first  iteration  are  shown  in  Figure  9.  Clearly, 
robust  stability,  and  nominal  performance  are  achieved.  Figure  9(c)  shows  the  a  {•)  and  (•).  Clearly,  the 

structured  singular  value  analysis  shows  that  the  p-synthesis  yields  an  upper  bound  ct  =1.2,  but  the  mu-bounds 
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still  not  achieved (A/)  be  less  than  one.  A  second  iteration  was  carried  out  with  a  second  -order  d(s).  This 
new  iteration  brought  a  modest  reduction  of  a  (•)  and  the  mu-bounds 


Figure  8:  Robust  stability, 
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Nominal  performance  and  robust  performance  for  p-synthesis 


remained  to  be  larger  than  one.  Therefore,  we  kept  the  first  iteration  42-order  controller  in  order  not  to  end  with  a 
too  complex  controller.  To  illustrate  the  robustness  of  close  loop  system  in  time  domain  the  perturbed  step 
responses  for  a  20°  step  reference  on  the  third  joint  for  the  nominal  and  worst  configuration  of  the  controlled  and 
uncontrolled  system  are  shown  in  Figure  9.  The  controlled  system  tracks  the  reference  signals  without  significant 
error  for  both  configurations.  Similar  results  were  derived  for  the  others  joints. 


Figure  9:  20°  step  responses  for  two  configurations  (a)  controlled  system  and  (b)  uncontrolled  system 


Figure  10  shows  the  effect  of  the  load  disturbance  on  third  joint  with  and  without  controller  for  the  nominal 
configuration.  The  mu-synthesis  produced  satisfactory  regulation  against  load  disturbances. 
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Figure  10:  Load  disturbance  response  on  third  joint 


6.  Conclusion 

In  this  paper  we  applied  an  approach  to  robust  controller  synthesis,  the  p-synthesis,  to  a  3-DOF  arm  manipulator. 
The  robot  already  has  a  feedback  linearization  on  each  link,  but  due  to  mechanical  design  non-linearities  are  still 
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present  that  translate  into  bad  performances  and  a  system  prone  to  instability.  The  design  procedure  applied 
started  with  an  H<»  design  based  on  a  choice  of  weighting  functions  relying  on  engineering  specifications.  H  - 
analysis  of  this  former  controlled  system  shows  a  robust  stable  system  that  met  the  specifications  but  not 
achieved  nominal  performance  neither  robust  performance.  A  second  design  with  weighting  functions 
chosen  as  to  satisfy  nominal  performance  was  derived.  A  p-analysis  shows  that  the  controlled  system  achieved 
robust  stability  and  nominal  performance.  Finally,  a  p-synthesis  by  use  of  D-K  iteration  with  the  last  choice  of 
weighting  functions  achieved  robust  stability,  nominal  performance  and  p  {M)=\2. 
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Robust  frequency  compensation  of  a  low  distortion 
audio  power  amplifier  based  on  the  listener  perception 

Wilmar  Hernandez  *  Augusto  Mayer  ^ 


Abstract 

In  this  work  a  design  of  an  audio  power  amplifier  is  proposed  where  the  per¬ 
formance  characteristics  are  based  in  the  listener  perception  by  means  of  Quality 
Function  Deployment  (QFD)  and  Paired  Comparison  Analysis  (PCA)  techniques. 

An  still  important  problem  in  audio  is  the  non-lineax  distortion  (magnitude  and 
phase),  it  is  a  difiicult  technical  problem  to  solve,  /z-control  is  applied  to  design 
an  ultra-linear  HI-FI  audio  power  amplifier  with  total  harmonic  distortion  (THD) 
below  the  human  perception  limits.  It  is  shown  that  the  achievement  of  an  appropri¬ 
ate  distortion  performance  depends  tremendously  in  the  right  choice  of  the  control 
scheme,  and  not  only  in  the  components  used.  The  results  show  a  satisfactory 
relationship  between  THD  and  human  auditory  perception. 

keywords:  Quality  Function  Deployment  (QFD),  Paired  Comparison  Analysis  (PCA), 
negative  feedback  (NFB),  //  control,  total  harmonic  distortion  (THD  ),  intermodulation 
distortion  (IMD). 

1  Introduction 

The  main  objective  of  the  present  paper  is  the  application  of  /i-control  [1,2]  to  the  com¬ 
pensator  design  of  a  class-B  HI-FI  audio  power  amplifier. 

In  audio  amplifiers  there  is  an  ongoing  concern  about  the  benefits  of  negative  feedback 
(NFB)  in  abating  distortion,  and  it  is  evident  that  some  quite  conflicting  views  exist 
concerning  the  amount  of  NFB  that  shoul  be  used  [3,4]. 

In  an  audio  application,  the  power  that  must  be  delivered  may  vary  from  few  watts  to 
several  kilowatts,  with  a  flat  amplitude  frequency  response  from  about  20  Hz  to  20  kHz  and 
linear  phase.  Unlike  other  power  electronic  systems,  the  most  critical  design  consideration 
is  not  power  efficiency  but  low  distortion  [5].  The  output  of  an  audio  amplifier  should 

•W.Hernandez  is  with  the  Electronics  Department  at  Enginyeria  La  Salle,  Universitat  Ramon  Llull, 
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be  as  closely  as  possible  a  replica  of  the  input  signal  with  larger  amplitude,  the  transfer 
function  must  be  linear  and  the  gain  must  be  constant  (with  linear  phase)  across  the  audio¬ 
frequency  range  [6].  The  more  difficult  property  to  achieve  is  the  linearity,  and  distortion 
o  deviation  from  linearity  is  usually  characterised  by  the  total  harmonic  distortion  (THD). 
The  THD  is  rather  a  crude  measure,  and  it  does  not  necessarily  indicate  the  perceived 
quality  of  the  sound,  because  high-order  harmonics  are  much  more  noticeable  than  low- 
order  harmonics  [7],  but  it  is  a  useful  indication  of  performance.  An  excellent  explanation 
of  the  distortion  mechanisms  can  be  found  in  [4]. 

As  a  design  example  the  amplifier  of  Fig.  1  designed  in  accordance  with  the  philosophy 
of  Self  in  [4]  is  considered,  and  both  its  THD  and  IMD  (intermodulation  distortion)  are 
improved  applying  a  robust  frequency  compensation  [1,2]. 

In  Section  2,  we  shall  focus  on  the  statement  of  the  design  objectives  and  their  trans¬ 
lation  into  requirements  for  the  controller  implementation,  we  will  use  quality  function 
deployment  (QFD)  [8]  and  paired  comparison  analysis  (PCA)  [9]  techniques  to  optimize 
performance  from  a  users  perspective.  Section  3  is  devoted  to  show  the  blameless  amplifier 
proposed  by  Self  in  [4]  and  Section  4  shows  the  application  of  p  control.  Finally,  in  Section 
5,  a  comparison  between  both  amplifiers  is  made  and  it  is  shown  that  the  achievement  of 
an  appropriate  distortion  performance  depends  strongly  in  the  right  choice  of  the  control 
scheme. 


2  Translation  of  the  design  objectives 

By  loop  shaping  we  mean  a  design  method  that  involves  explicitly  shaping  the  magnitude 
of  the  loop  transfer  function,  lL(s)|,  [1,2].  Here  L{s)  =  G{s)K{s)  where  i!r(s)  is  the 
feedback  controller  to  be  designed  and  G{s)  is  the  product  of  all  other  transfer  functions 
around  the  loop,  including  the  plant,  the  actuator  and  the  measurement  device.  However, 
we  must  bridge  the  gap  between  this  pure  control  theory  approach  and  the  final  user 
quality  criteria  perspective.  We  need  to  establish  clearly  the  attributes  that  our  amplifier 
must  have. 

The  QFD  method  [8]  analyses  the  relation  between  the  ”  WHATs”  and  the  ”HOWs” . 
The  what  attributes  have  been  obtained  analyzing  audio  articles  from  specialized  maga¬ 
zines  in  ’’high  end”  audio  amplification  and  reproduction  such  as  Hi-Fi  world,  Revue  du 
Son,  Stereo  Review,  etc.  Table  1  shows  the  parameters  of  the  QFD  and  ,  in  Table  2,  the 
user  requirements  are  shown  in  the  first  column  and  their  translation  to  electronic  design 
are  shown  in  the  first  row;  here,  symbol  ••  represents  a  very  high  {score  =  10),  •  high 
{score  =  8),  o  medium  {score  =  6),  ©  low  {score  =  2),  and  N  represents  no  relationship. 

To  focus  on  the  how  evaluation  it  is  important  to  grade  the  relative  importance  of 
the  amplifier  attributes.  For  this  purpose  the  PCA  methodology  [9]  was  used  over  the 
following  target  group:  5  seller  specialists,  10  ’’high  end”  audio  customers  and  5  audio 
specialists.  Fig.  2  shows  the  summary  of  the  application  of  the  PCA  to  the  target  group. 

Table  3  shows  the  relation  of  HOW’s  vs.  WHATs  between  the  electronic  engineer 
and  the  control  engineer,  where  the  HOW’s  of  Table  2  have  become  the  WHAT’s. 
Table  3  shows  the  trade-offs  in  the  controller  implementation,  where  symbol  a(*)  repre¬ 
sent  larger  singular  value  of  a(*)  represent  smallest  singular  value  of  •  repre- 
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Figure  1:  b9W  class-B  audio  power  amplifier. 


sents  strong  positive  relationship  {score  =  10),  o  represent  medium  positive  relationship 
{score  =  5),  X  represent  medium  negative  relationship  {score  =  —5),  and  V  strong 
negative  relationship  {score  =  -10). 

As  we  can  see  in  Table  3,  the  conflicting  design  objectives  mentioned  are  generally  in 
diflferent  frequency  ranges,  and  we  meet  most  of  the  objectives  by  using  a  large  loop  gain 
(|L|  >  1)  at  low  frequencies  below  crossover,  a  small  gain  (|L|  <  1)  at  high  frequencies 
above  crossover,  making  the  slope  of  \GK\  to  be  about  —1  in  the  crossover  region,  and  a 
roll-off  of  2  or  larger  at  higher  frequencies  (beyond  the  bandwidth). 

Before  finishing  this  section,  it  is  important  to  say  that  Tables  2  and  3  show  the 
basic  requirements  that  are  in  conflict  with  the  electronic  design.  However  there  are 
other  requirements  that  are  common  for  all  audio  amplifiers,  and  must  be  taken  into 
consideration  before  building  any  audio  amplifier.  These  are  low  noise  transistors,  low 
THD,  an  excellent  power  supply,  and  high  quality  loudspeakers,  among  others  (see  [12]). 
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Figure  2:  Paired  Comparison  Analysis 


Figure  3:  Magnitude  plot  of  the  closed-loop  system:  magnitude  (dB)  vs  frequency  (Hz), 
fequency  is  in  log  scale 

3  Analysis  of  the  class- B  HI-FI  audio  power  amplifier 

The  class-B  audio  power  amplifier  (the  blameless  amplifier  [4])  is  shown  in  Fig.  1,  it  is 
intended  for  domestic  audio  and,  with  the  values  shown,  it  delivers  50W/8fi  from  IVrms 
input.  A  detailed  analysis  of  their  performance  is  well  discussed  in  [4]. 

3.1  Frequency  compensation 

According  to  Self  [4],  the  NFB  factor  was  chosen  as  26.4  dB  at  20  kHz  which  should  give 
generous  stability  margin.  Input  resistor  Ri  and  feedback  R^  are  made  equal  and  kept  as 
low  as  possible  consistent  with  a  rasonably  high  input  impedance.  The  value  of  shown 
with  ilg  give  a  low  frequency  roll-of  that  is  -3  dB  at  1.4  Hz,  to  prevent  low  frequency 
distortion  rise  due  to  capacitor  non-linerity.  C^  provides  some  stabilising  phase  advance 
and  limits  the  closed  loop  bandwidth;  R-ie  prevents  it  upsetting  lYa.  Fig.  3  shows  the 
PSpice  magnitude  plot  {PSpice  8.0)  of  the  closed-loop  gain  (from  IN  to  OUT).  PSpice 
Fourier  analysis  shows  that  the  THD  is  about  2.43  •  10“^%  at  1  kHz  (see  Table  4). 
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Definitons 

Wl 

Denotes  that  the  electronic  equipment  has  to  respond  to  rapid  changes  in  intensity  of 
various  instrumens  (score  =  10) 

W2 

Ability  to  reproduce  sudden  strokes  (score  =  7) 

W3 

Ability  to  locate  the  sound  sources  in  a  precise  point  in  the  sound  scene  (score  =  10) 

W4 

Amplification  free  of  noise  (score  =  5) 

W5 

Pitch  perception  (score  =  13) 

W6 

Timbre  perception  (score  =  7) 

W7 

Low  consumption  (score  =  3) 

W8 

No  degradation  of  performance  (score  =  10) 

HI 

Bandwidth  >  80  kHz 

H2 

Slew-rate  >  AQV/iJisec 

H3 

Phase  lineauity  (error  <  5°) 

H4 

Cut-off  of  the  audio  band  with  Gaussi£in  shape 

H5 

High  efficiency  (class-B  output  stage) 

H6 

Noise  attenuation 

H7 

Disturbance  rejection 

H8 

Robust  stability 

Table  1:  Parameters  of  the  QFD 


3.2  Comments 

Fig.  3  shows  that  the  compensated  class-B  HI-FI  audio  power  amplifier  has  big  ampli¬ 
fication  when  signals  at  frequencies  lying  outside  the  audio  band  are  fed  into  it.  This 
subject  has  been  object  of  discussions  for  many  years  in  the  audio  community;  however, 
a  detailed  analysis  of  the  phase  characteristic  showed  linear  phase  (see  Fig.  4),  which  is 
very  important  for  audio  purposes  [6].  It  is  important  that  the  amplifier  presents  as  linear 
phase  as  possible  for  stereophonic  audio  applications,  this  avoids  a  nebulous  perception 
of  a  point  source. 


D«iemrr«run;iarTS«8  10:S2:S7  Tctnpantkre:  27  6 


Figure  4:  Phase  (degrees)  vs  frequency  (Hz),  frequency  is  in  linear  scale. 
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WHATs  vs.  HOWs 

HI 

H2 

H3 

H4 

H5 

H6 

H7 

H8 

Wl  (10) 

• 

•  • 

N 

N 

N 

N 

N 

N 

W2  (7) 

• 

• 

• 

•  • 

N 

N 

N 

N 

W3  (10) 

• 

N 

•  • 

N 

N 

N 

N 

N 

W4  (6) 

© 

o 

N 

N 

N 

•  • 

•  • 

N 

W5  (13) 

• 

• 

•  • 

N 

N 

• 

•  ' 

N 

W6  (7) 

•  • 

• 

•  • 

• 

N 

• 

• 

N 

W7  (3) 

0 

N 

N 

• 

•  m 

o 

o 

o 

W8  (10) 

N 

N 

N 

N 

N 

• ' 

•  •  ' 

•  • 

scoring: 

406 

346 

356 

150 

30 

308 

328 

118 

Table  2:  First  stage  of  the  QFD  that  shows  the  relationship  between  the  need  of  the  users 
and  its  translation  into  technical  objectives  of  the  electronic  designer 


HOWs-^ 

WHATsi 

a{GK)  large  at 

low  frequencies 

(t{GK)  small  at 
high  frequencies 

a(/r)  small  at 
high  frequencies 

Slope  of  \GK\  to  be  about 
-1  in  the  crossover  region, 

and  a  roll-off  of  2  or 

larger  at  higher  frequencies 
(beyond  the  bandwidth) 

H7  (8) 

• 

O 

O 

no  relationship 

H6  (7) 

• 

• 

O 

no  relationship 

H1,H2,H4  (10) 

• ' 

X 

X 

no  relationship 

H5  (5) 

V 

• 

• 

O 

H8  (6) 

o 

• 

• 

O 

H1,H3,H4  (9) 

• 

o 

X 

• 

scoring: 

350 

215 

90 

145 

Table  3:  Second  stage  of  the  QFD  relating  the  control  design  to  the  technical  objectives 
of  the  electronic  designer 
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4  Robust  frequency  compensation 

In  this  section,  we  shall  use  p  analysis  and  synthesis  [1,2]  to  achieve  robust  stability  and 
robust  performance.  Besides,  other  robust  frequency  domain  techniques  like  the  QFT 
(Quantitative  Feedback  Theory)  technique  can  be  used  [16-19]. 

In  our  design  example,  stability  is  not  the  only  property  of  closed-loop  system  that 
must  be  robust  to  perturbations;  there  are  disturbances  acting  on  the  system  (noise  from 
the  power  supply  system,  component  noise,  nonlinearity  in  the  stages  of  the  amplifier, 
etc.)  that  result  in  nonlinear  distortions. 


4.1  Design  and  MATLAB  simulation 

Taking  advantages  of  the  design  proposed  by  Self  (Fig.  1)  we  keep  the  same  basic  structure, 
but  without  the  phase  advance  network  (C?  and  Rae)-  Since  the  amplifier  in  open  loop 
presents  a  gain  higher  than  100  dB,  an  extraordinary  input  impedance  and  very  low 
output  impedance,  we  can  consider  in  practical  terms  that  it  behaves  as  an  operational 
amplifier  [10].  Thus,  its  transfer  function  is 


Gp(e) 


sC2{R&  +  Rg)  + 1 
sC^Rq  -I-  1 


(1) 


For  that  reason  the  feedback  network  determines  the  closed  loop  dynamic  response. 
Eq.  1  shows  the  plant  transfer  function. 

We  considered  the  case  of  multiplicative  input  uncertainty  with  performance  defined  in 
terms  of  weighted  sensitivity  [1,2].  The  specifications  \\  WiT  ||oo<  1  and  ||  WpS  ||oo<  1  put 
bounds  on  the  bandwidth  and  allow  us  to  specify  the  roll-off  of  L{s)  above  the  bandwidth. 
From  these  bounds  the  uncertainty  and  performance  weight  were  chosen  as  follows 

,  ,  1.77  •  10-^s  +  0.1 


Wp{s)  = 


0.625s  +  9.42  •  10^ 
s  +  94.25 


where  Wi{s)  represents  the  weight  for  the  closed  loop  transfer  function  {T{s))  and  Wp{s) 
represents  the  weight  for  the  sensitivity  function  {S{s)). 

We  used  DK-iteration  for  obtaining  the  )U-optimal  controller.  Here  K  is  the  Hoo 
controller  and  D  is  a  scaling  matrix  that  rescales  the  inputs  and  outputs  to  the  trasnfer 
function  to  the  input  of  the  perturbations  [1,2].  This  method  combines  "Hoo-synthesis  and 
/i-analysis.  The  idea  is  to  find  a  controller  that  minimizes  the  peak  value  over  frequency, 
minimizing  with  respect  to  either  K  or  D  (while  holding  the  other  fixed). 

Using  the  functions  hinfsyn,  mu  and  musynflp,  among  others,  of  the  /z-Analysis  and 
Synthesis  Toolbox  of  Matlab  [13],  the  software  gave  a  7  state  controller  with  an 
infinite-norm  of  the  closed-loop  system  of  0.9132.  This  controller  gave  a  peak  value  of  p 
of  0.9132  and  Fig.  5  shows  the  /li-plot  with  /it-optimal  controller  {Matlab  5.2). 

The  controller  equation  is  eq.  2,  but  it  is  too  large.  The  control  law  is  too  complex 
with  regard  to  practical  implementation.  So,  we  will  reduce  the  controller’s  order.  That 
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Figure  5:  )U-plots  with  //-’’optimal”  controller  vs  frequency  (rad/sec). 

is,  given  a  high-order  linear  time-invariant  stable  model  ii'(s),  we  find  a  low-order  approx¬ 
imation  Ka{s)  such  that  the  infinity  {Hoo  or  norm  of  the  difference,  \\K-Kn  11^  is 
small  [1,2].  " 

TTto)  -  -t- 5.6- lOV -1-1.8. 101V  + 6.7.  lO^V-l- 

^  s’"  -h  3.2  •  10856  +  2.1 .  IOI655  -l-  3.9 .  IO235H 

-1-2.1.  lO^^s^-f  4.1.  lO^V  -I-  2.1 . 10^°s  +  1.9 . 30 
-1-4 . 102553  +  3.8 . 102652  ^  4  7 . 1026s  4.  1 . 1026 

We  used  the  ’’balanced  truncation”  method  [1,2]  to  reduce  the  controller’s 
taining  the  following  Hankel  singular  values: 

E  =  [8.9 . 10^  2.7  •  10^,  4.9  •  10\  8.3 . 10-^,  6.4  •  10-^  5.9  •  10“®,  1.1  •  10"®] 

As  we  known,  after  a  balanced  realization  [1,2]  each  state  is  just  as  controllable  as  it  is 
observable,  and  a  measure  of  state’s  joint  observability  and  controllability  is  given  by  its 
associated  Hankel  singular  value.  Then  we  can  obtain  Ka{s)  by  truncating  the  balanced 
realization  of  K{s)  to  the  first  (ri  -f  ...  -f  r*)  state.  Then 

II  K{s)  —  Ka{s)  ||oo<  2((Tfc+i,  <7jfc+2>  ‘  '  j  CT^) 

Taking  into  consideration  the  performance  requirements,  the  best  choice  is  the  order 
three  reduced  controller.  Then,  the  new  controller  transfer  function  is 

K  (s)  =  1  ’  +  5.5  •  10^5^  -H  5.6 . 10^5  -f  5.4  •  10^ 

s3  -H  9.6  -  10is2  -H  1.3  .2  5  +  2.9  •  IQi 

4.2  Implementation  and  results 

The  performance  of  the  closed-loop  system  with  compensator  eq.  3  has  been  examined 
using  PSpice  simulations.  Fig.  6  shows  the  configuration  of  the  new  class-B  HI-FI  audio 


(2) 

order,  ob- 
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Figure  6:  50W  class-B  audio  power  amplifier  using  the  robust  compensation 

power  amplifier.  It  has  been  implemented  taking  advantage  of  the  well-known  operational 
properties  of  the  amplifier  [10].  That  is,  we  shaped  the  open-loop  transfer  function  to 
implement  a  closed-loop  transfer  function  which  will  be  multiplied  by  a  gain  factor,  so 
that  the  desired  frequency  response  is  achieved. 

The  THD  for  the  amplifier  shown  in  Fig.  6  is  about  8.149  •  10“^%  (see  Table  4)  which 
is  approximately  3  times  better  than  the  one  obtained  before  (Self’s  amplifier).  Besides, 
its  frequency  response  (see  Fig.  7)  is  in  total  accordance  with  the  audio-frequency  range. 
This  way,  we  fit  the  closed-loop  bandwidth  by  using  an  electronics  structure  obtained 
from  the  implementation  of  the  robust  closed-loop  transfer  function. 

5  Comparison  and  discussion  of  the  results 

According  to  Tuinenga  [11],  among  others  [3,4,12],  signal  distortions  can  be  of  many  kinds 
(most  of  them  undesirable)  and  are  usually  the  result  of  nonlinearity  in  the  gain  or  in  the 
phase,  of  a  circuit.  Harmonic  distortion  comes  from  nonlinear  gain.  The  output  of  the 
circuit  contains  harmonics  of  the  input  frequencies.  Phase  ditortion  comes  from  nonlinear 
phase  versus  frequency  response.  This  gives  rise  to  ’’echoes”  in  the  output  that  precede 
and  follow  the  main  response,  resulting  in  a  distortion  of  the  output  signal  when  the  input 
signal  is  not  a  pure  sinusoid.  And  Intermodulation  distortion  comes  from  miYing  signals 
at  different  frequencies.  The  output  of  the  circuit  contains  signals  at  multiples  of  the  sum 
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Dltomnniuo:  01(18199  18:18®  Toi,»™iur*  Z70 


Figure  7:  Magnitude  plot  of  the  robust  design:  magnitude  (dB)  vs  frequency  (Hz),  fre¬ 
quency  is  in  log  scale 


Dtf.rTl™™n:iariM«  11lE:ae  TmpnHmaS) 


Figure  8:  Phase  (degrees)  versus  linear  frequency  (Hz)  for  the  robust  design 


and  difference  of  the  original  frequencies. 

5.1  Analysis  of  the  THD  and  the  phase  distortion 

For  both  power  amplifier  designs  the  phase  characteristic  was  satisfactory  (see  Fig.  4  and 
Fig.  8).  Table  4  shows  the  Fourier  components  of  the  two  designs.  Note  the  benefits  of 
using  the  p  controller:  THD  for  the  robust  design  is  better  than  for  the  classical  one. 

The  THD  obtained  in  this  work  is  reported  for  a  single  input  frequency  at  1  kHz, 
which  is  one  of  the  performance  characteristics  typically  used  by  the  HI-FI  audio  amplifier 
manufacturers  (see  the  ’’Fletcher-Munson  curves”  [14,15,6]  and  [7]). 

With  the  phase  characteristics  shown  in  Fig.  4  and  Fig.  8  we  assure  that  the  phase 
distortions  of  both  audio  power  amplifers  are  not  affecting  the  localization  of  the  apparent 
direction  of  the  sound  source.  Some  experiments  [6]  have  shown  that  the  average  local¬ 
ization  errors  for  sounds  straight  ahead  are  of  the  order  of  5°  while  errors  for  sounds  off 
to  the  side  are  of  the  order  of  10°  or  15°.  Note  that  both  amplifers  shown  in  this  work 
have  ultra-linear  phase  characteristics. 
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Frequency 

(Hz) 

Fourier  component 
Fig.  1 

Fourier  component 
Fig.  6 

|^Q2Q[|||||||[|[^B[ 

DEESEEHBHIHi 

rnTrp'viM 

1.465  •  10“=* 

4.234  •  10-^ 

1.192  •  10-=^  * 

4.144  •  10-^ 

9.471  •  10-^ 

2.781  •  lO-'^ 

QQQQjQHII 

8.790  •  10-^ 

3.486  •  10-^ 

2.253  •  10-^ 

QigQQHI 

2.827  •  10"^ 

DHQ9I 

5.141  •  10-^ 

1.898  •  10"^ 

THD  (%) 

2.430  •  lO-"* 

8.149  •  10-=^ 

Table  4:  Fourier  components  of  the  transient  responses  for  both  amplifiers 
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Figure  9:  The  IMD  characteristic  for  the  amplifier  of  Fig.  6 


5.2  Analysis  of  the  IMD 

Finally,  figures  9  and  10  show  the  intermodulation  distortion  (IMD)  characteristics  for 
both  amplifers.  Amplitudes  of  19  kHz  and  20  kHz  input  signals  can  be  seen  on  the 
graphs.  Any  intermodulation  created  by  these  two  signals  would  appear  as  peaks  at 
1  kHz  intervals,  the  frequency  difference  between  the  two  signals,  across  the  frequency 
bandwidth.  Prom  Fig.  9  can  be  seen  that  IMD  the  is  less  than  -50  dB  for  the  amplifier 
of  Fig.  6,  whereas  the  IMD  is  very  poor  for  the  amplifier  of  Fig.  1.  Another  form  of  IMD 
would  appear  at  39  kHz,  the  sum  of  the  two  input  signals  frequencies.  Such  a  distortion, 
even  if  it  existed,  would  be  irrelevant  because  it  is  far  beyond  the  audible  range. 

Besides,  Fig.  10  shows  a  bad  amplification  of  signals  around  20  kHz  by  the  first  ampli¬ 
fier  (Fig.  1),  because  of  the  sudden  changes  in  the  magnitude  plot  of  the  Self’s  amplifier 
around  20  Hz,  20  kHz  and  10  MHz  (see  Fig.  3);  although  the  last  frequency  is  not  impor¬ 
tant  for  this  application.  This  shows  a  nonlinear  gain  distortion.  However,  the  frequency 
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Figure  10:  The  IMD  characteristic  for  the  amplifier  of  Fig.  1 

response  of  the  robust  amplifier  (see  Fig.  7)  is  ultra-linear  in  all  the  frequency  range 
of  analysis.  All  these  results  justify  the  application  of  high  performance  optimization 
techniques  for  designing  HI-FI  audio  amplifiers. 


Conclusions 

In  the  first  sections  we  focused  on  the  difiiculties  and  translation  of  the  design  objectives 
into  the  requirements  of  the  loop  transfer  function.  In  order  to  resolve  better  the  trade-ofls 
on  L{s)  for  a  clear  understanding  of  the  design  process  we  used  QFD  and  PCA  techniques. 
As  a  result  a  robust  linear  controller  was  designed  and  compared  with  the  results  obtained 
using  classical  electronic  techniques.  The  results  helped  us  to  understand  that  the  robust 
approach  is  really  necessary  when  a  system  is  subjected  to  real  operating  conditions.  The 
use  of  robust  frequency  domain  tehcniques  let  us  to  optimize  the  feedback  network  of  the 
amplifier,  by  using  a  minimal  number  of  components. 
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Abstract 

We  study  multivariable  control  systems  with  hard  bounded  control  signals.  The  reference  signals 
are  hard-bounded  in  their  amplitude  and  speed,  which  appears  in  many  applications.  This  descrip¬ 
tion  leads  therefore  to  a  non-conservative  controller  design.  The  design  procedure  itself  is  based 
on  7ioo  Loop  Shaping;  the  problem  of  systematic  adaption  on  the  weights  when  receiving  a  too  large 
control  signal  after  a  loop  shaping  step  is  discussed.  Finally,  design  examples  are  given. 

Keywords:  Robust  Control,  Hoo  Loop  Shaping,  Multivariable  Systems,  Hard  Bounds,  Saturations. 


1  Introduction  and  Motivation 

Most  practical  control  problems  are  dominated  by  hard  bounds.  Valves  can  only  be  operated  between 
fully  open  and  fully  closed,  pumps  and  compressors  have  a  finite  throughput  capacity  and  tanks  can 
only  hold  a  certain  volume.  These  input-  or  actuator-bounds  convert  the  linear  model  into  a  non¬ 
linear  one.  Exceeding  these  prescribed  bounds  causes  unexpected  behaviour  of  the  system  -  large 
overshoots,  low  performance  or  (in  the  worst  case)  instability.  Furthermore,  process  models  are  al¬ 
ways  inaccurate  -  even  extremely  detailed  models  may  contain  unknown  or  slowly  changing  physical 
parameters;  so  the  controller  has  to  manage  the  difference  between  the  model  (used  for  design)  and 
the  real  plant.  Bridging  the  gap  between  model  and  real  plant  is  the  field  of  robust  controller  design. 

Hoo  Loop  Shaping  is  a  popular  design  method  to  form  the  open  loop  (i.e.  its  singular  values  in  the 
frequency  range  of  interest)  by  introduction  of  weights,  in  order  to  fulfill  certain  aims  as  disturbance 
rejection  etc.  We  shortly  state  this  method  in  section  2. 

We  discuss  an  extension  of  this  procedure  in  order  to  meet  a  prescribed  hard  bound  for  the  control 
signal.  In  the  case  of  more  control  signals,  we  are  able  to  handle  a  hard  bound  for  each  of  them. 
The  first  step  is  to  calculate  the  maximum  of  the  control  signal(s)  for  a  given  set  of  reference  signals: 
the  reference  signal  and  its  first  derivative  are  bounded.  This  appears  in  many  systems,  for  example 
in  a  tank,  not  only  the  liquid-level  is  bounded  (by  the  tank's  height),  additionally  the  liquid  cannot 
change  its  level  arbitrarily  fast.  All  in  all,  the  componentwise  handling  of  the  control  signal  bounds 
and  the  described  class  of  reference  signals  produce  a  non-conservative  controller.  We  discuss  this  in 
section  3. 

One  main  point  is  the  systematic  adjustment  of  the  design  weights  during  the  loop  shaping  proce¬ 
dure  in  the  case  that  the  bounds  are  not  met.  We  derive  an  explicit  relation  between  maximum  control 
variable  and  the  singular  values  of  the  corresponding  transfer  function,  visible  during  the  loop  shap¬ 
ing  procedure.  The  procedure  works  for  LTl  multivariable  plants  and  is  presented  in  section  4.  The 
handling  of  the  problem  in  the  discrete  time  case  is  briefly  outlined  in  section  5. 

Two  detailed  examples  are  given  in  section  6 .  The  first  example  -  the  control  of  the  vertical  dynam¬ 
ics  of  an  aircraft  -  demonstrates  the  usage  of  the  procedure  in  the  multivariable  and  continuous  time 
case.  As  a  second  example,  we  discuss  the  two-mass-spring  benchmark  problem  (as  posed  on  the 
1992  ACC)  in  the  discrete  time  domain.  We  discuss  the  controller  design  and  analyse  robust  stability 
and  performance  with  regard  to  parameter  changes. 
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2  Hoo  Loop  Shaping  Design  Procedure  -  basic  facts 

As  we  adapt  the  Hoo  Loop  Shaping  Design  Procedure  (LSDP)  in  some  way,  we  present  its  basic  facts 
first.  All  results  including  the  proofs  and  more  details  can  be  found  in  [4].  We  use  the  notation  from 
standard  robust  control  theory  textbooks  [3]. 

A  continuous  time  state-space  system 


x(t)  =  Ax(t]  +  Bu(t) 
y{t)  =  Cx(t)  +  Du(t) 


will  be  denoted  (A,  B,  C,  D)  or 


■  A 

B  ■ 

C 

D 

The  corresponding  transfer-function  is  given  by  G(s)  = 


D 


As  "degree"  of  a 
:er-function  matrix 


C{sl-A)  ’B  +  D  and  will  be  abbreviated  as  G(s)  =  (A,B,C,D)  or  G(s)  = 

transfer-function  we  will  understand  the  McMillan  degree.  The  oo-norm  of  a  trans' 

G  is  defined  by  HGjU  :=  sup^  o  (G{icu))  where  a  (•)  denotes  the  maximum  singular  value.  denotes 

the  space  of  all  real  rational  transfer-function  matrices  with  finite  oo-norm  and  no  poles  in  Re(s)  >  0 
Let  P  and  Q  the  controUabiUty  resp.  observability  gramian  of  G.  The  Hankel  singular  values  of  G  are 
given  by  Oj  :=  (PQ) ,  j  =  1 , . . . ,  n,  where  n  is  the  degree  of  G  and  Aj  denotes  the  eigenvalue.  The 
Hankel  singular  values  are  ordered  by  convention:  ui  >  oa  >  •  •  •  >  On  >  0.  The  Hankel  Norm  of  G  ist 
given  by  |lGilH^=  cti  (G).  Due  to  Nehari's  Theorem,  HGHh  <  llG||oo  holds. 

Let  G  =  M-’N  be  the  plant  to  be  controlled,  represented  in  the  normalized  left  coprime  factor¬ 
ization  (NLCF)  and  Ga  be  a  perturbation  of  this  nominal  plant.  The  uncertainty  is  straightforward 
modelled  as  an  error  of  the  coprime  factors  (N,  M): 


Ga  — (M,  +  Am)  ^{N+An).  (1) 

For  e  >  0  a  perturbation  A  =  [An  ,  Am)  of  a  transfer  function  as  described  in  eqn.(l)  is  called  (e-) 
admissible,  when  ||A||oo  <  e  holds.  The  set  of  all  (e-)admissible  perturbations  is  denoted  hyV^: 


®e:={A:A€Hoo;l|A|U<e}  (2) 

This  approach  has  several  advantages:  the  error  bounds  of  the  coprime  factors  can  be  choosen  smaller 
than  those  of  e.g.  a  multiplicative  error  and  all  participated  "components"  -  numerator,  denominator 
and  their  errors  -  are  stable  even  if  the  plant  itself  is  unstable.  Additional  advantages  become  clear 
when  discussing  robust  stabilization  within  this  framework: 

2.1  Robust  Stabilization  Theorem  The  controller  K  stabilizes  the  uncertain  plant  Ga  =  (M-|- Am)~’  (N  + 
An  )  for  all  A  =  [An  ,  Am]  e  Pe  iff  it  stabilizes  the  nominal  plant  G  and  the  following  equation  holds: 


K(I-GK)-iM-''  ■ 
(I-GK)-iM-i 


(3) 


Moreover,  the  theorem  comes  with  a  calculation  of  the  controller  K  for  a  given  e,  details  are  given 
in  [4].  It  it  clear  from  the  Robust  Stabilization  Theorem  2.1,  that  we  are  in  principle  looking  the 
largest  positive  number  e(=  emax);  which  fulfils  equation  (3).  In  this  case,  we  will  have  "maximal 
robustness".  Because  of  the  NLCF  representation,  this  maximum  stability  margin  can  be  obtained  in 
a  surprisingly  exphcit  manner  by: 


£inax 


inf 

stabK 


K 

I 


(I-GK)-’M-^ 


=  -v/l-||[N,M]||2 


(4) 


We  refer  to  the  controUer,  ensuring  the  maximum  stability  margin  emax,  as  the  optimal  controller.  All 
other  controllers  producing  an  e  <  emax  are  called  suboptimal  controllers.  For  the  suboptimal  con- 
troUers  we  define  the  performance  factor  f  by  f  :=  e„^/e  (>  1 ) .  In  practice,  this  performance  factor 
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a)  plant  shaping  via  Wi  _2 


b)  Hoo  controller  design 


c)  final  controller 

Figure  1:  Loop  shaping  and  controller  design  in  three  steps. 


is  the  design-parameter  for  the  computation  of  the  controller.  Because  the  maximum  stability  margin 
emax  is  not  known  a-priori,  the  designer  decides  via  performance  factor  f ,  whether  an  optimal  or  a 
suboptimal  controller  is  wanted.  To  avoid  numerical  problems,  it  is  common  to  design  a  suboptimal 
controller  with  performance  factor  as  f  =  1 .1 . 

The  results  until  now  enable  us  to  robustly  stabilize  uncertain  plants.  Performance  features  as 
disturbance  rejection  etc.  are  encorporated  by  open  loop  shaping.  The  open  loop  is  shaped  using 
input-  and  output- weights,  until  a  desired  shape  is  reached.  A  major  drawback  is  inherent  in  all  open 
loop  shaping  methods:  one  can  only  shape  the  plant  instead  of  the  open  loop  (consisting  of  plant 
and  controller)  and  the  shape  of  the  open  loop  has  to  be  checked  after  the  controller  design.  Within 
this  technique,  this  problem  is  solved  elegantly:  a  large  stability  margin,  resulting  from  the  controller 
design,  ensures  a  similar  shape  of  shaped  plant  and  final  open  loop.  Clear  from  eqn.(4),  that  the 
stability  margin  ranges  in  (0,1).  In  practice,  a  stability  margin  of  about  e  >  0.3  is  large  enough. 

All  in  all,  the  complete  Hoo  Loop  Shaping  Design  Procedure  consists  of  the  following  steps  (see 
figure  1): 

1.  Choose  a  performance  factor  f  and  weights  Wi  and  W2  to  shape  the  plant. 

2.  Controller-design  QCoo)  for  the  shaped  plant  and  calculation  of  the  stability  margin  e. 

3.  Calculation  of  the  final  controller  (including  the  weights). 

4.  Decide  whether  the  design-objectives  are  fulfilled  or  not: 

•  Is  the  stability  margin  e  large  enough? 

•  Are  the  performance-objectives  fulfilled? 

If  not,  choose  other  weights  Wi ,  W2  (and/or  another  performance  factor  f)  and  go  back  to  the 
first  step. 
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plant 


■U-max 


controller 


G 

K 

-O 


Figure  2:  Control  loop  with  constraint  control  variable 


u. 


3  Maximum  Control  Signal  in  a  Control  System 

As  motivated  in  the  introduction,  we  study  control  systems  with  reference  signals,  bounded  in  am¬ 
plitude  and  speed.  i'Um  of  the  controller  design  is  to  handle  hard  bounds  of  the  control  signal.  The 
signals  are  depicted  in  the  standard  control  loop  in  figure  2.  We  start  with  the  following  definitions 
which  are  extensions  of  those  given  by  Reichel  [6]  to  the  multivariable  case,  as  outUned  in  [7]: 

3.1  Definition  (Admissible  Reference  Signal)  Given  0  d  R,R  e  R’".  Then  a  vector-valued  reference 
signal  T  is  called  (R,  R)-admissible,  when  the  following  properties  hold: 

1.  T(t)  =  0  for  all  t  <  0, 

2.  |T(t)|  :<  R  for  all  t  >  0  and 

3.  |f(t)|  :<  R  for  all  t  >  0, 

whereas  :<  denotes  componentwise  <  and  |  •  |  has  to  be  evaluated  componentwisely  in  this  context 
The  set  of  all  (R,  R)-admissible  reference  signals  is  denoted  by  .4(R,  R) . 

3.2  Definition  (Maximum  Control  Signal)  Given  the  internally  stable  standard  control  loop  as  in  figure  2 

We  call  t-  &  • 


/  sup{||ui||oo;  VrG.4(R,R)}  \ 


"nmax  •— 


\  sup{||un||oo;  Vr€.A(R,R)}  J 


(5) 


the  Maximum  Control  Signal. 

The  definition  of  the  admissible  reference  signal  is  quite  straightforward  from  the  motivation.  The 
componentwise  definition  of  the  maximum  control  signal  enables  us  to  handle  hard  bounds  for  each 
of  the  control  signals,  which  is  a  clear  advantage  compared  to  the  oo-norm  of  a  vector-values  signal, 
for  example.  Additionally,  we  state  the  following  system-theoretic  result  given  by  Reichel  [6]: 

3.3  Theorem  and  Algorithm  (Reichel,  1984)  Given  a  linear  and  time  invariant  SISO  system  with  input 
x(t)  and  output  v  (t) .  Let  the  input  be  (X,  X)-admissible. 


(a)  There  exists  an  algorithm  that  determines  the  maximum  output  of  this  system:  pmax  =  sup^  ^  lu  {tl  I 
for  all  admissible  reference  signals.  ^ 


(b)  An  (X,X)-admissible  input  exists,  so  that-ymax  is  achieved. 


The  algorithm  outlined  in  the  original  work  [6]  constructs  a  worst  case  input  x.  This  solution  is  also 
discussed  in  [9j .  An  alternative  numerical  solution  of  the  problem,  based  on  nonlinear  optimization, 
has  been  shown  in  [7] .  Independent  of  the  numerical  solution.  Theorem  3.3  can  be  used  in  the  SISO 
case  to  determine  the  maximum  control  signal  Umaxr  when  the  reference  signal  T(t)  is  (R,  R)-admissible 
(with  the  obvious  replacement  t  instead  of  x  and  u  instead  of  y). 
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In  the  following  we  will  see,  that  it  is  also  useful!  in  the  multivariable  case.  Let  us  first  look  onto 
a  system  with  one  output  y  and  k  inputs  x  =  {xi , . . . ,  x^)^  e  .A{X,  X) .  Then  y  (s)  is  given  by 


y(s)  =Hi(s)  -xiCs)  +  ---  +  Hk(s)  •Xk(s)  (6) 

We  abbreviate  yi(s)  =  Hi(s)  •  Xi(s).  Now  we  are  looking  for  the  maximum  output  amplitude  ymax- 
Using  eqn.  (6),  the  maximum  output  amplitude  is  given  by 

k 

ymax  ==  ^  yi.max-  (7) 

i=l 

It  follows  directly,  that  ymax  is  achieved  for  a  certain  vector x  =  (xi , . . . ,  Xk)"’’  e  -4(X,  X) . 

In  the  multivariable  case  with  n  outputs,  we  simply  apply  the  first  step:  according  to  the  definition, 
the  components  ymax,j  of  ymax  can  be  computed  as  in  equation  (7). 

The  method  presented  in  this  section  enables  us  to  calculate  the  maximum  output  of  a  system 
with  certain  input  restrictions;  in  particular,  it  enables  us  to  calculate  the  maximum  control  signal  of 
a  control  system,  when  the  external  signal,  i.e.  the  reference  signal  fulfills  these  constraints.  We  will 
exploit  this  in  the  next  section. 


4  Tioo  Loop  Shaping  for  Systems  with  Constraints 

Given  a  (multivariable)  plant  G,  restrictions  R,  R  ^  0  for  the  reference  signal  and  a  desired  maximum 
control  signal  0  we  extend  the  Loop  Shaping  Procedure  (see  sec.  2,  figure  1)  in  the  following 

way: 

1.  Choose  a  performance  factor  f  and  weights  Wi  and  W2  to  shape  the  plant. 

2.  Controller-design  for  the  shaped  plant  and  calculation  of  the  stability  margin  e. 

3.  Calculation  of  the  final  controller  (including  the  weights). 

4.  Decide  whether  the  design-objectives  are  fulfilled  or  not: 

•  Is  the  stability  margin  e  large  enough? 

•  Are  the  performance-objectives  fulfilled? 

•  Does  Umax  d  hold? 

If  not,  choose  other  weights  Wi ,  W2  (and/or  another  performance  factor  f)  and  go  back  to  the 
first  step. 

Theorem  3.3  enables  us  to  determine  the  maximum  control  signal  Umax  within  the  control  loop,  which 
allows  the  check  for  the  desired  bound  on  the  control  signal  in  step  4.  This  additional  check  is  the 
only  difference  to  the  classical  LSDP.  We  refer  to  this  procedure  in  the  following  with  Extended  Loop 
Shaping  Design  Procedure  (ELSDP). 

Finally,  we  discuss  a  question  we  dropped  when  repeating  the  classical  LSDP:  after  a  first  choice  of 
weights,  our  design  objectives  are  usually  not  fulfilled  -  the  weights  have  to  be  adjusted.  In  the  case  of 
a  too  small  stability  margin  e  the  strategy  is  clear  from  the  classical  LSDP:  because  there  is  no  explicit 
relation  known  between  achieved  stability  margin  and  weights,  we  have  to  examine  the  singular  values 
of  the  shaped  plant  and  the  achieved  open  loop.  In  the  frequency  range  with  a  significant  difference, 
our  weights  are  incompatibel  with  the  plant  and  have  to  be  adjusted.In  the  following  we  discuss  the 
remaining  open  question:  Is  there  a  strategy  for  correct  and  systematic  adjustment  of  the  weights, 
when  the  control  signal  bound  fails  after  a  loop  shaping  step? 
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Within  loop  shaping,  we  work  on  the  singular  values  of  different  interesting  transfer  functions. 
Thus  we  are  searching  for  a  relation  between  the  singular  values  of  the  transfer  function  and  the 
maximum  control  signal  u-max-  The  relation  between  reference  signal  and  control  signal  is  given  by 

u(s}  =  H(s)-t(s)  resp. 
u(t)  =  h.(t)*T(t) 

where  denotes  the  convolution.  Because  of  the  componentwise  definition  of  the  maximum  con¬ 
trol  sariable,  we  restrict  our  following  examinations  to  the  case  of  a  single  control  variable.  The 
generalization  follows  immediately  as  in  the  previous  section  (by  componentwise  usage). 

Well  known  from  linear  system  theory  is  the  following  inequality 

IMIoo  <  llhlhllrlloo,  (8) 

Where  ||hl|i  denotes  the  1-norm  of  the  impulse  response  ||h|h  :=  J“  |H(t)|dt.  To  get  the  link  from  the 
(time  domain)  impulse  response  to  the  (frequency  domain)  transfer  function,  we  state  a  result  from 
model  reduction  [2]: 

4.1  Lemma  (Glover,  Curtain  and  Partington,  1985)  Let  H  be  a  asymptoticaUy  stable  and  strictly  proper 
transfer  function,  then 


2-||H||N>llh|h>||H|L  (9) 

holds  whereas  ||  •  1|n  denotes  the  nuclear  norm  ||H||n  :=  a,  (H)  and  o,  >  a,  >  •  •  •  >  >  0  are  the 

Hankel  singular  values  in  descending  order. 

Combining  equation  (8)  and  (9)  we  have  the  following  situation: 

IMIoo  <  llhih  •  IMIoo  <  2 .  IIHIIn  •  IMIo, .  (10) 

Exploiting  cri  (H)  =  ||H||h  <  ||H||oo,  the  previous  equation  (10)  degenerates  to 

IMIoo  <2n.||H|loo  •  IMIoo  (11) 

where  n  denotes  the  McMillan  degree  of  H. 

We  now  turn  back  to  our  final  aim:  the  relation  between  the  singular  values  of  H  and  ||u|loo.  As 
the  control  loop  is  internally  stable,  the  transfer  function  H  is  stable.  Following  equation  (11),  we  see 
that  decreasing  the  oo-norm  of  H(s)  decreases  an  upper  bound  for  the  maximum  control  signal. 

Suppose,  the  maximum  control  signal  is  too  high  after  a  loop  shaping  step.  We  then  have  to 
decrease  the  maximum  singular  value  of  H  in  the  frequency  range  where  the  oo-norm  appears.  In  the 
case  of  a  too  low  maximum  control  signal,  we  have  to  increase  the  maximum  singular  value  in  that 
frequency  range.  We  point  out,  that  this  affects  only  an  upper  bound  for  the  maximum  control  signal. 
This  practical  value  of  this  guidehne  is  shown  in  the  examples. 


The  last  question  to  answer  is,  if  a  relation  between  the  singular  values  of  the  weights  and 
those  of  the  transfer  function  H  exists.  Using  the  relations  H(s)  =  (I  -  CfslKls))-’  K(s)  and  K(s)  = 
Wi{s)Koo(s)W2(s),  from  the  loop  shaping  procedure,  we  get 


MH)  =  a((I-GK)-^K)  < 


< 


Vff(I-GK)  a(K) 

o{K)  (at  freq.  with  a(GK)  <  1 ) 

WiKooWz) 

^(Wi)  a(K„o)  Wz). 


(12) 

(13) 


Obvious  from  the  last  inequality  (13),  decreasing  the  weights  decreases  the  transfer  function  H.  As 
the  oo-norm  of  H  appears  at  high  frequencies  (where  the  open  loop  gain  is  low),  the  restriction  on 
certain  frequencies  (used  in  step  12)  causes  no  trouble. 


We  solved  the  problem  of  correct  weight-adjustment  in  the  face  of  a  too  high  maximum  control 
signal.  An  initial  choice  of  the  weights  should  attack  the  general  shape  of  the  open  loop  and  is 
discussed  in  context  with  original  Loop  Shaping  Design  Procedure  by  McFarlane  &  Glover  [4]  and 
textbooks  on  robust  control,  e.g.  [3]. 
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5  Discrete  Time  Case 


In  order  to  handle  discrete  time  problems  in  the  same  framework,  we  map  the  z  transfer  function  to 
the  so-called  q-domain  by  the  transformation  [1] : 

G*'(q):=G*(z)|^^_^  (14) 

(where  T  is  the  sampling  time).  The  q  transfer  functions  has  the  same  properties  concerning  stability 
as  the  s  transfer  function  in  the  continuous  time  domain,  so  we  are  able  to  apply  the  LSDP  directly 
in  the  q-domain.  An  equivalent  result  to  Reichel's  Theorem  3.3  in  the  z-domain  was  derived  by 
Peng  [5]:  for  discrete  time  SISO  system  with  input  r  fulfilling  t{1c)  =  0  (k  <  0),  |T(k)|  <  r^ax  and 
|r(k)  -  r(k  + 1  )|  <  Ar^^ax  (k  >  0)  the  output  maximum  ii^nax  :=  supk>o  |u(k)|  can  be  calculated. 

Thus  the  ELSDP,  formulated  in  section  4,  can  be  applied  in  the  q-domain,  with  a  check  for  the 
maximum  control  signal  in  the  z-domain. 


6  Illustrative  Examples 


6.1  Vertical  Plane  Dynamics  Control  of  an  Aircraft 

We  study  a  multivariable,  continuous  time  plant,  an  aircraft  model,  which  also  examined  by  McFarlane 
&  Glover  [4]  and  others.  The  model  has  three  inputs  and  five  states.  The  first  three  of  them  are  the 
plant  outputs.  Its  state  space  model  is  given  by 
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0 
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0 

0 

0 

0 

0 
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0 
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0 
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0 
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0 

1.0532 

-0.6859 
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0 

-0.0732 

1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

_  0 

0 

1 

0 

0 

0 

0 
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Throughout  the  example,  we  determine  suboptimal  controllers  (f  =  1 .1).  McFarlane  &  Glover  state 
the  usual  performance  and  stabiUty  objectives  and  the  following  limits  on  the  control  signal  u(t): 


|ui  {t)|  <  40,  lu2(t)|  <  10,  lu3(t)|  <  40.  (16) 

To  solve  this  problem  with  the  ELSDP,  we  restrict  the  reference  signal  by  the  following  values: 

R  =  [5,11,3r.  '  (17) 

Analysis  of  the  McFarlane  &  Glover  design 

One  of  the  McFarlane  &  Glover  designs  [4,  section  7.4,  design  (2)]  works  with  the  following  diagonal 
weight  W(s): 


Wl(s)=W3(s)  =  24 -Wc 

W2(s]  =  12  •Wc 

W(s)  =  diag{wi(s),W2(s),W3(s}}. 

The  usage  of  one  diagonal  weight  ensures  a  better  oversight  during  the  LSDP.  Therefore,  we  re¬ 
strict  ourselves  to  this  class  of  weights.  The  gain  increases  the  open  loop  and  thus  increases  the  OdB 
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Figure  3:  McFarlane  &  Glover  design:  singular  values  of  plant  and  achieved  open  loop  fleft)  and  of 
sensitivity  and  closed  loop  (right).  ’ 


Figure  4:  McFarlane  &  Glover  design:  singular  values  for  the  components  of  the  control  variable. 


crossover  frequency.  The  integral  action  will  improve  the  low  frequency  performance.  Looking  at  the 
singdar  values  of  the  unshaped  plant  (see  figure  3-left),  the  zeros  at  -0.4  limit  the  integrator  to  the 
low  frequency  range,  so  that  a  too  high  roll-off  rate  near  the  crossover  frequency  is  prevented.  This 
would  cause  poor  robustness  properties  (i.e.  a  small  stability  margin)  or  even  instability  (known  from 
Bode  s  Gain-Phase  relations).  Starting  with  this  McFarlane  &  Glover  weight  for  a  first  studv  we  get 
the  following  result  for  the  maximum  control  signal: 

Umax  =  [32.1605, 10.9964, 59.6279]"^ 

and  achieve  a  stabiUty  margin  of  e  =  0.3444.  Figures  3  and  4  show  the  singular  values^.  Our  aim 
|u3{t)|  <  40,  failed  clearly,  the  value  for  U2,max  too  large,  as  well. 

Adjustment  of  the  weights 

We  adjust  the  weight  from  the  step  above  in  order  to  achieve  the  desired  maximum  control  variable. 
According  to  the  results  derived  in  section  4,  we  are  looking  at  the  singular  values  of  H  in  figure  4^ 
We  see,  that  they  are  too  high  for  the  frequencies  [1.5, 100].  Therefore,  we  decrease  the  weights  W2 

Throughout  this  example,  we  only  show  the  maximum  and  the  minimum  singular  values  due  to  a  better  overview. 
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Figure  5:  Adjustment  of  the  weights:  singular  values  of  the  diagonal  entries  wi  and  W2. 


and  W3  in  this  frequency  range  and  work  with  the  following  weight  Ws ,  see  figure  5: 

15.13s +  11.79 
s  +  0.001 
6.44s +  4.661 
s  + 0.001 
14.63s +  11.39 
s  +  0.001 

diag{Wis,W2s,W3s} 

Using  this  new  weight,  we  get  the  following  result  on  the  maximum  control  signal: 

Umax  =  [35.2007, 8.5889, 31 .4148]'^ 
and  achieve  a  stability  margin  of  e  =  0.3205. 

Our  design  objectives  regarding  the  constraint  control  variable  are  fulfilled,  figures  6  shows  the 
singular  values  for  the  final  controller  design.  The  singular  values  of  the  transfer  functions  to  the 
single  components  of  the  control  signal,  depicted  in  figure  7,  have  been  decreased  in  the  interesting 
frequency  range. 

During  these  designs,  the  following  elFect  has  been  observed:  comparing  two  controllers  Ki  with 
different  performance  factors  fi  (but  produced  by  the  same  weights),  the  resulting  maximum  control 
signals  fulfilled  U2,max  <  ui,max  (for  fi  <  f2).  In  general,  this  would  be  a  usefull  feature  within  the 
procedure.  When  a  large  stability  margin  was  achieved,  but  the  meeting  of  the  bounds  fails  "slightly". 
Increasing  the  performance  factor  would  decrease  the  maximum  control  signal  (and  of  course  decrease 
the  stability  margin  slightly,  too)  and  the  problem  is  solved  without  new  adjustment  of  the  weights. 


Wis  = 

W2s  = 

W3s  = 
Ws  = 
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Figure  6:  Design  with  adjusted  weights:  singular  values  of  plant,  achieved  open  loop,  sensitivity  and 
closed  loop. 


Figure  7:  Design  with  adjusted  weights:  singular  values  for  the  transfer  functions  to  the  components 
of  the  control  variable. 


6.2  Two  Mass  Spring  Benchmark  Problem 

The  following  problem  is  a  popular  problem  for  robust  controller  design,  discussed  for  example  on 
the  1992  ACC  and  described  in  [10].  The  designs  presented  here  are  due  to  [11]. 


u 

w^ 


X2 


TTLl 


m2 


■W2 


Figure  8:  Two  mass  spring  system  with  uncertain  parameters. 


Consider  the  two  mass  spring  system  shown  in  figure  8.  It  is  assumed  that  for  the  nominal  system 
mi  =  m2  =  1  and  k  =  1  hold.  The  control  force  u  acts  on  body  1,  while  the  position  of  body  2  is 
measured.  The  system  can  be  represented  in  the  state-space  form: 
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0 

1 
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X2 

X3 

+ 

0 

1/mi 

(u  +  Wi  )  + 

0 

0 

-k/m2 

0 

0 

.  . 

0 

.  Vm2 

(18) 

(19) 


or  as  transfer-function: 


G(s) 


_ k _ ^  y(s) 

mi  m2S'^  +  k(mi  +  m2)s2  u(s) 


(20) 


The  aim  of  one  of  the  problems  posed  in  the  benchmark  collection  [10,  problem  #  4],  is  to  design  a 
linear  feedback-controller  with  constant  gain,  with  the  following  properties  of  the  control  system: 

A1  control  signal  for  unit  step  output  command  tracking  is  limited  to  M  <  1 
A2  performance:  settling  time  and  overshoot  are  both  to  be  minimized 

A3  robustness:  performance  and  stability  with  respect  to  the  three  uncertain  parameters  are  both 
to  be  maximized 

The  problem  is  discussed  in  the  discrete  time  domain.  Using  a  sample  time  of  T  =  0.1  s,  the  transfer 
function  in  the  q-domain  using  transformation  (14)  is 

g  0.0001q3-0.0017q2-0.0502q  + 1.0033 
^  ”  q4  +  2.0067q2 

To  solve  the  problem  with  the  ELSDP,  we  replace  property  A1  by 

Al'  control  signal  must  be  lu(k)l  <  1  for  all  k  >  0  for  any  reference  signal  with 


|T(k)|  <1  for  all  k  >  0  and  |T(k)  —  T(k  —  1  )|  <  1  for  all  k  >  1  (21) 


In  contrast  to  the  first  example,  we  have  a  parametric  or  structured  uncertainty.  Therefore,  we  anal¬ 
yse  our  results  looking  at  variations  of  the  three  uncertain  parameters  k,  mi  and  m2.  One  popular 
method  doing  this  is  analysis.  Indeed,  we  studied  this  problem  in  the  continuous  time  domain 
using  this  method  [8].  In  the  q-domain,  the  structure  of  the  plant  is  more  complicated  due  to  the 
two  transformations,  therefore  we  examine  stability  and  maximum  control  signal  by  variation  of  the 
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Figure  9:  Bode  plots  for  designs  #0  and  #2. 


parameters.  The  result  of  this  analysis  is  therefore  a  "stability'-interval”  and  a  "control  signal  suffi¬ 
ciently  small'-interval"  for  the  examined  parameter. 

Controller  Design 

^  in  the  first  example,  we  choose  the  Performance  Factor  f  =  1.1 .  We  start  with  a  constant  weight 
w  =  0.1775  and  receive  a  stability  margin  of  e  =  0.3619  and  a  maximum  control  signal  u^ax  =  0.9973. 

property  Al'  for  the  nominal  case,  but  analysis  of  the  control  system  shows,  that 
shght  changes  of  the  parameters  k,  mi  and  m2  will  lead  to  control  signals  >  1 .  Assume  mi  =  m?  =  l 

butAl'lsfulmied  in  the  unsatisfactory  smaUmterval 
k  G  [0.9985, 1 .0229].  Therefore,  we  decrease  the  weight  to  Wconst  =  0.125  receiving 

^  ^^TTiax  controller  K(z) 

0.3684  0.6347  -0-0233z‘*+0.0460z^+0.0002z^-0.0460z+0.0231 

2^— 3.77072^+5.34862^— 3.3804Z+0. 8027 

This  design  will  be  quoted  as  design  #0.  Bode  plots  are  shown  in  fig  9  (left).  Using  this  weight  as 
an  imtial  weight  for  higher  order  designs,  we  increase  the  gain  it  in  the  frequency  range  [1,100]  fin 
order  to  achieve  a  higher  maximum  control  signal  and  a  higher  stability  margin)  using  a  second  order 
weight.  The  Bode  plots  for  design  #2  are  shown  in  fig  9  (right): 

e  ttmax  weight  W2(z) 

0.6290  0.9885  9.S0372^-15.6981z+6.1947 

zA+o.3I10z-0.2130 


Simulation  results 

In  the  foUowing  we  are  going  to  simulate  the  two  systems  with  regard  to  parameter  changes.  Re¬ 
markable,  that  (m  contrast  to  a  series  of  other  works)  we  have  no  problems  with  a  too  large  control 
signal  when  changing  the  parameters.  The  price  we  pay  for  this  feature  is  of  course  a  slower  control 
system.  First,  we  simulate  the  step  responses  of  the  nominal  systems,  depicted  in  fig.  10  The  two 
controllers  produce  a  quite  different  behaviour,  design  #2  is  successful  in  minimizing  the  overshoot 
because  it  damps  the  resonance,  inherent  in  the  system. 


Variation  of  spring  constant  k 

Table  1  below  shows  the  allowed  intervals  for  k,  when  mi  =  m2  =  1  are  assumed  to  keep  their  nominal 
values.  We  ^pect  in  some  meaning  from  the  different  stability  margins,  that  the  stability  interval  for 
dwign  #2  is  larger  tlmn  for  design  #0,  which  is  not  falsified  in  this  experiment.  In  the  case  of  design 
#0,  the  range  of  a  sufficiently  small  control  signal  is  smaller  than  the  stability  interval.  Fig.  11  shows 
the  step  response  for  k  =  1.15,  which  is  out  of  the  stability  range  for  design  design  #0.  Obviouslv  a 
step  input  is  sufficient  for  a  unbounded  output  in  this  control  system.  ' 
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mi  =  m2  =  1 

Stability  for 

^min  ^  ^  l^max 

|u|  <  1  for 
kmin  ^  k  <  kmax 

weight 

e 

kjain 

l^max 

kmin 

kmax 

TVconst 

0.3684 

0.4289 

1.0176 

0.4825 

1.0176 

W2 

0.6290 

0.3734 

1.5853 

0.3734 

1.5853 

Table  1:  Variation  of  spring  constant  k. 


Variation  of  masses  mi  and  m2 

Variation  of  the  parameters  mi  and  m2  assuming  constant  k  =  1  is  depicted  in  table  below.  Fig.  12 
shows  selected  simulations  for  k  =  1  and  mi  =  m2  =  2.  In  tendency  the  same  results  appear  in  the 
case  k  =  1  and  mi  +  m2  =  2.  Again,,  in  both  cases  the  interval  of  stability  is  larger  than  the  interval 
of  a  sufficiently  small  control  signal. 


k 

=  1 

stability  for 

|u|  <  1  for 

mi 

=  m2 

nil  ,min  ^  nil  ^  nil  .max 

,TniTi  ^  ^  TTll  .max 

weight 

e 

nil  ,min 

nil  ,max 

nil  ,min 

nil  .max 

Wconst 

0.3684 

0.9828 

2.5864 

0.9828 

2.5864 

■W2 

0.6290 

0.6449 

2.9027 

0.9510 

2.9027 

m2  = 

2  —  mi 

1 

Wconst 

0.3684 

0.8685 

1.1315 

0.8685 

1.1315 

W2 

0.6290 

0.3924 

1.6076 

0.4924 

1.6076 

Table  2:  Variation  of  the  masses  mi  =  m2  resp.  mi  =  2  —  m2 . 


The  study  of  the  two  mass  spring  problem  shows  the  usage  of  the  ELSDP  in  the  discrete  time 
domain.  We  analysed  robustness  due  to  parameter  changes.  However,  the  treatment  of  multivariable 
problems  turns  out  to  be  difficult  in  this  framework,  because  due  to  the  transformations  from  q- 
domain  to  z-domain  and  back,  numerical  difficulties  appear.  Sometimes,  slightly  damped  system 
poles  are  mapped  to  unstable  ones  in  the  z-domain.  Therefore,  future  directions  tend  to  apply  the 
loop  shaping  directly  in  the  z-domain  (instead  of  the  q-domain). 
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Figure  10:  Step  responses  for  k  =  mi  =  m2  =  1 , 


PosWlon  y  (-),  Retereoce  Signal  r  Control  Signal  u  <-.) 


Positioft  y  (-),  Raferenco  Signal  r  (— ).  Coolrol  Si^  u  (-.) 


7  Conclusions 


We  studied  the  control  of  multivariable  control  systems  with  hard  bounded  control  signals.  One  main 
point  within  the  extension  of  the  Hoo  Loops  Shaping  was  the  calculation  of  the  maximum  control 
signal  for  the  set  of  admissible  reference  signals.  The  other  main  point  was  the  systematic  adaption 
on  the  weights  with  respect  to  the  control  signal.  Examples  were  given  for  the  continuous  and  discrete 
time  case.  Numerical  problem  appear  in  the  discrete  time  and  multivariable  case.  Therefore,  future 
reasearch  directions  will  study  the  loop  shaping  directly  in  the  z-domain  instead  of  the  q-domain. 
Moreover,  the  following  problems  will  be  studies  in  future:  constraints  for  other  signals  than  the 
control  signal,  speed  constraints  for  the  control  signal  (important  for  flight  control  applications  for 
example)  and  appUcations  with  mixed  hard  and  soft  bounds. 
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Abstract 

In  this  paper  we  describe  a  frequency  response  identification  of  the  fast  voltage  coils  mounted 
inside  the  vacuum  vessel  of  the  Tokamak  a  Configuration  Variable  (TCV).  These  coils  are  used 
for  the  control  of  highly  unstable  plasmas  where  the  response  of  the  coils  external  to  the  vacuum 
vessel  is  found  to  be  too  slow.  The  aim  of  this  current  work  was  two-fold;  firstly  it  is  a  crucial 
step  en-route  to  the  system  identification  of  a  Tokamak  operating  with  a  highly  unstable  plasma 
and  secondly  it  was  used  to  test  an  a-priori  Tokamak  model.  The  test  signal  was  designed  to  be 
suitable  for  li°°  system  identification.  The  results  obtained  suggested  that  the  a-priori  model 
was  based  on  incorrect  data  and  the  best  values  for  these  data  were  obtained  using  two  methods. 
A  frequency  based  minimisation  of  several  cost  functions  was  performed  and  a  least-squares  fit 
to  the  temporal  data.  Both  methods  showed  good  agreement  and  the  database  of  experimental 
values  has  been  adjusted  accordingly. 

1  Introduction 

The  limited  supply  of  fossil  fuels  and  the  environmental  risks  associated  with  fission  reactors 
are  driving  research  into  alternative  sources  of  electrical  power  production.  One  of  the  most 
interesting  is  the  possibility  of  power  generation  using  the  same  power  source  as  the  sun,  ther¬ 
monuclear  fusion.  The  easiest  terrestrially  achievable  fusion  reaction  uses  the  Hydrogen  isotopes 
Deuterium  and  Tritium,  where  Deuterium  occurs  plentifully  in  sea  water  and  Tritium  may  be 
extracted  from  Lithium.  The  reaction  occurs  at  temperatures  of  the  order  of  10®  "C  and  re¬ 
lease  more  energy  per  gramme  than  any  other  realistic  fuel.  The  dilRculties  associated  with 
handling  the  extremely  hot  fuel  (which  is  in  the  plasma  state)  are  compensated  for  by  the  facts 
that  there  are  no  greenhouse  gases,  long-lived  radioactive  waste  or  possibility  of  uncontrolled 
runaway  reactions. 

A  Tokamak  is  a  doughnut  shaped,  plasma  confinement  device  which  uses  magnetic  fields  to 
restrict  the  motion  of  the  plasma  (a  plasma  in  an  ionised  gas  and  therefore  consists  of  charged 
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Transfermar  winding 


Figure  1:  A  generalised  Tokamak. 


particles).  The  basic  principles  of  this  device  are  illustrated  in  Figure  1.  Essentially  a  doughnut 
shaped  magnetic  field  is  created  from  two  separate  magnetic  field  sources,  a  field  which  passes 
the  long  way  around  the  torus  (toroidal)  and  a  field  which  passes  the  short  way  around  the 
torus  (poloidal).  The  toroidal  field  is  generated  by  external  field  coils  while  the  poloidal  field 
is  generated  by  an  inductively  driven  plasma  current.  Not  shown  in  this  figure  are  a  set  of 
toroidally  wound  coils  which  are  used  to  position  the  plasma  and  stop  it  interacting  with  the 
containment  vessel.  These  coils  generate  a  poloidal  magnetic  field  and  are  called  the  poloidal 
field  coils  (PF  coils).  They  may  be  seen  in  Figure  2,  which  shows  the  poloidal  cross  section  of 
the  Tokamak  a  Configuration  Variable  (TCV),  a  medium  sized  Tokamak  based  in  Lausanne. 
All  plasma  control  is  via  the  PF  coils  and  we  shall  refer  to  those  PF  coils  located  outside  the 
vacuum  vessel  as  external  and  those  within  as  internal. 

It  IS  found  to  be  beneficial  to  operate  a  Tokamak  at  its  highest  possible  plasma  current. 
This  is  because  we  create  plasmas  with  higher  densities  and  temperatures,  both  of  which  are 
necessary  to  the  achieving  of  sustainable  fusion  conditions.  For  a  fixed  toroidal  field  coil  set,  it 
is  found  that  we  can  sustain  a  higher  plasma  current  in  a  plasma  which  has  a  elongated  cross 
section.  However  the  process  by  which  we  shape  the  plasma  introduces  an  instability  in  the 
vertical  plasma  position  and  active  control  is  usually  necessary. 

Last  year  we  successfully  applied  an  'H°°  system  identification  technique  to  create  a  linear 
model  of  the  response  of  a  Tokamak  plasma  to  voltages  applied  to  the  external  poloidal  field 
coils  [1,  2].  The  plasma-coil  system  was  and  is  MIMO,  continuous  time  and  unstable.  In  this 
previous  study  the  plasma  was  unstable  but  not  so  unstable  that  control  was  impossible  with  the 
external  coil  set.  (Typically  a  highly  unstable  plasma  has  a  growth  rate  of  a  few  thousand  rad/s 
while  the  previous  experiments  operated  with  a  plasma  instability  of  a  few  hundred  rad/s).  The 
results  gave  great  confidence  to  the  Tokamak  models  which  were  being  examined,  in  particular 
one  of  the  simplest,  RZIP  [1],  was  found  to  be  low  order  and  accurate.  It  is  this  model  which 
would  be  used  in  the  current  campaign  of  experiments.  In  order  to  investigate  highly  elongated 
(and  therefore  highly  unstable)  Tokamak  plasmas  another  set  of  coils  must  be  used  to  stabilize 
the  plasma.  These  are  the  G  coils,  situated  inside  the  vacuum  vessel  and  therefore  able  to  act 
directly  on  the  plasma,  without  the  screening  effect  of  the  metal  vessel.  In  this  paper  we  will 
discuss  the  experiments  which  were  performed  in  order  to  confirm  our  model  of  the  G  coil  set 
in  the  absence  of  a  plasma. 

In  Section  2  we  describe  the  system  to  be  identified  and  discuss  how  practical  constraints 
affected  the  design  of  the  identification  input  signal.  In  Section  3  we  show  results  from  a  series 
of  experiments  performed  on  TCV  and  show  how  they  were  consistent  with  an  error  in  the 


Figure  2:  TCV  cross-section  showing  the  position  of  the  poloidal  field  (E,  F,  G  and  OH)  coils.  The 
contour  shows  a  typical  plasma  cross-section. 
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Tokamak  model.  The  resolution  of  this  inaccuracy  is  detailed  in  Section  4  and  the  current 
conclusions  are  presented  in  Section  5. 


2  The  TCV  G-coil  system  and  experiment  design. 

TCV  is  a  Tokamak  which  is  ideally  suited  to  a  plasma  control  and  modelling  study  as  it  possesses 
a  relatively  large  number  of  independently  driven  poloidal  field  coils  (Figure  2).  This  leads  to  an 
flexibility  not  available  in  other  machines.  These  coils  comprise  an  inner  set(E,  8  coils),  an  outer 
set(F,  8  coils),  a  single  large  ohmic  coil  (OHl),  a  set  of  smaller  ohmic  coils  (OH2,  6  coils)  and 
the  G  coil  set,  6  coils  situated  inside  the  vacuum  vessel.  The  ohmic  coils  are  ideally  positioned 
for  driving  the  inductive  plasma  current  while  the  E  and  F  coils  are  ideally  suited  to  plasma 
shaping  and  positioning.  The  G  coil  set  is  used  for  the  control  of  plasmas  which  are  vertically 
unstable  with  a  high  growth  rate.  They  are  operated  in  an  up-down  asymmetric  manner  which 
means  that  the  same  voltage  signal  is  applied  to  the  upper  and  lower  coil  groups,  but  negatively 
to  the  upper  set  and  positively  to  the  lower  set.  This  is  the  optimum  arrangement  as  it  will 
lead  to  a  purely  radial  magnetic  field  at  the  machine  mid-plane.  A  purely  radial  magnetic  field 
is  ideal  for  moving  a  plasma  vertically  and  not  radially  and  the  instability  is  in  the  vertical 
position. 

The  G  coils  are  driven  using  a  fast-power  supply  which  operates  in  one  of  two  modes,  current- 
or  voltage-driven.  In  voltage-driven  mode  the  power  supply  tracks  the  input  voltage,  while  in 
current-driven  mode  the  power  supply  switches  between  three  voltage  levels  (0,  -f/-  200  V)  in 
order  to  produce  the  reference  current. 

Following  our  earlier  work  [2]  we  designed  a  multi-sinusoid  input  to  span  the  necessary 
bandwidth  and  suitable  for  use  in  a  robust  identification.  The  frequency  range  of  interest  was 
estimated  from  the  bode  plot  of  the  RZIP  model  of  the  plasma-less  TCV  system  (illstrated  in  the 
next  Section).  In  the  absence  of  a  plasma  the  RZIP  model  is  essentially  a  set  of  circuit  equations 
for  the  active  voltage  coils  coupled  to  a  discritised  filament  description  of  the  surrounding 
continuous  metallic  structures  [1].  The  values  for  the  self  and  mutual  inductances  for  TCV  are 
read  from  a  machine  database.  RZIP  predicted  the  relevant  frequency  range  as  10-4000  Hz  but 
this  does  not  take  account  of  two  experimental  considerations,  the  duration  of  an  experiment 
and  the  sampling  time  of  the  diagnostics. 

A  typical  plasma  shot  will  last  about  0.3  seconds  which  implies  that  the  lowest  frequency 
of  interest  is  really  about  3  Hz  or  about  19  rad/s,  this  implies  a  practical  lower  limit  on  the 
analysis.  The  TCV  data  acquisition  system  operates  at  10  KHz  and  this  puts  a  limit  on  the 
highest  frequency  we  can  apply.  We  choose  to  ensure  that  there  are  at  least  10  data  points  in  the 
highest  applied  signal  frequency,  in  order  that  it  may  be  clearly  identified.  However  this  implies 
that  the  highest  frequency  of  note  that  we  could  apply  was  about  6000  Hz.  The  experimental 
conditions  did  not  therefore  appear  to  pose  any  serious  constraints. 

A  signal  with  23  frequencies  was  designed  with  the  following  form: 

23 

i=l 

oji  —  65  X  27rtan(jny48), 

(1) 

where  a  represents  a  frequency  dependent  scaling  factor  used  to  compensate  for  the  expected 
attenuation  at  high  frequency  and  the  phases  $  are  randomly  chosen  to  minimise  the  overall 
amplitude  of  the  signal. 
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In  practice  the  signal  generator  which  was  available  to  produce  this  signal  could  only  store 
16,000  points.  This  did  impose  a  constraint  on  the  experiments,  as  we  could  not  simultaneously 
use  all  of  the  frequencies  defined  by  our  signal  at  our  required  resolution.  We  therefore  decided 
to  perform  a  high  frequency  experiment  and  a  low  frequency  experiment,  with  some  overlap 
to  ensure  continuity.  We  also  decided  to  omit  some  frequencies  as  we  expected  a  smooth 
transfer  function.  After  consideration  of  all  of  the  constraints,  we  constructed  experiments  of 
the  following  form. 

Low  frequency 


(j} 


a 

Duration 
Sample  time 


65  X  27rtan(7r[l  3  5  7  9  11  13  15  17]/48) 
[111111111] 

1.5s 

10"^s 


High  frequency 


u 


a 

Duration 
Sample  time 


65  X  27rtan(7r[13  14  15  16  17  18  19  20  21  22  23]/48) 
[.2  .5  1  1  2  2  2  4  4  8  16] 

0.15s 

10“®s 


In  all  we  planned  5  experiments.  Four  of  these  comprised  the  low  and  high  frequency  experiments 
for  voltage-  and  current-driven  modes.  A  further  voltage  shot  was  performed  with  the  input 
signal  doubled  in  order  to  check  system  linearity. 


3  Results  from  the  identification  experiments. 

We  assumed  that  the  plant  was  essentially  linear  under  teh  conditions  imposed  by  the  identifica¬ 
tion  experiment  and  therefore  we  could  expect  the  simple  preservation  of  frequency  throughout 
the  experiment.  The  experimentally  acquired  signals  were  decomposed  into  the  input  frequencies 
by  a  least-squares  fit  and  the  remaining  signal  was  assumed  to  be  noise.  In  practice  this  turned 
out  to  be  a  good  assumption.  The  frequency  response  estimates  of  various  plant  relationships 
could  then  be  constructed  by  simple  division,  as  this  was  a  single  input  plant. 

Typical  input  and  output  traces  are  illustrated  in  Figures  3  and  4  respectively.  They  are 
taken  from  the  low  frequency,  voltage-driven  experiment  (TCV  shot  number  15053).  Figure 
3  shows  the  voltage  applied  to  the  G-coils  while  Figure  4  shows  the  current  in  the  G-coils. 
Each  graph  shows  the  raw  data,  the  best  least-squares  fit  to  the  data  and  the  error  between 
these  signals.  It  can  be  seen  that  in  this  voltage-driven  experiment  the  input  (voltage)  signal 
decomposes  almost  exactly,  and  the  output  (current)  signal  shows  a  reasonable  noise  level. 

We  constructed  many  transfer  funstions  bt  here  we  will  concentrate  on  the  transfer  function 
from  the  G  coil  current  to  the  G  coil  voltage  in  both  current-  and  voltage-driven  modes.  The 
results  for  the  voltage-driven  experiments  are  shown  in  Figures  5  and  an  obvious  mismatch 
between  the  model  prediction  and  the  experimental  data  is  apparent.  In  the  next  section  we 
outline  our  approach  to  investigating  this  discrepancy. 


4  Correcting  the  Tokamak  model. 

Due  to  the  simplicity  of  the  RZIP  model  and  its  successful  operation  in  the  previous  experimen¬ 
tal  campaign,  it  seemed  reasonable  to  assume  that  the  discrepancy  with  the  data  was  related  to 
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Figure  3:  G-coil  voltage  for  the  voltage-driven,  low  frequency  experiment.  The  solid  line  shows  the 
raw  signal,  the  circles  are  the  best  fit  to  this  signal  and  the  dashed  line  is  the  diiference. 
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G-coil  current:  -  =  signal,  o  =  approximation,  —  =  error 
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Figure  4:  G-coil  current  for  the  voltage-driven,  low  frequency  experiment.  The  solid  line  shows  the 
raw  signal,  the  circles  are  the  best  fit  to  this  signal  and  the  dashed  line  is  the  difference. 
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Figure  5:  Predicted  frequency  response  from  G-coil  current  (Ig)  to  G-coil  voltage  (Ug),  voltage-driven 
mode.  All  experiments  are  shown;  red  -  15048,  green  -  15049,  blue  -  15050,  cyan  -  15052,  magenta - 
15053,  yellow  -  15054,  black  -  15055.  The  predicted  RZIP  response  is  shown  as  a  solid  line. 
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the  inclusion  of  the  G-coils.  The  mutual  inductances  from  the  G-coils  to  the  rest  of  the  machine 
are  dominated  by  their  relative  positions  and  are  unlikely  to  be  very  inaccurate,  and  we  there¬ 
fore  assumed  that  the  G-coil  resistance  (Rg)  and  self  inductance  (Lg)  were  the  only  sources  of 
error.  We  approached  the  problem  of  finding  the  best  values  for  the  G-coil  self  inductance  and 
resistance  in  two  ways,  a  frequency-domain  based  approach  and  one  based  on  the  temporal  data. 

Frequency  Domain 


In  the  frequency-space  based  approach.  Four  cost  functions  were  defined,  based  on  the  difference 
between  the  experimental  data  Gsi  and  model  prediction  at  the  experiment  frequencies  Grzip- 
A  cost  function  was  chosen  to  minimise  the  infinity  norm  of  difference  between  the  measured 
and  predicted  (complex)  transfer  functions: 


costl^^x{SG)  —  /nin  f  Gsi{i^i)  -  GRzip{u}i,Lg,Rg)  I  ). 

loo/ 


The  values  of  Lg  and  Rg  that  minimised  the  cost  function  were  taken  to  be  the  true  values  of 
the  fast  coil  self  inductance  and  resistance. 

For  comparison  we  define  an  alternative  cost  function  based  on  a  normalised  version  of  the 
above: 

COSf2n,ax(5G/G)  =  min 

Ijg^lXQ 


Gsi{>->Ji)  -  GnzipjuJi,  Lg,  Rg) 


\GRzip{u!i,Lg,Rg)\ 


This  effectively  weights  the  frequencies  by  the  inverse  of  the  transfer  function. 

It  is  possible  to  define  a  cost  function  that  minimises  the  maximum  error  on  a  Bode  plot, 
however  although  the  fit  appears  better,  it  is  only  an  artifice  of  the  log  in  the  cost  function. 


COSf3fnax(5/o5(G))  — 


min 

Lg,Rg 


log  {Gsi{i*Ji))  -  log  {GRzipioJi,  Lg,  Rg))  ) . 

00/ 


Also  we  use  a  least  squares  fit: 

COStAheast  Squares  —  {(Gsi{i»^i)  —  GRZIp{itJ{)){Ggi(ljJi)  —  . 


The  results  from  this  analysis  were  as  follows. 


Cost  function 

mode 

cost 

L,(H  10--') 

Rg{n) 

- 

TCV  database 

- 

0.96119 

0.0102 

max(^G) 

Voltage  driven 

3.25 

1.14 

0.018 

max{SG/G) 

Voltage  driven 

0.21 

1.05 

0.022 

mB.x{Slog{G)) 

Voltage  driven 

0.21 

1.04 

0.021 

Least  Squares  fit 

Voltage  driven 

58.03 

1.09 

0.019 

The  conclusion  from  these  results  is  that  the  TCV  data-base  values  of  the  G-coils  are  incorrect. 
For  the  G-coil  resistance,  extremely  so. 


Time  Domain 


In  the  time  domain  based  approach,  we  assumed  that  the  RZIP  model  was  accurate  for  all  but 
the  two  parameters  Lg  and  Rg.  This  assumption  allowed  us  to  reconstruct  an  estimate  to  the 
induced  currents  in  the  conducting  metallic  structure,  via  a  least-squares  fit  to  the  diagnostic 
signals.  This  gave  us  an  estimate  for  the  entire  model  state  for  the  duration  of  the  experiment. 
We  could  then  simply  find  the  best  Lg  and  Rg  by  comparison  to  the  temporal  data. 
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Certain  limitations  are  apparent  with  this  technique.  The  low  frequency  response  of  the  G- 
coil  plant  is  dominated  by  the  resistance  of  the  G-coil;  conversely  if  we  wish  to  get  a  reasonable 
model  of  the  plant’s  DC  behaviour,  we  must  consider  a  long  duration  of  data.  In  the  current 
analysis  this  is  demonstrated  by  the  poor  value  of  resistance  obtained  by  examination  of  the 
high  frequency  experiments. 

The  basic  results  are  as  follows: 

Current  Driven 


TCV  shot 

Frequency 

Without  eddy  current  estimate 

With  eddy  current  estimate 

set 

L, 

Rg 

L, 

Rg 

Low 

4.22  X  10"® 

2.83  X  10“^ 

1.08  X  10“^ 

1.64  X  10-2 

High 

3.34  X  10-® 

3.81  X  10-2 

1.25  X  10-‘‘ 

-0.2! 

Voltage  Driven 


TCV  shot 

Frequency 

Without  eddy  current  estimate 

With  eddy  current  estimate 

L, 

Rg 

L, 

Rg 

Low 

5.71  X  10-^ 

2.29  X  10-2 

1.09  X  lO-"* 

1.71  X  10-2 

High 

4.16  X  10-5 

3.65  X  10-2 

1.09  X  10-^ 

-1.76  X  10-2! 

The  importance  of  including  the  structural  eddy  currents  is  obvious.  These  results  compare 
favourably  with  those  of  the  frequency  based  work.  In  principle  there  is  a  possibility  to  perform 
a  form  of  on-line  identification,  however  in  order  to  model  the  resistive  parts  of  the  plant 
realistically  the  experiment  must  be  of  an  appropriate  duration.  This  fact  is  illustrated  in 
Figure  6,  which  shows  the  convergence  of  results  depending  on  the  length  of  time  data  used. 
The  agreement  of  the  two  approaches  is  not  surprising,  they  both  use  the  same  data,  and 
although  it  is  much  easier  to  work  with  the  temporal  data,  its  application  must  be  handled  with 
care.  The  final  improvement  in  the  fit  to  the  raw  data  is  illustrated  in  Figure  7,  which  shows  the 
RZIP  model  predictions  for  the  transfer  function  from  the  G-coil  current  to  the  G-coil  voltage, 
based  on  the  previous  calculations. 

Physically  we  interpreted  the  difference  between  the  TCV  database  values  and  the  exper¬ 
imental  values,  as  being  due  to  the  cables  connecting  the  coils  with  the  power  supply.  In  the 
previous  work  this  was  a  negligible  effect  but  in  this  case  the  G-coils  have  a  low  resistance  and 
the  resistance  of  the  cables  connecting  the  power  supplies  to  the  coils  is  non-negligible. 


5  Conclusions 

We  have  successfully  identified  the  action  of  the  fast-power  supply  and  internal  coils  on  a  medium 
sized  Tokamak.  The  discrepancy  between  the  experimental  data  and  a  physics  based  model  was 
interpreted  as  an  inaccuracy  in  the  values  of  the  resistance  and  self-inductance  of  the  internal 
coils.  The  best  values  of  these  parameters  were  evaluated  using  two  different  methods,  but 
produced  the  same  result.  The  discrepancy  was  interpreted  as  being  due  to  the  non-negligible 
values  of  resistance  of  the  connecting  cables  between  the  power  supplies  and  the  coils. 
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Voltage  Driven:  Best  fit  models:  Magnitude 


Voltage  Driven:  Best  fit  models:  Phase 


Figure  7:  The  RZIP  predictions  based  on  the  values  of  Lg  and  Rg  found  by  the  various  methods. 
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Abstract 

One  of  the  main  tasks  when  designing  gFr-robust  controllers  is  the  definition  of  the 
process  frequency  response  -templates-  taking  into  account  the  complete  n-dimensional 
space  of  model  uncertainty.  This  paper  analyses  the  high  computational  burden  required 
for  that  when  the  number  of  uncertain  parameters  increases,  and  introduces  a  two-stages 
methodology  to  reduce  the  amount  of  operations  needed.  The  major  target  of  the 
procedure  is  to  find  the  simplest  set  of  plants  that  defines  the  whole  n-dimensional  space 
of  uncertain  models  of  the  process  -templates  contour-.  The  first  stage  is  based  on  a 
combination  of  symbolic  computation  of  a  Jacobian-like  technique  and  of  a  graphical 
CAD  tool  to  check  visually  the  projections  of  the  n-dimensional  problem  onto  the 
Nichols  Chat.  The  second  stage  includes  a  contour-searching  algorithm  to  find  the 
template  contour.  The  procedure  can  deal,  in  a  practical  way,  with  a  general  problem  of 
any  dimension.  It  has  been  implemented  in  a  collection  of  new  MATLAB  files  with  the 
aim  of  complementing  the  current  QFT  toolbox. 


1.  Introduction 


Analysis  of  frequency  performance  of  real  processes  with  parameter  uncertainty  may  become  a 
serious  problem  due  to  the  high  computational  burden  involved.  In  that  cases  the  design  of  a  robust 
controller  could  be  very  difficult  and  time  consuming. 


Let  us  consider  an  uncertain  process  P, 


u{jcS) 


P(jCD) 


yfjo)) 

- ► 


Fig.  1  Process 

such  that, 

*  [Oi.bi  e  91,  cOj  e  91^,  i,l,m  e  N 

is  the  associated  template  for  m  =  co,. . 

This  plant  template  ^  is  a  set  of  complex  numbers  representing  the  frequency  response  of  an 
uncertain  plant  at  a  fixed  frequency  tai,  that  is  to  say,  a  projection  of  the  n-dimensional  parameter 
space  onto  according  to  the  plant  transfer  function  P  for  a  given  frequency  -Fig.  2- 
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The  amount  of  operations  that  we  need  to  accomplish  this  calculus  (1)  depends  on  the  number  of 
uncertain  parameters  —  (ao,  ...  ai,  bo,  ...  b^)  and  on  the  desired  subdivision  factor  for  each 
parameter  interval.  So,  if  we  suppose  n  uncertain  parameters  and  a  subdivision  factor  of  r  data  for 
each  parameter,  the  number  of  operations  to  build  the  «-dimensional  space,  using  a  brute  force 
approach,  will  be  r'*. 

In  the  last  few  years  some  sophisticated  template  generation  algorithms  have  been  developed  to 
reduce  such  a  computational  burden  (Bailey  et  al.  1988,  Bailey  and  Hui  1989,  Barttlet  1993, 
Barttlet  et  al.  1 993,  Sardar  and  Nataraj  1 997,  Ballance  and  Chen  1 998). 

This  paper  introduces  a  new  methodology  to  decrease  the  amount  of  operations  required  in  the 
templates  generation.  So,  a  theoretical  justification  and  an  iterative  procedure  are  developed  to  find 
the  minimum  value  A:,  1  <  ^  <  n,  so  that  the  projection  of  the  ^-dimensional  set  Hk  onto  912  delimits 
the  projection  of  the  whole  n-dimensional  set  ^2„  onto  912. 

In  addition,  we  introduce  a  CAD  tool  based  on  MATLAB  for  automatic  template  generation.  The 
new  software  is  also  directly  connected  to  the  QFT  Toolbox  developed  by  Borghesani  etal.  (1995). 


2.  Theoretical  development 

In  most  of  practical  cases,  applying  the  Maximum  Principle  (Munkres,  1975),  the  requested 
modelling  information  to  carry  the  design  of  a  robust  controller  out  is  reduced  to  the  geometric 
boundary  of  the  template  .  In  this  manner,  we  should  find  the  points  of  the  parameter  space 
~  (aoj  ai,  bo, ...,  bm)  whose  projections  define  the  template  boundary  in  the  complex  plane.  In 
other  words,  we  have  to  remove  the  points  of  the  parameter  space  whose  projections  are  interior 
to  the  image  template. 

Generally  speaking,  a  point  is  interior  to  a  set  if  it  can  be  completely  encircled  by  a  ball  of  points 
that  also  belong  to  such  a  set.  Now,  the  projection  of  this  ball  will  be  analysed  to  find  out  the 
demanded  conditions  to  the  function  P  that  defines  such  a  projection.  These  conditions  will  be  such 
that  the  projection  of  the  ball  encircling  the  initial  interior  point  contains  a  two-dimensional  ball 
centred  in  the  projection  of  the  initial  point.  To  satisfy  these  issues  the  function  P  has  to  perform 
continuity  and  derivability  and  to  define  a  two-dimensional  image  space. 

The  first  and  the  second  ones  are  not  veiy  restrictive.  The  third  one  implies  that  the  rank  of  the 
Jacobian  matrix  of  the  process  has  to  be  two,  as  it  will  be  shown.  With  this  preliminaries  we  can 
state  the  following  theorem. 
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Theorem  1 


Let  us  consider  F:  9?“->C  (or  a  continuous  and  derivable  (at  least  twice)  function.  Let  A 

be  a  compact  set  defined  on  91"  and  pi  e  A  an  interior  point  to  this  compact  set.  If  the  rank  of  the 
Jacobian  matrix  VF(pi)  is  2,  V  pi,  then  all  the  interior  points  of  the  compact  set  A  have  their 
equivalent  interior  points  on  C  by  the  mapping  F. 

The  proof  of  the  theorem  is  attached  in  Appendix  1. 


3.  Iterative  procedure. 

3.1  First  stage 

The  main  idea  states  that  if  the  rank  of  the  Jacobian  matrix  M  (2)  of  the  projection  of  the  uncertain 
parameter  space  onto  the  complex  map  912,  according  to  the  plant  transfer  function  P,  is  two,  then 
inner  points  of  the  initial  space  are  also  inner  points  of  the  projected  space  -Fig.  2-.  To  be  more 
precise,  research  of  the  minimum  dimension  k  is  reduced  to  the  study  of  the  rank  of  several  sub¬ 
matrix  of  M,  so  that. 


dRe[p(j(£>^,aQ,.. 

dbm 

aim[/’(yco,,Oo.- 

Sb„ 

where  n  =  l  +  m  +  2. 


To  find  such  a  minimum  dimension  k,  we  introduce  an  iterative  procedure  from  k  =  n-l  to  k-  1, 
involving  symbolic  calculus.  For  each  step  it  is  checked  whether  the  rank  of  the  f ,  ”  ,^1  possible 


sub-matrices  of  k+\  columns  of  Mis  two,  for  every  combination  of  the  ^+1  uncertain  parameters 
that  correspond  with  those  A:+l  columns  of  each  sub-matrix. 

Such  a  checking  must  be  satisfied  for  the  whole  2”'*‘‘  possible  combinations  of  both  minimum  and 
maximum  of  the  n-k-\  non-considered  parameters  in  each  sub-matrix. 

Being  the  above  condition  fulfilled,  then  the  projection  onto  912  of  the  inner  points  of 
the  2""*"’  sets  A+i  will  be  inner  in  the  template.  Hence  the  2'’’*  sets  A  will  be  enough 

to  define  the  template  contour. 

The  number  of  points  that  we  could  remove  from  the  template  is  ^  .  2"  '  (r  -  2)'  L  where  i 

l=k+\  ivV  J 

corresponds  to  an  iteration  that  fulfils  the  rank  condition,  and  where  k  goes  from  «-l  to  1 . 


3.2  Second  stage 

Once  we  have  reduced  by  symbolic  computation  the  number  of  points  that  define  the  template,  we 
introduce  a  second  stage,  based  on  a  contour-searching  algorithm,  in  order  to  produce  a  new  points 
reduction  that  obtains  the  pure  contour  of  the  template. 
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The  proposed  contour-searching  algorithm  finds  the  extremun  points  in  the  north-south  and  east- 
west  directions  of  the  template,  producing  the  final  contour  template  that  we  shall  have  to  use  in  the 
QFT  robust  control  design.  Fig.  3  shows  the  contour-computing  window. 


Fig.  3  Contour-searching  window 


To  summarise  the  two  stages  up,  Fig.  4  shows  the  projection  onto  912  of  the  whole  4-dimensional 
parameter  space,  the  template  reduction  until  the  edges  projection  case  using  the  symbolic 
computation,  and  the  final  template  after  applying  the  contour-searching  algorithm,  all  for  =  5 
rad/s. 


128  puntos 


Fig.  4  Templates  of  the  n-dimensional  case,  of  the  edges  and  of  the  final  contour 
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The  presented  software  offers  some  additional  helpful  features.  It  makes  possible  a  quick 
introduction  and  easy  management  of  data  -Fig.  9-.  It  also  recognises  uncertain  parameters  with 
symbolic  format,  detecting  its  simultaneous  presence  in  different  coefficients  of  both  numerator 
and  denominator.  In  addition  it  allows  to  introduce  different  subdivision  factors  -grids-  for  each 
uncertain  parameter.  Finally,  it  makes  easy  to  find  the  contour  template  and  to  detect  quickly  and 
visually  the  presence  of  singular  points. 


4.  Examples 

The  following  three  examples  are  included  in  order  to  illustrate  the  difficulty  of  using  symbolic 
calculus  applying  the  theory  proposed  here  and  advanced  by  Ballance  and  Chen  (1998).  In  Cases  1 
and  2  -low-dimensional  systems-  symbolic  calculus  can  detect  singular  points.  The  difference 
between  both  of  them  is  that  such  points  belong  to  the  template  contour  only  in  Case  1,  but  not  in 
Case  2.  Case  3  shows  a  high-dimensional  system.  This  comes  in  useful  to  explain  the  methodology 
for  a  general  case. 


4.1.  Case  1 


First  of  all  we  introduce  an  example  where  the  symbolic  procedure  -first  stage-  cannot  reduce  the 
number  of  points  of  the  template,  due  to  the  violation  of  the  rank  condition.  This  case  corresponds 
to  the  following  second  order  system  with  time  delay, 

-2-—^ - 2-, where  ^  =  0.02,  (»„  =  [0.7, 1.2],  x  =  [0,2]. 

s  -l-2q©n  ^ +  (jo„ 

Fig.  5  shows  the  template  that  corresponds  to  the  frequency  of  T  rad/s.  Cross  points  are  the 
projections  of  the  parameter  space  edges. 


Edges  that  do  not 


96  points 
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Fig,  5  Projection  onto  pf  of  the  whole  2-dimensional  c-  t- 

parameter  space,  and  of  the  parameter  space  edges  contour 


We  can  observe  that  the  projection  of  the  edges  does  not  match  the  boundary  at  the  top  of  the 
template.  Using  the  symbolic  computation  -first  stage-,  we  can  also  detect  the  problem,  so  that  for 
the  top  points  of  the  template  we  can  see  that  rank(A/)<2.Because  of  this,  no  reduction  is  made 
symbolically,  and  the  result  of  the  first  stage  is  the  same  set  of  points  that  the  2-diraentional  initial 
set.  Afterwards,  applying  the  second  stage  we  find  the  template  contour,  reducing  drastically  the 
necessary  number  of  points  in  the  example  from  2074  to  96  -Fig.  6-.  Note  that  here,  singular 
points  are  necessaiy  to  define  the  whole  boundary.  However,  this  is  not  certain  in  a  general  case  as 
following  example  illustrates. 
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4.2.  Case  2 


In  order  to  compare  our  methodology  with  the  proposed  by  Ballance  and  Chen  (1998),  we 
introduce  the  same  first  example  that  they  suggested  in  their  paper.  It  corresponds  to  a  vehicle  start¬ 
up,  where  the  transfer  function  yields, 


G(s)  = 


_ 65.6kjjy  +377s  +  kJ _ 

3.07s(65.6jy  +^77(65.6  + JJs  +  k/65.6  +  jj) 


where  the  uncertain  parameters  are  =  [100  800],  j,  =  [1400  11000]  and  =  [58000  115000]. 


Phase (degrees) 


7  Projection  onto  of  the  whole  3-dimensional 

parameter  space,  and  of  the  parameter  space  edges 


662  puntos 


Fig  8  Template  contour 

Fig.  7  shows  the  template  at  o  =  10  rad/s.  In  this  case  the  proposed  symbolic  computation  -first 
stage-  yields  Aat  it  is  necessary  to  project  the  faces  of  the  parameter  space  -2-dimension-,  because 
the  1-dimension  parameter  space  does  not  fulfil  the  rank  condition.  Simultaneously  Ballance  and 
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I  PARAMETRIC  UNCERTAINTY  C;\pablo\Templates_gen\SavedFT\eigthdim.mat 


Chen  conclude  that  it  is  only  necessary  to  project  the  edges  1 -dimension  plus  some  singular  points, 
denoted  by  the  dashed  line. 

If  we  finish  the  analysis  here,  in  this  particular  case  the  Ballance  and  Chen  method  would  have 
reduced  some  more  points  than  the  proposed  first  stage.  However,  using  our  graphical  CAD 
software,  we  can  see  ftat  these  singular  points,  calculated  by  Ballance  and  Chen,  are  not  necessary 
at  all  to  define  the  boundary  of  the  template.  Moreover,  applying  the  proposed  contour-searching 
algorithm  -second  stage-,  we  can  reduce  the  amount  of  points  of  the  template  to  the  contour 
-Fig.  8-,  Now,  the  final  result  obtained  by  the  proposed  methodology  reduces  much  more  the 
number  of  points  of  the  template. 

4.3.  Case  3 

Concerns  to  symbolic  calculus,  there  is  an  important  limitation  in  the  application  of  the  theory 
proposed  here  -first  stage-  and  advanced  by  Ballance  and  Chen  (1998).  It  cannot  solve  cases  of 
high  number  of  uncertain  parameters. 

However,  the  new  software  presented  in  this  paper  can  deal,  in  a  practical  way,  with  a  general 
problem  of  any  dimension.  The  only  limit  is  the  computing  capacity.  With  such  a  tool  it  is  possible 
to  test  visually  whether  the  projection  of  edges  includes  the  whole  boundary,  and  it  is  also  possible 
to  project  individually  vertices,  edges,  faces  or  all  points  in  the  worst  cases.  So,  we  only  have  to 
check  visually  the  boundary  -new  first  stage-,  and  to  adjust  the  number  of  points  of  the  fitifll 
contour  template  -second  stage- 

To  illustrate  this  we  propose  the  next  eight-dimensional  example.  Fig.  9  displays  the  transfer 
function  introduced  by  the  user  and  the  parametric  uncertainty  window. 

b1  S?  +  b22  + 12  s+  12+b3’'5 

■ . • . . — . . . . ^  •  . ; .  6^* 

12  S*  ♦  b4+5  #  ♦  b5*hl2  s?  ♦  b3+8*b6  S  ♦  3*b7 


Fig.  9  Some  details  of  the  uncertainty  introduction  window 

Using  the  brute  force  approach  with  a  subdivision  factor  -grid-  of  five  data  per  parameter,  a 
template  of  5*  =  390625  points  will  be  obtained,  making  difficult  posterior  calculus  on  a  reasonaWe 
time. 

To  accomplish  efficiently  the  generation  of  the  contour  template,  the  following  practical  procedure 
is  proposed.  First,  we  only  project  vertices  -Fig.  10.1-.  Then,  considering  different  subdivision 
factors  for  each  parameter,  it  is  possible  to  appreciate  the  sensitivity  of  the  template  with  respect 
every  parameter.  Fig.  10.2  shows  a  template  that  regards  to  the  projection  of  the  vertices  and  the 
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complete  interval  of  a  parameter  that  is  not  very  relevant.  Simultaneously,  Fig.  10.3  shows  a 
template  with  the  only  two  uncertain  parameters  that  are  relevant.  In  that  particular  case,  a  great 
reduction  is  achieved  in  the  sense  that  there  are  six  non-relevant  parameters.  For  them,  we  shall 
consider  a  low  grid  to  approach  their  uncertainties  and  for  the  two  relevant  ones  we  shall  consider  a 
heavier  grid.  Next  step  is  to  guarantee  that  the  projection  of  the  edges  includes  the  template 
contour.  With  this  aim,  we  make  use  of  an  option  ftat  allows  us  to  repaint  edges  under  the  rest  of 
the  template,  checking  visually  that  condition  -Fig  10.4-. 


-220  -200  -180  -160  -140  -120  -100  -60 


Phase  (degrees) 


Fig.  10.1  Projection  of  the  vertices 


Phase  (degrees) 


Fig.  10.3  Projection  of  the  vertices 
plus  the  two  relevant  parameters 


Fig.  10.2  Projection  of  the  vertices 
plus  a  non-relevant  parameter 


Phase  (dt»grB«.c) 


Fig.  10.4  The  whole  template  with 
repainted  edges. 


Afterwards,  applying  the  second  stage  we  find  the  template  contour,  which  has  only  83  points 
-Fig.l  1-.  Now,  the  subsequent  computation  in  the  QFT  frame  will  be  very  fast. 


83  puntos 
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Fig.  11  Template  contour 
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5.  Conclusions 


In  the  present  paper  a  theoretical  development  and  a  new  CAD  tool  for  automatic  template 
generation  of  processes  with  parameter  uncertainty  have  been  presented. 

The  new  methodology  consists  of  two  different  stages  of  calculus.  The  first  one  is  based  on  a 
combination  of  symbolic  computation  of  a  Jacobian-like  technique  and  of  a  graphical  CAD  tool  to 
check  visually  the  projections  of  the  n-dimensional  problem  onto  the  Nichols  Chat.  The  second 
stage  includes  a  contour-searching  algorithm  to  find  the  template  contour. 

The  procedure  can  deal,  in  a  practical  way,  with  a  general  problem  of  any  dimension.  It  has  been 
implemented  in  a  collection  of  new  MATLAB  files  with  the  aim  of  complementing  the  current 
QFT  toolbox. 

The  new  CAD  tool  makes  possible  to  design  QFT  robust  controllers  dealing  with  high-dimensional 
uncertain  systems. 


Appendix  1 

Proof  of  TTieorem  1 

Let  F:  91”  91^  be  a  continuous  and  derivable  -at  least  twice-  function.  Let  A  be  a  compact  space 

defined  in  91"  and  pi  e  A  be  an  interior  point  to  this  compact  set.  To  proceed  with  reductio  ad 
absurdum,  let  us  suppose  that  the  image  of  pi  by  F  onto  91^  is  a  boundaiy  point  called  pi*  =  F(pi) 
-Assumption  1-. 

Now,  if  Pi  is  interior  to  A  e  91",  3  5  >  0  |  Pi+v  e  A  Vv  |  |iv||  <  5.  Invoking  the  Weierstrass 
theorem  (Croom,  1989),  as  A  is  a  compact  space,  its  image  by  F  is  also  a  compact  space.  Hence 
particularly,  there  exist  the  images  F(a),  a  =  pi+v  of  the  ball  of  points  in  91^. 

By  hypothesis,  F  :  91"  ->  91^  is  such  that  the  rank  of  VF(pi)  =  2.  So,  the  function  T  :  91"  ->  91^  that 
corresponds  v  with  VF(pi)*v  is  lineal  and  surjective. 

Let  be  a  rf-dimensional  ball  with  radius  r.  Since  T  is  continuous  and  surjective,  the  mapping  of 
an  open  set  is  open,  and  an  open  set  includes  a  ball  of  differential  radius,  there  exists  8  >  0  such  that 

bl = 

where  =  {  w  e  91^  |  ||w||  <  28  }  and  B"  =  {  v  g  91^  |  ||v||  <  1  }. 


Since  T  is  lineal,  for  each  5  >  0,  3  s  >  0  such  that 


Now,  we  calculate  the  image  of  the  ball  a  =  pi+v,  F(a),  approaching  the  function  F  by  its  Taylor 
polynomial  approach  centred  in  pi  -order  1-.  It  can  be  applied  because  there  exist  continuous 
second  partial  derivatives  of  F: 

F(pi+v)  s  F(pO  +  VF(pO-v  +  l|vll-H(v)  (4) 

where  ||vj|'H(v)  =  E(v)  is  the  error  of  order  2. 

Taylor  theorem  states  that. 
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llvf^O  ^  ^  ^  ^  ^  ®  I  li^ll  <  *■’  then  ||H(v)I|  <  e,  and 

hence  ||E(v)||  <  sr.  Now ,  let  x  =  min  {6,  r}.  If  ||v||  <  %,  pi+v  e  A  and  |iE(v)||  <  sx  <  er,  what  is  to 
say,T(v)  2  bI^^,  such  that  ilv||<x  and  E(v)  e  such  that  |1v||  <  x,  hence  {T(v)+E(v)  | 
!|v|l  <  x}  contains  a  ball. 

Looking  at  Eq.  (4),  we  find  that  F(pi)  is  the  projection  of  the  point  pi,  the  centre  of  the  original  n- 
dimensional  ball  in  91^  by  F.  Hence, 

F(a)  =  F(pi)+T(v)+E(v)  =  F(pi)+VF(pi)-v+||v||-H(v)  (5) 

is  a  ball  of  points  in  centred  in  F(pO  =  pi*.  The  term  VF(pi)*(au-Pi) ,  for  all  a^e  a,  is  the  image 
of  a  ball  centred  on  the  pomt  0,  and  if  we  add  it  to  the  vector  containing  the  position  of  pf  it  results 
a  ball  centred  on  that  point. 

So,  if  the  Jacobian  matrix  VF(pi)2xn  has  rank  2,  then  both  rows  are  linearly  independent,  and 
consequently  the  ball  will  be  2-dimensional.  Since  it  is  centred  in  pi*,  this  last  is  encircled 
completely,  and  hence  it  is  interior,  contradicting  the  Assumption  1  and  completing  the  proof. 
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ABSTRACT 

This  paper  reexamines  Horowitz’s  original  formulation  of  the  Quantitative  Feedback  Theory  (QFT) 
problem  in  the  light  of  recent  developments  in  robust  control.  A  simple  proof  of  optimality  of  the  loop 
transmission  function  in  the  sense  of  Horowitz  is  developed.  A  difficulty  with  Horowitz’s  formulation  at  high 
frequencies  is  corrected. 


1  INTRODUCTION 

Bode’s  work  on  feedback  amplifier  design  [1]  laid  the  foundation  for  accommodating  uncertainty  in  control 
system  design,  at  least  in  die  high  frequency  region.  Continuing  this  line  of  thought,  Horowitz  [2]  raised  some 
fundamental  questions  in  robust  control  which  directly  accounted  for  parametric  uncertainly  without  explicitly 
dealing  with  the  high  frequency  uncertainty  which  Bode  had  implicitly  considered. 

The  fundamental  concept  of  sensitivity  defined  by  Bode  to  capture  the  high  frequency  uncertainty  dilemma 
was  extended  by  Horowitz  to  deal  with  parametric  uncertainty  as  well.  Bode’s  model  of  the  plant  was  given  by: 
P^=Pq(1+A),  where  Pq  is  a  nominal  plant,  A  represents  unstructured  uncertainty,  AeRH®,*  |A|<W2, 
some  frequency  dependent  weighting  function  while  Horowitz’s  description  is:  =P(X,s),  A,  e  A,  where  A 

is  a  compact  and  path  connected  parameter  space.  If  Sg  and  Sh  represent  the  corresponding  sensitivity 


functions,  then  they  can  be  expressed  as: 


Sb  = 


1 

1  +  PaC 


and 


Sh  = 


1 

i+cp(:!i,s) 


VA,gA,  where  C  is  the 


controller  designed  in  Horowitz’s  case  with  some  nominal  P;(_^,  Xq  eA,  and  in  Bode’s  case  with  Pq.  Bofli 
Bode’s  and  Horowitz’s  models  can  be  combined  to  give  a  more  comprehensive  model: 


=  P(?i,s)[l  +  A]  ,  AeH“,^  XoeA,\A\<V/2. 

Here,  W2  is  a  continuous  real  function  that  goes  to  00  no  faster  than  <»2  and  satisfies  the  Paley- Wiener 
criterion.  It  captures  the  notion  that  plant  uncertainty  grows  without  bound  as  co  -» 00. 

Then  the  combined  sensitivity  function  is  given  by:  Sc  =  - — - • 

l  +  CPx,A 

Nowadays  it  is  well  accepted  that  most  frequency  response  performance  specifications  can  be  written  as  [8]: 

Wi((D)|S(.)|<l,V(okO,  (1.1) 

where  S()  g{Sb,Sh,Sc},  andWi((»)  is  an  L2  real  frequency  weighting  function  satisfying  several  other 

technicalities  and  capturing  the  frequency  domain  performance  specifications. 

Now  define  Tq  =  ,  T^,  =  . 

1  +  Lo  1  +  Lx, 


RH"  is  the  set  of  all  proper,  stable  and  real  rational  transfer  functions. 

**  H*  is  the  set  of  functions  f(s),  analytic  in  the  right  half  complex  plane  and  satisfying  |f  (s)|  <  00 . 


127 


Here,  Lq  —  CPg,  —  CPj^,  and  — 

1  +  La. 

As  shown  in  section  2,  the  performance  specification  for  Sc  can  be  reworked  into; 

il(a),C)  =  Wi((a)|S;^|  +  W2(co)|T;^l<l  ,  Va)>0,VXeA.  (1.2) 

By  putting  W2  s  0,  Horowitz  uses  the  inequality  (1.2)  as  a  starting  point  in  his  QFT  design  technique  [3]. 
The  basic  idea  is  to  find  an  internally  stabilizing  C  for  which  (1.2)  is  satisfied  V©>0,  and  all  A,eA. 
Horowitz’s  idea  of  optimality  is  the  following:  from  the  set  of  all  stabilizing  controllers  (C)  satisfying  (1.2), 
choose  the  one  with  the  minimum  gain  bandwidth  product  [4,5]  or 

j^'log|C|d©  ,  ©g  =  bandwidth  of  C , 

subjectto:  Wi  £  1 ,  VXe  X  ,  Vffl>0.  (1.3) 

This  leads  essentially  to  a  constrained  Bode  optimal  cut-off  problem  [1]. 

The  biggest  difficulty  with  Horowitz’s  formulation  is  that  C  is  impossible  to  characterize.  Horowitz’s 
optimal  solution  is  obtained  by  the  admissible  controller  that  satisfies  the  sensitivity  constraint  with  equality  in 
(1.3).  By  considering  the  sub-level  sets  and  the  corresponding  level  curves  for  the  sensitivity  inequality  (1.3)  we 
show  herein  that  a  realizable  optimal  solution  does  not  exist  for  the  Horowitz  problem.  In  fact  such  an  optimal 
solution  cannot  exist  since  the  optimal  loop  transmission  function  at  each  frequency,  must  lie  on  its 
corresponding  level  curve.  The  high  frequency  level  curve  which  is  a  closed  curve  on  the  Nichols’  chart,  then 
forces  the  optimal  loop  transmission  function  to  wrap  around  it  at  some  particular  high  frequency,  ©h, 
implying  a  sudden  increase  in  loop  gain  at  high  frequency.  Furthermore,  it  is  not  clear  how  the  level  curves  and 
sub-level  sets  can  be  defined  for  ©  >  ©jj,  where  ©1,  is  the  high  frequency  in  question.  Once  the  optimal  loop 
function  hits  the  level  curve  corresponding  to  ©h,  Horowitz  tries  to  overcome  the  above  dilemma  by  arbitrarily 
rolling  off  Lg as  fast  as  feasible,  and  without  regard  to  all  possible  level  curves  B(ffl)  for  ©  >  ©j,.  This  of 
course  destroys  the  original  idea  of  optimality:  that  Lg  lies  on  B(ffl)  for  all  ©  e  [0,oo] .  Horowitz  indeed  posits 
that  a  realizable  optimal  solution  is  not  feasible,  and  semi-heuristically  looks  for  the  most  acceptable  or  adequate 
solution  one  can  obtain.  This  problem  arises  because  of  the  neglect  of  W2.  When  this  is  taken  into  account  in 
the  original  constraint  as  in  (1.2),  in  fact  it  dictates  the  roll-off  rate,  and  contrary  to  Horowitz’s  recommendation 
to  roll-off  Lg  as  fast  as  possible  after  ©h,  it  turns  out  we  need  to  roll  it  off  as  slowly  as  possible  subject  to 
satisfaction  of  the  constraints  in  order  to  approach  realistic  optimality  and  insure  stability.  Indeed  the  roll-off 
rate  directly  influences  the  order  of  the  rational  approximation  of  Lg  :  the  lower  the  roll-off  rate,  the  lower  the 
order  of  the  compensator. 

This  paper  is  made  up  of  4  sections  of  which  this  is  the  first  one.  In  section  2,  we  convert  the  traditional 
QFT  performance  specifications  into  sensitivity  and  complementary  sensitivity  constraints.  In  section  3  we  show 
that  the  sensitivity  constraint  satisfaction  with  equality  is  equivalent  to  optimality  in  the  sense  of  Horowitz. 
Finally  in  section  4,  we  make  some  concluding  remarks. 

2  PERFORMANCE  SPECIFICATIONS 

In  this  paper  we  concentrate  on  the  command  response  problem  of  single  input,  single  output  QFT,  which 
can  be  stated  as  follows:  Given  a  plant  family: 

Pa,X,  ==  P(^.s)[l  +  A] ,  AeH°°,  |A1  <  W2(©),  and  in  general  P(X,s)  eRH“,VXeA. 

It  is  required  to  find  a  controller  C  eH^,  so  that  under  the  standard  feedback  arrangement,  the  closed 
loop  operator: 


H^  is  the  set  of  all  functions  f(s)  which  are  analytic  in  the  right  half  complex  plane  C,  and  satisfying 
1  " 

—  ||f(s)p  dffl  <  00,  when  s  =  i©. 
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(2.1) 


and  satisfies  the  following  inequality  (for  s  =  ico) : 

log  a((o)  :S  log  I  Tx,  A  (i«>)|  ^  log  b((o) ,  (2.2) 

V^eA,  V|A|<W2  where  a(co) ,  b((o)  are  L2  continuous  frequency  bounding  fimctions  which  satisfy 
the  Paley-Wiener  criterion: 

+00 


"7|logx(co)| 

■ - - — *-clco  <  00  where  x  =  a  or  b. 

—GO 


Furthermore,  it  is  assumed  that  a(o)  =  b(o)  =  1.  This  last  assumption  insures  time  domain  zero  steady  state  error. 
Temporarily  suppressing  to,  and  note  that  the  following  computations  are  valid  for  each  ©  e[0,oo]: 

Write 


nun 


Then  from  (2.2) 

or: 

Put 

so  that: 

But: 

so  that: 


..A  = 

|A|  <  W2 

0  ^  log| T^^a|  -  log  I  I'x.aIjjjJjj  ^  logb  -  log  a  . 

I'^mI  ^b 


|'1'a.,a|  ^b 


—  i 

a 


|'rA.,A|  ~  |To|  b  -  a 
|To|  “  a  • 

|T;i,A-  To|>|T;,,a|-|To|, 

jl'^.A  “  To|  ^  _  a  I  Tx,^a|  “  I ^oI  b  -  a 

|To|  “  a  — 


But  by  the  definition  of  sensitivity  function: 


I  Tx,A  Tq 


I’x.jA  “  1*0 


1*A,,A  Pq 


•  S^,A 


(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 


where 

and 


Po  =  P(A,o,s),A6H”,|A|<W2(©); 


1  +  CPu 

From  (2.9)  and  (2.10),  the  specification  (2.2)  is  satisfied  if: 


(2.11) 
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^  max  1*0  1  ^  , 

b  -  a  PX,A|  ^  1  • 

(2.12) 

By  defining: 

W,(©)-  ®  max  ^^.A-Po 

b-a  Po 

(2.13) 

then  (2.12)  becomes: 

Wl(ffl)|Sx,A|  ^  1  ■ 

This  is  the  sufficient  condition  for  satisfaction  of  the  QFT  specification 
Writing  out  (2.14)  in  full  gives: 

(2.14) 

(2.2),  which  agrees  with  (1.1). 

Wi(®) 

1+CPx  +GPxA 

(2.15) 

_ _ '21. _ 


1  +  T;,A  -  ’ 


PX  :=  ?a,  s) ,  Sx  :=  ,  Tx  :=  . 

1  +  CPx  ^  1  +  CPx 

Simplifying  (2.16),  and  replacing  A  by  its  upper  bounding  function  W2  yields: 

Wi|Sx|^1-W2|Tx|, 

or; 

ti(A,,  o, C(i,  ffl))  =  Wi  I  Sx  I  +  W2 1  Tx  j  <  1  (2. 17) 

as  a  sufficient  condition  for  satisfaction  of  the  QFT  specification  (2.2). 

Note  that  in  Horowitz’s  original  formulation,  W2  s  0.  The  consequences  of  this  omission  will  be  apparent 
shortly.  " 

To  convert  (2. 17)  to  bounds  on  the  Nichols’  chart  as  is  done  in  QFT,  we  proceed  as  follows- 
Define 

Ti(co,  C(iQ)))  =  c(io)))  .  (2.18) 

The  traditional  QFT  optimization  problem  is  then  posed  as  the  following: 

Let  C  be  the  set  of  all  stabilizing  controllers  for  the  QFT  problem,  then  the  optimization  problem  is: 

Pl0g|C(i(D)|dCD,  (2.19) 

subject  to: 

Ti(a),C(i,a)))  S  1 ,  Vco  e  [0,oo] .  (2.20) 

While  an  analytical  solution  to  the  above  problem  does  not  exist,  a  quasi  heuristic  graphical  technique 
which  gives  acceptable  sub-optimal  solutions  to  the  problem  is  available  and  is  the  essence  of  all  QFT 
methodology.  ^ 

Let  Pq  eP  be  the  nominal  plant  model  and  define 

Lo(i®)  =  PQC(iffl)  (2.21) 

for  some  CgC.  Define  a  2-dimensional  loop  transmission  manifold  McCxR,and  consider  the  sublevel  set 

[6]. 
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r  :  M  ^  C  given  by 

r((D,C(ico))  =  {PqC  :  fi(a),C(icD))  <  l}  cC  .  (2.22) 

Also  consider  the  map 
f  :M^r 

vi^hich  carries  M  into  F  and  die  level  curve  [6]: 

ST:  M-).C\{oo} , 
which  is  given  by: 

9r(a),C(i0))  =  {PoC  :  ii((n,C(i(o))  =  l}:  c  C\{oo} . 

The  map 

f:M^arcC. 

gives  bounds  on  C  for  which  F  is  defined. 

It  is  the  function  f  from  which  traditional  QFT  design  boimds  are  developed  as  follows: 

Let  Pq  =  Pmol’ao  >  (2.23) 

where  is  minimum  phase  and  P^q  is  all  pass. 

Write 

Lq  ==  ^mo  ■  ^ao  ~  ^mo^^  '  ^ao  •  (2-24) 

It  can  be  shown  [5]  that:  \ 

Ti(co,A,,C(ia)))  <  1  <=> 

+  Lmo  -  W2I  Ln,o|  ^  Wi  (2.25) 

VXeA  ,  Vco  e[0,oo] . 

Define 

-^  =  p(X,CD)e‘®(^’®)  ,  (2.26) 

and 

Lmo  =  q(co)e‘*t’(®)  .  (2.27) 

Substituting  (2.26)  and  (2.27)  into  (2.25)  and  simplifying  gives: 

Tl((0,X-,C)  <  1  <=> 

f(a>,(l),Wi,W2,q)  =  (1  -  W|)q2  +  2p(>.)[cos(e(X)  -([.)-  WiW2]q 

+  (l-Wi2)p2(^)^0,  (2.28) 

V2,  eA  ,  Vco  e[0,oo] . 

It  is  this  f  which  maps  M  to  F . 

At  each  a> ,  one  solves  (2.28)  as  a  guadratic  equation  for  various  A,  e  A .  By  examining  the  solutions  over 
(|)  e  [-  271,0]  one  determines  a  boundary 

5Cp(©,(|))  =  {PqC  :  Ti(a),C(i(D))  =  l}  cC .  (2.29) 

O 

This  boundary  is  precisely  5F.  Let  the  interior  of  SC  p  be  Cp  c;  C . 

For  W2  ^  1  it  can  be  shown  that  [5]: 

F  =  C  \  Cp  =  ( PqC  :  T|((D,  C(ia)))  < l}  (2.30) 

while  for  W2  >  1 , 

F  =  SCpUCp=  Cp((B,(l)).  (2.31) 
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In  this  way  both  9r  and  F  can  be  computed  Vco  e  [0,oo] . 

Let  N  represent  the  Nichols’  plane: 

N  =  {(<t)jr) :  -271  ^  (j)  <  0  ,  -00  <  r  <  oo}  . 

If  s  =  qe**!*,  then  the  map: 

Ljn  :  s  ->  N  sends  s  to  N  by  the  formula: 

LjnS  =  r  +  i(t)  =  201og(qe"l*)=  201ogq  +  i(|)  . 

Hence 


(2.32) 


(2.33) 


Ljn  :  9r  -»  9B((0,(|),201ogq),  (2.34) 

converts  ^  to  bounds  9B  on  N  called  design  bounds.  These  bounds  are  similar  to  the  traditional  QFT  bounds 
except  that  unlike  the  traditional  bounds,  ar  can  be  used  to  generate  aB  V  (oe[0,oo] ,  whereas  in  traditional 
QFT,  aB  can  be  generated  only  up  to  a  certain  bound  aBh  at  m  =  (Oh  <  oo.  This  creates  difficulties  with  the 
statement  of  the  optimization  theorem  in  the  traditional  QFT  framework. 

An  acceptable  q^  =|  Lo|  must  lie  on  or  above  aB((B)  at  each  o  ^  coh  ,  for  W2  £  1,  and  for  W2  >  1, 
and  CO  >  (lojj ,  it  must  lie  on  or  below  aB(o}).  The  least  gain  admissible  qo  =  q^  lies  on  aB((B)  for  all 
CO  e[0,oo].  This  is  the  optimal  loop  transmission  gain. 


3  OPTIMIZATION  OF  LOOP  TRANSMISSION  FUNCTION  Lq 

Here  we  show  that  any  |  Lo|  =  q  which  lies  on  aB  at  each  co  6[0,oo],  must  be  optimal  and  that  such  an 

I  LqI  must  also  be  unique.  The  following  is  the  main  result  of  this  paper  and  is  a  more  precise  statement  of 
Horowitz’s  original  QFT  loop  transmission  function  optimization. 

Theorem  3.1 

Let  Pj,,A  =  P(>-,s)[l  +  A],  AeH®.  P(X,s)eRH2^V^eA,  |  A|  <  W2,  be  the  plant  family.  A 
controller  C*  eC  c  H^  is  optimal,  that  is: 


I  ^ 


A  min 
CeC 


J^“log|C|d{0  =  j^'loglC*  |dco  ,  (3,1) 

ifandonlyif  Ti[o),C*j=l  V(i)e[0,oo],  where  cOj.  and  coj  are  respectively  the  bandwidth  of  C  and  C*. 

The  theorem  essentially  states  that  the  constraint  satisfaction  with  equality  everywhere  on  co€[0,oo],  is 
equivalent  to  optimality.  Although  the  original  QFT  statement  assumes  that  both  P(A,,s)  and  C  are  respectively 
RH  and  H  functions,  the  proof  of  the  theorem  requires  only  that  CP(Jlo,s)  =Lo(s)eH^. 
Therefore  P(?i,s)  can  be  in  RH”  without  any  difticulties. 

Proof 


^®t|Lmo|  =  ‘l- 

From  the  parabolic  inequality  (2.28),  i.e.,  f  Wi ,  W2 ,  (j»,  q)  >  0 , 

at  any  given  co  e  [0, 00] ,  we  determine  the  unique  minimum  solutions  satisfying  q*  <  q ,  for  which 

f  ((0,A,,  Wi,W2,(|),q*]=  0,  Vco,  VA,  eA . 

Corresponding  to  q*  is  a  C*  such  that 

r(co,C*)={PoC*:iT(co,C*)=l,Voi). 

Furthermore 


(3.2) 

(3.3) 

(3.4) 


++++ 


is  the  set  all  real  rational,  stable,  and  strictly  proper  transfer  functions. 
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9r(a3,C*)=  {PoC*  :  ii(a),C*)=  l,Vo)},  (3.5) 

so  that  at  the  minimum  solution  q* : 

9r((B,C*)=  r((o,C*) .  (3.6) 

But  ar((a,C*]  contains  only  one  admissible  solution:  PqC*,  and  Pq  is  fixed.  It  follows  that  C*  is  unique. 

But 

f  (a),X,Wi,  W2,q)  >  f  (a)A,Wi,  Wz.q*) ,  Vco  b[0.cc]  (3.7) 

implies  that 

q2:q*  ,  Vco^cOq  ,  (3.8) 

where  coq  is  the  bandwidth  of  q.  Or  equivalently 

J^'logq*  do  ^  j^^logqdco  V  CeC  .  (3.9) 

Now: 

logq*  =  log|Po|  +  log  C*  ,  (3.10) 

and 

logq  =  log]  Pol +  log|c|,  (3.11) 

so  that 

^^logq*dcD  <  J^‘’logqdco  ,  V  CeC  .  (3.12) 

<:> 

J^'log  jc*  do)  ^’'loglCjdoo ,  V  CeC  ,  (3.13) 

or: 

c”  C  floglCldco  =  f  log|c*|da)  .  (3.14) 

But  when  C  =  C*  ,  r  =  9r  so  that  Lq  e9r,  which  is  the  boundary  of  T,  Vco  e[0,oo].  Hence  optimality  o 
constraint  satisfaction  with  equality  O  optimal  LqI  which  is  denoted  by  Lq  e9r,  Vto  e[0,oo]. 

Since  Pq  eRH^,  and  Wj  e  L2  ,  e  L2  ,  it  is  evident  that  I  Lq  I  =  q*  e  L2 . 


Hence 


Consequently: 


Iogq*(d 


f  -! - — id^  <  « 


i  logq*(^) 

J  s  -  i^  1 


is  convergent,  and  analytic  in  the  right  half  plane.  Therefore,  it  follows  from  [7]  that: 

I'^^fi-i^s  logq*(^) 

Lo(s)  =  exp  — - d^ 

-00  s-i^  1  +  4 

is  analytic  and  without  zeros  in  the  right  half  plane. 

Clearly  LqsH^,  and  as  Pq  eRH°°  (at  worst)  it  follows  that  C*  eH^. 
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This  completes  the  proof. 

Equation  (3.15)  is  all  that  the  QFT  loop  transmission  optimization  guarantees.  This  function  is  clearly  not 
rational.  The  practical  design  aspects  of  QFT  is  how  to  obtain  a  rational  stable  (rH^)  approximation,  L* ,  to 
Lq  .  To  obtain  a  rational  approximation  of  (3.15)  which  would  be  valid  at  every  CO  e[0,oo]  clearly  needs  a 

rational  function  of  infinite  order!  That  is  why  the  optimal  loop  transmission  fimction  is  not  realizable  by  a 
finite  order  rational  function. 

Corollary  3.1 

Every  finite  order  RH^  stable,  (real  rational  and  strictly  proper)  approximation  of  Lq  which  is  denoted  by 
Lq  is  sub  optimal  with  respect  to  the  constraint  (3.1). 

Proof:  Self  evident. 

Corolla^  p.l)  is  what  gives  rise  to  the  traditional  QFT  controller  design  methodology  of  approximating  the 
loop  trarismission  function  by  a  strictly  proper  rational  approximation  made  up  of  integrators,  first  and  second 
order  rational  factors,  and  of  course  some  pure  gain  adjustment  when  necessary. 

4  COMMENTS  AND  CONCLUSIONS 

Given  recent  developments  in  robust  control  and  the  definition  of  frequency  weighting  functions  Wj  and 
W2  it  is  possible  to  convert  the  original  QFT  problem  formulation  into  a  parameter  dependent  frequency 
weighted  sensitivity  and  complementary  sensitivity  (weighted)  function.  This  should  allow  some  modem 
synthesis  inethods  for  control  system  design  to  be  partially  deployed  in  the  solution  of  the  QFT  problem.  In 
particular  it  was  shown  that  the  original  QFT  optimization  problem  reduces  to  constraint  satisfaction  with 
equality  for  a  particular  frequency  weighted  sensitivity  function,  that  in  turn  can  be  interpreted  as  a  constrained 
Bode  optimal  cut-off  problem,  which  was  originally  treated  by  Bode  in  1945. 

Of  great  interest  is  the  conclusion  that  a  tme  optimum  is  not  physically  realizable,  which  would  appear  to 
agree  with  everyday  engineering  design  intuition.  The  quality  of  the  final  design  in  terms  of  approach  to  the 
optimum  then  rests  with  the  creativity,  ingenuity,  and  experience  of  a  given  designer.  Thus  the  QFT  design 
methodology  guides  design  evolution  rather  than  replacing  human  intervention  as  would  appear  to  be  the  case  in 
some  control  synthesis  methodologies.  Finally  the  incorporation  of  the  high  frequency  weighting  function  W2 
into  the  problem  formulation,  allows  us  to  over  come  a  key  difficulty  of  Horowitz’s  original  formulation  at  hi^ 
frequencies. 
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Abstract 

Horowitz  and  Sidi  (1973)  proposed  a  quantitative  synthesis  feedback  design  method 
for  a  single-input  single-output  uncertain  cascaded  plant  with  n  independent  feedback 
loops  system.  In  essence,  bandwidth  propagation  effect  is  introduced  to  design  each 
individual  loop  controller.  The  major  effort  of  this  paper  goes  into  requiring  trade¬ 
off  between  each  loop  with  distinct  frequency  range  to  achieve  minimum  net  effect  of 
the  n  sensor  noise  sources.  Moreover,  the  bandwidth  increase  phenomenon  from  the 
outer  most  loop  to  inner  loops  exists  and  can  also  be  limited  to  minimize  the  sensor 
noise  effects.  Furthermore,  an  alternative  design  method  for  an  uncertain  cascaded 
multiple-loop  system  is  presented.  It  is  shown  that  by  the  equivalent  external  distur¬ 
bance  concept,  the  above  trade-off  problem  modified  and  the  overall  design  technique 
is  considerably  simplified.  At  the  same  time,  the  bandwidth  propagation  effect  can  be 
improved  and  inner  loop  transmission  functions  decrease  as  quickly  as  possible. 
Keywords:  Cascaded  multiple-loop  systems,  equivalent  external  disturbance,  quantita¬ 
tive  feedback  theory  (QFT),  uncertain  plant. 


1.  Introduction 

It  is  known  that  in  significant  plant  uncertainty  problem  and/or  narrow  tolerances  on 
the  system  responses,  i7i(5)|  <  T{s)  <  |r2(s)|,  the  resulting  single  loop  transmission 
function  L{ju)  has  a  large  bandwidth  far  greater  than  that  of  T{s).  The  sensor  noise 
is  considerably  amplified  in  this  case  and  tends  to  saturate  the  early  stages  of  the 
plant.  To  reduce  the  sensor  noise  effect,  one  way  is  by  using  multiple- loop  structure 
restricted  to  the  cases  where  additional  plant  variables  (besides  the  plant  output)  are 
available  for  feedback  purposes.  Such  a  multiple-loop  system  design  technique  was  first 
developed  in  Horowitz  and  Sidi  (1973)  for  the  cascaded  structure  as  shown  in  Figure  1. 
For  a  two-section  plant  shown  in  Figure  2  with  uncorrelated  constraints  of  Pi  and  P2 
parameters,  the  first  step  is  to  wipe  out  the  uncertainty  of  Pi  so  that  loop  transmission 
function  i2(s)  needs  only  to  cope  with  the  uncertainty  on  P2(s).  The  resulting  X2(s) 
has  therefore  less  bandwidth  than  in  the  single  loop  system.  Once  £2(8)  has  been 
designed,  it  is  found  that  in  middle  frequency  range,  it  is  important  to  overdesign  the 
outer  loop  L2(s)  in  order  to  easily  find  the  bounds  for  Pi(s)  uncertainty.  The  final 
step  is  to  shape  the  ii(s)  to  stay  within  the  bounds  found  in  the  previous  step  where 
L2{s)  still  satisfies  its  bounds.  Based  on  this  design  procedure,  the  bandwidth  increase 
phenomenon -from  the  outermost  loop  to  inner  loops  are  existent  and  dependent  on 
trade-off  factor  as  stated  in  Horowitz  and  Sidi  (1973).  Later,  Horowitz  and  Wang 
(1979, 1988),  successfully  applied  this  idea  to  uncertain  cascaded  multiple-loop  system 
with  plant  modification  which  enabled  the  designer  to  overcome  the  internal  signal 
level  increasing  problem.  For  a  significant  plant  ignorance  problems,  there  is  a  strong 
tendency  to  minimize  the  sensor  noise  effect  which  is  so  highly  amplified  as  to  saturate 
the  early  plant  input.  These  noise  response  transfer  functions  as  shown  in  Figure  2  are 


1^1 

'Nils)' 

where  Li(s)  =  Gi(s)Pi(s),  L^ls) 
'  N2{s)  ' 


Gi{s) 

(1  +  Li{s))(1  +  L2(s))’ 


G2{s)P2(s)Pi,(s),  PUs)  = 

Gi{s)G2{s) 

(1  Li(s))(l  +  £<2(3)) 


C?i(s)Pi(a) 
l  +  Gi(s)Pi(s)’ 


(1) 

(2) 


The  noise  components  are  most  important  in  the  high  frequency  range.  Hence  equa- 
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tions  (1)  and  (2)  show  that  it  is  desirable  to  decrease  loop  transmission  functions  \Li\ 
and  IX2I  vs.  a>  as  fast  as  possible  in  the  high  frequency  range.  However,  the  bandwidth 
increase  phenomenon  from  the  outer  most  loop  to  inner  loops  are  limited  to  minimize 
the  sensor  noise  effects. 

An  alternative  concept  for  uncertain  systems  provided  by  Horowitz  (1979)  which  trans¬ 
fers  the  plant  uncertainty  to  an  equivalent  external  disturbance  can  be  used  to  design 
the  fixed  nominal  plant  system  as  a  disturbance  rejection  problem.  The  proposed  de¬ 
sign  inethod  shows  that  this  alternative  concept  can  be  used  for  multiple-loop  design, 
in  which  case  the  bandwidth  propagation  effect  can  be  improved  and- loop  transmission 
functions  decrease  as  quickly  as  possible.  Major  results  are  that  the  sensor  noise  effects 
can  be  minimized  where  all  the  specifications  can  be  satisfied  and  the  overall  design 
technique  is  considerably  simplified. 

The  remainder  of  this  paper  is  organized  as  follows;  In  Section  2,  the  equivalent  ex¬ 
tern^  disturbance  concept  is  described.  In  Section  3,  the  problem  is  described.  In 
Section  4,  the  proposed  design  method  for  uncertain  cascaded  multiple-loop  system  is 
developed.  In  Section  5,  an  illustrative  example  is  provided  to  demonstrate  the  results 
of  the  proposed  method.  Conclusion  is  included  in  Section  5. 

2.  Equivalent  external  disturbance  concept 
Consider  a  linear  time-invariant  single-input-single-output  (SISO),  two-degree-of-freedom 
(2D0F)  system  as  shown  in  Figure  3,  where  Pp  set  is  the  set  of  the  plant  transfer  func¬ 
tion  Pi(s).  The  compensator  Gi(s)  and  prefilter  F(s)  are  reaHzable  transfer  functions. 
Input  and  output  transfer  functions  are  u(s)  and  y(s)  respectively.  u'(s)  is  the  equivalent 
external  disturbance.  T(s)  and  To{s)  are  the  perturbed  and  nominal  system  response 
transfer  functions  from  u(s)  to  y(s)  respectively.  Pio(s)  is  the  nominal  plant  transfer 
function  of  Pi(s).  iio(s)  =  Pio(s)(7i(5)  is  the  nominal  loop  transmission  function. 

The  design  objective  is  to  synthesize  a  controller  G:(s)  and  prefilter  F(s)  to  satisfy 

mtt)  <  |!/(t)  -  s»o(i)l  <  72(0.  (3) 

subject  to  the  constraints 

Pl(s)  ^  Pp  set,  (4) 

where  y(t)  and  j/o(t)  are  the  perturbed  and  nominal  system  responses  from  u(t)  to 
y(t)  in  the  time  domain  respectively.  And  7i(t)  and  72(t)  are  the  allowable  upper  and 
lower  time  domain  bounds  of  |j/(t)  -  yo(t)\. 

Although  so  far  there  is  no  known  way  to  transfer  the  rigorous  time  domain  bounds 
into  the  frequency  domain  bounds,  by  using  a  simple  first  or  second  order  transfer 
function  coupled  with  computer  simulation  facilitates,  the  corresponding  frequency 
domain  bounds  can  be  obtained  and  the  prespecified  time  domain  bounds  can  also  be  ~ 
satisfied  (Jayasuriya  and  Franchek,  1991). 

Following  lemmas  are  introduced  to  obtain  from  some  algebraic  equations  the  equivalent 
external  disturbance  at  plant  output  due  to  plant  uncertainty  and  the  bounds  . 

Consider  a  linear  SISO,  2D0F  system  as  shown  in  Figure  3,  the  overall 
transfer  function  from  u  (s)  to  y(s)  can  be  expressed  as  follows: 

l-To(s)/T{s)  _  1 

l-Pio(s)/Pi(s)  l  +  Lio(s)’  (5) 

proof.  From  Figure  3,  for  the  nominal  plant  transfer  function  Pio(s),  the  output  Va(s) 
equals 


j/o(s)  =  F{s) 


1  + 


Multiplying  both  sides  by  (1  4-  Xi^(s))  and  it  yields 


(1  +  Li„{s))To{s)  =  F{s)Gi  {s)Pip{s). 


(6) 


(7) 
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For  the  perturbed  plant  transfer  function,  Pi(s),  the  output  y(s)  equals 

(8) 

After  some  simple  manipulations,  it  yields 

+  iio(s))T(«)  =  F{s)Gi{s)Pxo{s). 

(9) 

Substituting  Equation  (7)  into  Equation  (9)  yields 

(tTT  +  =  (1  + 

(10) 

Equation  (10)  can  be  rewritten  as 

(1  +  Lio(s))(T(s)  -  To(s))  =  (1  -  ^2^)T[s). 

(11) 

Simple  manipulation  yields 

l-To{s)/T(s)  _  1  ^ 

1  -  Plo(s)/Pl(s)  l  +  I/lo(s)’ 

(12) 

Thus,  1  —  Pio{s)/Pi{s)  can  be  treated  as  an  input  at  u{s)  and  1  —  To{s)/T{s)  as  an 
output  at  y(s).  The  overall  closed  loop  transfer  function  from  u  (s)  to  y(s)  can  be 
expressed  as  1/(1  +  £10(5)).  As  a  result,  the  block  diagram  in  Figure  3  can  also  be 
redrawn  as  shown  in  Figure  4. 

Lemma  2:  Consider  a  equivalent  external  disturbance  system  as  shown  in  Figure  4, 
the  overall  transfer  function  from  u  (s)  to  y(s)  can  be  expressed  as  shown  in  (5),  then 
the  bounds  of  nominal  loop  transfer  function  £io(s)  at  any  given  frequencies  can  be 
expressed  as  follows: 

,  ,,  To(^)/T(e)~P^.{3)/P^{s) 

'  -  1  _  To{s)/T{s) 

(13) 

where  To(s)/T{s)  and  Pio(s)/Pi(s)  are  the  maximum  variations  of  system  response 
tolerance  and  uncertain  plant,  respectively, 
proof:  Equation  (5)  can  be  rewritten  as  follows 

T(s)  Pi{s) 

(14) 

After  some  simple  manipulations,  it  yields 

/r  _  1  -  Pio(s)/Pi(*) 

(Lio(s)  +1)  -  T  ,  .1^1  S  ^ 

i-ro(s)/T(i) 

(15) 

then 

,  ,,  To(s)IT(s)-P,,IPAs) 

1  -  To{s)/T(s) 

(16) 

Note  that  Equation  (5)  can  also  be  expressed  as 

.  1  .  ATM  ,APi(s), 

l  +  I'iols)  T{s)  Pi{s) 

(17) 
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where  AT(s)  =  T{s)  -  T^is),  APi{s)  =  Pi{s)  -  Pi„{s).  Hence  should  be 

designed  to.  satisfy 


1  +  Lio(s) 


\dB  < 


AT{s) 
'  T(s) 


lets 


APxi^), 

'W'"' 


(18) 


Let  Lio{s)  =  1/Q(s),  then  equation  (18)  becomes 


I  Q(^) 

I  1  I  /n/ 


Ids  < 


,api(5), 


(19) 


It  should  be  noticed  that  the  relation  between  Q(s)  and  Q(s)/(1+Q(s))  is  exactly  the 
open  loop  and  closed  loop  relation  used  in  the  Nichols  Chart  and,  likewise,  the  rela¬ 
tion  between  iio(s)  and  l/(l-l-iio(s))  is  the  open  and  closed  loop  relation  used  in  the 
inverse  Nichols  Chart. 

Also  note  that  the  lower  bounds  of  the  loop  transmission  function  Xio(s)  obtained  by 
ll/(l-|-iio(s))ld6  are  a  set  of  the  closed-loop  contours  in  the  inverse  Nichols  Chart.  The 
values  of  iio(s)  are  obtained  from  the  Lemma  2.  Once  those  bounds  are  determined, 
the  shaping  of  the  nominal  loop  transmission  function  iio(s)  can  be  obtained  to  sat¬ 
isfy  the  system  response  tolerance  through  the  conventional  QFT  method  (Horowitz 
and  Sidi,  1972).  The  compensator  Gi(s)  is  determined  by  using  the  relation  Gi(s)  = 
Lio(s)/Pio(s).  Then,  the  prefilter  F(s)  is  designed  to  make  the  system  response  satisfy 
the  system  performance. 


3.  Problem  statement 

Consider  a  linear  time-invariant  SISO  uncertain  multiple-loop  system  with  n  cascaded 
plant  Pi,  i  =  1, . . .  ,n,  as  shown  in  Figure  1,  the  control  objective  is  to  design  prefilter 
F(s)  and  a  set  of  controller  G,-(s),  i  =  1,. . . ,  n,  to  satisfy 

T2(s)<  |T(s)|  <Ti{s),  (20) 

where  Ti(s)  and  r2(s)  are  the  upper  and  lower  bounds  of  the  system  response  tolerances 
respectively.  They  are  subject  to  the  uncertain  plant  Pi{s,q)  described  as  follows 


Pi{s;q) 


bi(s-,q) 

ai(s-,q) 


12T=l 


Ij  •  •  •  1  TTr, 


where  the  coefficients  aii(q)  and  6,7(9)  affine  functions  of  the  form 


(21) 


n, 

“1/(9)  =  “j7o  -I-  aiim9m 

m=l 

n, 

^il{q)  —  ^ilo  bilmqm 

m  =  l 


(22) 


9— [91)92,  -■•)9nJ  is  the  perturbation  parameter  vector  and  they  are  elements  of  the 
hyper-rectangle  Q  defined  as 

Q  =  {9m|g^  <  ?7n  /or  m  =  1,2,..., n,},  (23) 

where  q^  and  q^  are  the  upper  and  lower  bounds  of  the  parametric  uncertainties.  The 
compensators  G',(s),  i  =  l,...,n,  and  prefilter  F(s)  are  realizable  transfer  functions. 
Input  and  output  transfer  functions  are  u(s)  and  y(s)  respectively.  T(s)  and  To{s) 
are  the  perturbed  and  nominal  system  response  transfer  functions  from  u(s)  to  y(s) 
respectively.  P,o(s)  is  the  nominal  plant  transfer  function  of  P,(s).  Z,o(-s)  =  P,o(5)G(s) 
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is  the  nominal  loop  transmission  function. 

It  is  also  desirable  to  reduce  the  cost  of  feedback  as  reflected  by  the  bandwidth  of  loop 
transmission  function.  In  other  words,  in  order  to  reduce  any  noise  amplification  that 
tends  to  saturate  the  early  stages  of  the  plant,  the  bandwidth  of  each  loop  transmission 
function  should  be  minimized. 


4.  Main  results 

Without  losing  generality,  it  is  assumed  that  the  controller  synthesis  begins  by  opening 
all  the  outer  loops  except  the  inner  most  loop  as  shown  in  Figure  5.  Once  the  inner 
most  loop  controller  is  designed,  the  outer  inner  most  loop  is  synthesized  with  the  inner 
most  loop  controller  in  place  as  shown  in  Figure  6.  The  design  procedures  are  repeated 
until  all  the  loops  are  closed. 

4.1  Loop  1  closure:  Considered  in  this  situation  is  that  aU  the  loops  through  P„ 
have  been  opened  as  shown  in  Figure  5. 

Lemma  3:  The  overall  transfer  function  from  u  (s)  to  y(s)  as  shown  in  Figure  5  can 
be  expressed  as  follows: 

\-To{s)IT{s)  ^  1  '  ,  . 

\-P^o{s)IP,{s)  1  +  Li,(.)’  '  ^  ' 

proof  :  The  overall  nominal  transfer  function  ro(s)  from  u(s)  to  y(s)  with  nominal 
plant  transfer  function  Pio  is 


To(s)  =  P^(s)  .GHs)F(s),  (25) 

where  P^{s)  =  P„(s) . . .  P2(s),  Lio  =  Pio(<s)Gi(s)  and  G'^(s)  =  G2{s).. .  .Gn{s). 
Multiplying  both  sides  by  (1  -f  Lio(s)),  it  yields 

(1  +  Lio(s))ro(s)  =  P^(s}Li^{s)G^(s)F(s).  (26) 

The  output  y(s)  with  uncertain  plant  Pi(s)  is 

(27) 

1  +  Gi(s)Fi(s) 

After  some  simple  manipulations,  it  yields 

(-4-7  +  Gi(s))T(s)  =  P\s)G^{s)G^is)F(s),  (28) 

Piw 

and  multiplying  both  side  by  Pio(s),  we  obtain 

=  P\s)Lio{s)G\s)F{s),  (29) 

Fiys) 

Substituting  Equation  (26)  into  Equation  (29)  yields 

=  (l  +  iio(s))To(s).  (30) 

Pl[s) 

Equation  (30)  can  be  rewritten  as 


(1  +  LUs)ms)  -  To[s))  =  (1  - 

n(s) 

Simple  manipulation  yields 

1  -  To[s)/T{s)  _  1 

1  -  Plo(a)/Pl(s)  1  +  Llo(s) 


(31) 


(32) 
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Thus,  the  block  diagram  in  Figure  5  can  also  be  redrawn  as  shown  in  Figure  4. 
The  bounds  of  nominal  loop  transfer  function  iio(s)  at  any  given  frequencies  can 
also  be  obtained  by  Lemma  2.  Also  note  that  the  lower  bounds,  B{u),  of  the  loop 
transmission  function  Xio(s)  obtained  by  |1/(1  +  Lio{s))\dB  are  a  set  of  closed-loop 
contours  in  the  inverse  Nichols  Chart.  Once  these  bounds  are  determined,  the  shaping 
of  the  nominal  loop  transmission  function  iio(s)  can  be  obtained  to  satisfy  the  system 
response  tolerance.  The  compensator  Gi(s)  is  determined  by  using  the  relation  Gi(s) 

=  iio(s)/Pi,(s). 

4.2  Loop  2  closure:  In  Figure  1,  aU  the  plants  P3  through  P„  have  been  opened. 
The  block  diagram  representation  of  this  situation  is  shown  in  Figure  6. 

Lemma  4:  The  overall  transfer  function  from  ■u'(s)  to  y{s)  as  shown  in  Figure  6  can 
be  expressed  as  follows: 


1  -  To(s)/T{s)  1 

1  -  P2o(s)Pi^o(s)/P2(s)Pl^(s)  1  +  L2o{s)  ' 


(33) 


where 

proof: 


Pleo(s)  -  i+p^s)Gi(s)  Pu{s)  - 
Similarly,  from  Section  4.1,  it  yields 


Pi(3)Gi(a) 

l-|-Pi(s)Gi(s)  • 


(l-|-L2o(s))ro(^)  =  P‘^{s)L2o{s)G^{s)F(s),  (34) 

where  G^{s)  =  ^3(5) . .  .Gn(s),  p2(s)  =  P„(s) . .  .P3(s),  L^ds)  =  P2o{s)Puo{s)G2is) 
and 


■  P2o(s)Pl<so{s) 
'  P2{s)Pl.(s) 


+  L2o(s))T(s) 


P^(s)L2o(.s)G^(s)F(s), 


Substituting  Equation  (34)  into  Equation  (35)  yields 

+  =  (i  +  Z-2o(5))To(s). 

Equation  (36)  can  be  rewritten  as 


1  -  To{s)/T(s) 

1-P2o(«)Pi.o(s)/P2(5)Pi«(s) 


1 

1  -H  £'2o(«)  ’ 


o 


(35) 


(36) 


(37) 


Thus,  1  -  P2o{s)Pieo(s)/P2{s)Pu{s)  Can  be  treated  as  an  input  at  'u'(s)  and  1  - 
To{s)/T{s)  as  an  output  at  y(s).  The  overall  closed  loop  transfer  function  from  u'{s) 
to  y(s)  can  be  expressed  as  1/(1  -|-  L2o{s)).  As  a  result,  the  block  diagram  in  Figure  6 
can  also  be  redrawn  as  shown  in  Figure  7. 

Similarly,  from  (33)  the  lower  bounds  of  nominal  loop  transfer  function  L2o(s)  at  any 
given  frequencies  can  be  obtained  as  follows: 

r  /.^  _  To{s}/T(s)- P2cis)Pieo{s)/P2{s)Pie{s) 

^2o(S)  -  - - - -  ■  -  (38) 

1  -  To{s)/T(s) 

After  loop  shaping,  the  compensator  6'2(s)  is  determined  by  using  the  relation  ^2(3) 

=  X2o(s)/P2o(s)Pleo(s). 

Remark  1:  If  the  maximum  magnitudes  of  Pi(s)  are  chosen  as  the  nominal  plant,  then 
for  the  area  at  the  bottom  of  universal  high  frequency  bound  (UHwB)  (see  Horowitz 
and  Sidi,  1972),  the  variation  of  Pi(s)  uncertainties  are  downward  vertical  lines.  The 
stability  of  X2o(s)  at  this  area  will  not  be  affected  by  Pi(s)  uncertainty.  And  the  lower 
bounds  of  X2o(s)  at  low  and  middle  frequencies  can  be  derived  as  (38).  The  height 
of  UHwB  {Bh)  can  be  determined  to  handle  P2(s)  uncertainty  only  and  the  trade-off 
factor  (Horowitz  and  Sidi,  1973)  improved.  It  can  be  expressed  as  follows: 


Bh  =  20*  loQio 


P2o(^) 

P2(w) 


□  (39) 
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Remark  2:  If  the  minimum  magnitudes  of  Pi(s)  axe  selected  as  the  nominal  plant,  then 
the  variation  of  Pi(s)  uncertainties  at  low  frequency  range  are  upward.  The  bounds 
of  L2o(s)  at  this  area  will  not  be  affected  by  Pi(s)  uncertainty.  The  lower  bounds  of 
i2o(s)  can  be  expressed  as  follows: 


L2o(s) 


To{s)/T{s)-P2o(s)/P2{s) 
1  -  To(s)/T(s) 


(40) 


And  the  height  of  UHwB  (Pft)  which  is  still  less  than  single  loop  system  can  be  obtained 
as  follows: 


4.3  Loop  j  closure:  After  j  -  1  loops  have  been  closed,  i.e.,  Gi(s),  G'2(s),  ..., 
Gj_i(s)  wUl  be  determined  accordingly.  Next  is  to  synthesize  Gj{s).  Consider  the 
block  diagram  as  shown  in  Figure  1  where  Pj^.i(s)  through  Pn(s)  have  been  opened. 
The  block  diagram  representation  of  this  situation  is  shown  in  Figure  8. 

Lemma  5:  The  overall  transfer  function  from  u'(s)  to  y{s)  as  shown  in  Figure  8  can 
be  expressed  as  follows: 


_ \-To{s)/T{s) _  ^  I 


where 


PU-l)eo{s)  = 


1  +  <3(j_i)(s)F(j_i)o(s)P(j_2)«o(s) 


(43) 


-  14.G(,_i)(5)P(,_i)(.)P(;_2).(s) 

proof  :  Following  the  proof  of  Lemma  4,  the  similar  result  can  be  derived  as  follows: 
For  the  nominal  and  uncertain  plant  transfer  functions,  Pjo(s)  and  Pj(s),  it  yields 

(1  +  Z,jo(s))To(s)  =  pHs)Ljo{s)G^{s)F{s),  H5) 


+  LMs))T{s)  =  PHs)Lj,{3)G’{s)F(s),  (46) 

Pj  (*)■*(>— 

where  Ljo{s)  =  Gjis)Pjo(s)P(j-i)eo{s).  Substituting  (45)  into  (46)  and  after  some 
manipulations,  Equation  (42)  is  obtained. 

Therefore,  the  block  diagram  in  Figure  8  can  also  be  redrawn  as  shown  in  Figure  d. 
The  lower  bounds  of  nominal  loop  transmission  function  Ljo{s)  at  any  given  frequencies 
can  also  be  derived  as  follows: 

,  To(s)/T(s)-P,o{s)Pu-i)..o{s)/Pj{s)Pu-i)A^) 

=  - i-To(.)/r(.) 


And  the  height  of  UHwB  (P/i  )  can  be  obtained  as  follows: 

Bh  =  ('20*log^o^j^  )  and  (20»  ?pgio  ^  '>■ 

o;-eo  -PO-D'-M  „_eo 


Remark  3:  If  any  of  maximum  magnitude  of  stages  Pj,  i=l,. .  is  chosen  as  the 
nominal  plant,  Pio  =  Pi  is  substituted  into  Equation  (48)  but  Equation  (47)  will  remain 
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unchanged.  □ 

Remark  4:  If  any  of  minimum  magnitude  of  stages  Pf,  i=l,. .  .J-1,  is  chosen  as  the 
nominal  plant,  P,o  =  Pi  is  substituted  into  Equation  (47)  but  Equation  (48)  will  remain 
unchanged  as  well.  □ 

As  the  controllers,  Gi{s),G2{s),  . . .,  Gn(s),  have  been  determined  and  the  prefilter, 
F(s),  is  designed  to  make  the  system  response  satisfy  the  system  performance,  the  de¬ 
sign  procedures  are  finished. 


5.  Illustrative  example 

Example:  Consider  a  system  as  shown  in  Figure  2,  where  the  plant  is  P=  P1P2, 
=  lj2,  Ki  €  [1.71,30.14],  K2  €  [1.71, 13.58]  with  independent  uncertainties. 
The  design  specifications  shown  as  frequency  domain  in  Figure  10  and  as  time  domain 
in  Figure  11  can  be  expressed  as 

T  =  ^  0-65 

^  (. +  l)(f  + 1)2(1  +  1) 

j,  _  _ 1 _ 

'  {f  +  l)(f +  lP{7  +  iP(lV  +  l) 

The  disturbance  response  requirement  is  2  dB. 

Solution: 

(1)  Loop  1  closure: 

(la)  Choose  nominal  plant  Pio(s)  as  the  maximum  values  of  the  uncertain  plant, 
i.e.,  Pi„(s)  =  ^  and  nominal  system  response  |To|<iB  3-3  the  maximum  values  of 
the  system  response  tolerance,  =  |Ti|dB-  Pi(s)  =  ^  and  |TUb  =  \T2\dB 

are  selected  to  achieve  the  maximum  variations  of  uncertain  plant  as  well  as  system 
response  tolerance.  The  procedures  of  obtaining  the  values  of  bound  by  using  (13)  are 
shown  in  Table  1.  The  shape  of  the  Zio(s)  will  be  obtained  through  the  conventional 
QFT  method  (Horowitz  and  Sidi,  1972)  as  shown  in  Figure  12.  Note  that  vertical 
height  of  the  universal  high  frequency  bound  (UHu;B)  for  the  nominal  plant  chosen  as 
the  maximum  values  of  the  uncertain  plant  is 


B/i  =  20  *  logio  =  (25  dB)up^aTd- 


(50) 


The  UHwB  is  also  shown  in  Figure  12. 

The  nominal  loop  transmission  function  Xid(s)  is 


Lio(s)  = 


35 


and  the  compensator  Gi(s)  is 


Gi(5)  = 


35 


30.14  +  _2_  4. 1  ■ 

44100  ~  210  ^  * 


(51) 


(52) 


(lb)  Choose  nominal  plant  Pio(s)  as  the  minimum  values  of  the  uncertain  plant,  i.e., 
■Piof^)  =  and  nominal  system  response  iTolds  as  the  minimum  values  of  the  system 
response  tolerance,  |T„|dB  =  \T2\dB-  Pi(s)  =  ^  and  |r|dB  =  \Ti\dB  are  selected  to 
achieve  the  maximum  variations  of  uncertain  plant  as  well  as  system  response  tolerance. 
The  values  of  bound  for  iio(s)  by  using  (13)  are  shown  in  Table  2.  The  shape  of  the 
Lio(s)  will  be  obtained  as  shown  in  Figure  13.  Note  that  vertical  height  of  the  universal 
high  frequency  bound  (UHwB)  for  the  nominal  plant  chosen  as  the  maximum  values  of 
the  uncertain  plant  is 


Bh  =  20  *  login 


1.71 

30.14 


-  (  25 


(53) 
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The  UHwB  is  also  shown  in  Figure  13. 

The  nominal  loop  transmission  function  Xio(s)  is 


Llo(s) 


2.8 


72900 


+  ■ 


+  1 


and  the  compensator  Gi(s)  is 


Gi(s)  = 


2.8 

1.71 


72900 


_ 


(54) 


(55) 


(2)  Loop  2  closure: 

(2a)  The  maximum  magnitudes  of  Pi(s)  are  selected  as  nominal  plant.  And  choose 
nominal  plant  P2o(s)  as  the  maximum  values  of  the  uncertain  plant,  i.e.,  P2o('S)  = 
and  nominal  system  response  jPoldB  as  the  maximum  values  of  the  system  response 
tolerance,  i.e.,  \To\dB  =  \Ti\dB-  ^2(3)  =  ^  and  \T\dB  =  \T2\dB  are  chosen  to  achieve 
the  maximum  variations  of  uncertain  plant  as  well  as  system  response  tolerance.  By 
using  (38),  the  bounds  of  L2o{^)  are  shown  in  Table  3.  The  T2o(s)  can  be  shaped 
through  the  conventional  QFT  method  (Horowitz  and  Sidi,  1972)  as  shown  in  Figure 
14.  Note  that  vertical  height  of  the  universal  high  frequency  bound  (UHwB)  for  the 
nominal  plant  Pio(s)  chosen  as  the  maximum  values  of  the  uncertain  plant  is 


13  58 

Hfi  =  20  *  logiQ  ^  ~  (18  ^^)upvjard‘ 


The  UHu;B  is  also  shown  in  Figure  14. 

The  nominal  loop  transmission  function  i2o(s)  is 


i'2o(«)  = 


17 


I  12100  ^  110 


the  compensator  6^2(3)  is 


G2(s)  = 


17 


44100  ^  210 


+  ^  +  s  +  35 


35*  13.58  _i_  4.  lU— +  11 

V 12100^  110  ^  ■‘n  1000  ^ 


and  the  prefilter  F(s)  is 


F(s)  = 


(f  +  i)(|  +  i) 

(f +  l)(*  +  i)(?  +  i)' 


(56) 


(57) 


(58) 


(59) 


For  the  four  extremes  of  the  uncertain  plant,  the  frequency  responses  all  faU  inside  of 
the  system  bounds  as  shown  in  Figure  10  and  the  unit  step  responses  also  fall  inside  of 
the  bounds  as  shown  in  Figure  11. 

(2b)  The  minimum  magnitudes  of  Pi(s)  are  selected  as  nominal  plant.  And  choose 
nominal  plant  P2o(s)  as  the  maximum  values  of  the  uncertain  plant,  i.e.,  P2o{s)  = 
and  nominal  system  response  \To\dB  as  the  maximum  values  of  the  system  response 
tolerance,  i.e.,  \To\dB  =  l^ilciB-  -P2(s)  =  ^  and  |T|dB  =  |r2UB  are  chosen  to  achieve 
the  maximum  variations  of  uncertain  plant  as  well  as  system  response  tolerance.  By 
using  (40),  the  bounds  of  i2o(s)  are  shown  in  Table  4.  The  i2o(s)  can  be  shaped  as 
shown  in  Figure  15.  Note  that  vertical  height  of  the  universal  high  frequency  bound 
(TJHwB)  for  the  nominal  plant  Pio(s)  chosen  as  the  minimum  values  of  the  uncertain 
plant  is 


Bh 


13.58  1.71 

(20  »  logio  )  and  (20  *  logio 

(18  dB)npxvard  0>ud  (—25  dB)^Qyjyiiifard' 


(60) 
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The  UHa>B  is  also  shown  in  Figure  15. 

The  nominal  loop  transmission  function  X2o(s)  is 


L2o(s) 


*(5  184900  +  430*  ^)(  26000 


+  1) 


the  compensator  G2(s)  is 


G2{s)  = 


2.8 


_ (18.5  ~^^)(72900  ^270  +  S  +  2.8) 

*  (f  +  l)(l85loo  +  ^  +  l)(5o^  +  1) 


and  the  prefilter  F(s)  is 


(61) 


(62) 


F{s) 


(^  +  1) 

(2^  +  l)(f +  !)■ 


(63) 


For  the  four  extremes  of  the  uncertain  plant,  the  frequency  responses  all  fall  inside  of 
the  system  bounds  as  shown  in  Figure  16  and  the  unit  step  responses  also  fall  inside  of 
the  bounds  as  shown  in  Figure  17. 

(3)  Discussion: 

The  cost  of  feedback  (COF)  (Horowitz  and  Sidi,  1973)  for  a  feedback  system  evalu¬ 
ated  by  the  plant  input  with  a  sensor  noise  is  derived  as  shown  in  Equations  (1)  and 
(2).  The  proposed  design  method  improved  the  bandwidth  propagation  effect  and  de¬ 
creased  |Zi|  and  1X2 1  vs.  u;  as  quickly  as  possible  as  shown  in  Figure  12,14  and  13,15 
respectively.  The  COFs  |^|  and  l^"!  s-re  demonstrated  in  the  Bode  Plot  as  shown 
in  Figure  18,20  and  19,21  respectively.  Results  show  that  the  proposed  method  which 
uses  the  variations  of  uncertain  plant  and  system  response  tolerances  can  perform  an 
alternative  design  method  for  uncertain  cascaded  multiple  loops  system. 

6.  Conclusion 

The  notion  of  equivalent  external  disturbance  is  introduced  in  this  paper  to  provide 
an  alternative  approach  for  the  design  of  uncertain  cascaded  multiple  loops  systems. 
Results  show  that  the  proposed  approach  will  yield  a  design  that  meets  all  the  specifi¬ 
cations.  Since  the  method  is  simple  and  effective,  it  may  be  concluded  that  this  paper 
provides  an  alternative  simple  and  effective  frequency  domain  design  methodology  for 
the  design  of  uncertain  cascaded  multiple  loops  systems. 
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Fig. 3  A  SISO,  2DOF  feedback  system 


(l-Plo(a)/Pl(s)) 


Fig. 4  A  equivalent  e.\ternal  disturbance  system 


Figure  5.  loop  1  closure 


Figure  6.  Loop  2  closure 

(1  -  P20P1.0IP2P1.) 

u 


Fig. 7  A  equivalent  external  disturbance  system  for  loop  2  closure 


Figure  8.  Loop  j  closure 


(1  PjoP(j-l)tol Pj  P(j-l)e) 
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Abstract:  All  systems,  where  at  least  one  output  depends  on  at  least  two 
inputs,  are  load  sharing.  In  this  paper,  a  popular  multi-loop  structure  — 
that  of  cascaded  feedback  loops  —  is  discussed  from  the  perspective  of  the 
Load  Sharing  Control  In  particular,  the  non  plant  modifying  cascaded 
control  system  benefits  and  the  inherent  instability  problem  are  analysed. 
Typical  performance  of  cascaded  control  is  demonstrated  with  an 
industrial  superheater  temperature  control  example.  The  material  of  this 
paper  is  adapted  from  the  book  “Load  Sharing  Control”  by  Eitelberg 
(1999  A). 


I  Introduction  to  cascaded  control  loops 


Cascaded  plants  are  plsints  connected  in  series.  Figure  1  shows  relatively  simple 
examples  of  two  types  of  cascaded  control  structures  for  cascaded  plants  —  non  plant 
modifying  and  plant  modifying,  as  defined  by  Horowitz  (1993). 


An  important  difference  between  non  plant  modifying  and  plant  modifying 
structures  is  the  fact  that,  for  any  given  system  output,  the  plant  signal  levels  are 
independent  of  the  control  system  in  the  former  case  and  they  depend  on  the  control 

system  design  or  choice  in  the  latter  case.  For  example  U2  =  [(Fi  -Di)Pf^  “■D2]^2  ^  in  part 
(A)  of  Figure  1.  However,  in  part  (B)  of  Figure  1,  the  design  or  choice  of  Gi  modifies  the 
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plant  signal  levels  —  in  particular,  U2=^i-D{)Pi^ -D2  +  YiG^2^ .  From  the 

■perspective'  of  load  sharing,  Gi  (and  the  associated  actuator)  is  a  supply  'plant'  in  part 
(B)  and  its  design  clearly  affects  the  load  distribution  between  1/2  and  ci. 

A  quantitative  design  procedure  for  plant  modifying  cascaded  control  systems, 
such  as  in  Figure  1  (B),  has  been  proposed  by  Horowitz  and  Wang  (1979).  A  modified 
procedure,  by  utilising  feed-forward  into  local  loops,  was  proposed  by  Eitelberg  (1991). 
■The  signals  1/2  and  ci  share  the  load  of  regulating  the  disturbances  di  and  d2  in  an 
independent  load  sharing  control  structure  —  this  type  of  system,  among  other  load 
sharing  structures,  is  thoroughly  treated  in  the  recent  book  by  Eitelberg  (1999  A). 

In  order  to  avoid  huge  supply  cross-sensitivities  (see  Eitelberg,  1999),  either  Gi  or 
Q21Q22-P2  must  have  low  gain  —  in  the  procedure  of  Horowitz  and  Wang  (1979),  Gi  is 
designed  with  as  low  gain  as  possible.  Eitelberg  (1991)  used  high  gain  in  both  loops,  but 
transformed  the  structure  into  a  co-ordinated  control  structure  where  cross-sensitivity  is 
generally  not  a  problem.  At  the  time,  it  happened  inadvertently  —  presently,  this  author 
would  recommend  co-ordinated  control  as  the  simpler  option. 

Plant  modifying  cascaded  control  is  common  in  political  and  economic 
organisations,  where  often  only  the  highest  management  levels  have  the  necessary 
authority  for  'plant  modifying'  injection  of  material,  money,  capital  equipment  or  labour. 
It  seems  to  be  generally  ignored  in  the  control  systems  literature. 

Presently,  the  non  plant  modifying  cascaded  control  structure  in  Figure  1  (A)  will 
be  analysed  further,  because  its  primary  control  problem  differs  from  the  main  emphasis 
of  load  sharing  control.  It  is  very  present  in  industrial  processes  (such  as  flow  or  inlet 
temperature  assisted  outlet  temperature  control)  and  other  applications  (such  as 
velocity  gyro  assisted  position  control  on  ships,  in  missiles,  and  others).  In  the  academic 
and  industrial  control  literature,  it  is  generally  introduced  and  explained  with 
Gi2  =  Q22  =  1,  although  it  is  generally  implemented  with  lead  compensation  and  other 
terms  in  the  respective  return  paths  with  G12  ^  1  and  G22  5*  1. 


II  Non  plant  modifying  cascaded  control. 


The  signals  ci  and  £>2  share  the  load  of  regulating  the  disturbances  di  and  d2  in 
an  independent  load  sharing  control  structure.  The  corresponding  two  individual  loop 
transfer  Junctions,  with  G22  =  0  or  G12  =  0  respectively,  are  defined  as 

Li(s)  =  Gii(s)Gi2(s)Pi(s)G2i(s)P2(s) 

L2(s)  =  G2i(s)G22(s)P2(s) 


^  The  combined  loop  transfer  function  L  =  L1+L2  is  important  for  judging  the 
conditional  stability  and  potential  limit  cycling  of  the  main  actuator  at  the  input  of  P2. 
However,  here  the  primary  control  objective  is  related  to  the  output  yi  of  the  plant  Pi, 
where  the  following  conditional  supply  loop  transfer  function  (Eitelberg,  1999  A) 
determines  the  regulation  performance: 


LAs)  = 


His) 


His) 

1-I-L2(s) 


With  these  definitions 


with 


His)= 


Qli(s)Ql2(s) 

G22(s) 


(2) 


Ti=- 


■^sl 


R 


(3) 


It  is  important  to  recognise  that  the  maximum  gain  cross-over  frequency  of  the 
conditional  and  individual  supply  loop  transfer  functions,  Lsi  and  Li  respectively,  are 
limited  by  the  same  non-minimum  phase-lag  of  P1P2  independently  of  the  design  of  Lz. 
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Therefore,  having  the  inner  loop  Lq  is  of  no  direct  help  in  Di  regulation.  In  fact,  Lq  is 
counter-productive  when,  for  example,  L2-failure  tolerance  dictates  that  Li  must  yield  a 
stable  closed-loop  system.  It  will  improve  D2  regulation  by  the  factor  |  I+L2 1  in  eq.  (3), 
but  this  improvement  may  be  unnecessary  because  L^i  regulates  both,  Di  and  P1D2,  by 
the  factor  |  l+I^i  |  in  eq.  (3)!  The  inner  loop  can  be  necessary  when  ]  P1D2 1  »  |  -Di  | . 

In  case  of  P2  uncertainly,  however,  Lq  may  improve  Di  regulation  indirectly  and 
very  significantly.  For  example,  when  the  stable  L2  bandwidth  is  sufficiently  higher  than 
that  of  Lsi  then  the  uncertainty  of  P2  can  be  removed  from  the  design  of 
^sl  =(^  A2/Gb2)^l^2/(l  +  ^)-  With  just  enough  gain  in  Lq,  L{=  {<^11012/^22)^1  — 
this  will  reduce  the  worst  case  stability  margin  over-design  for  Lsi  and  possibly  increase 
its  worst  case  low  frequency  gain.  Horowitz  (1993)  uses  this  property  of  Lq  to  reduce  the 
required  beindwidth  of  a  'pre-designed'  minimum  phase-lag  conditional  Lsi-  From  this 
Isi  and  the  uncertainty  of  Pq,  he  derives  design  boundaries  for  a  relatively  low-gain  but 
high  bandwidth  Lq.  It  only  appears  as  if  Lq  was  designed  last  —  its  characteristics  are 
assumed  during  the  effectively  last  design  of  Lsl- 

The  frequency  domain  effects  of  Pq  uncertainty  are  explained  graphically  in 
Figure  2.  As  long  as  the  minimum  magnitude  of  Lq  is  above  0  dB,  Lq/{^  +  Lq)  ^  1  and  the 
Isi  uncerteiinty  is  exclusively  due  to  Pi.  For  this  to  be  useful,  the  minimum  gain  cross¬ 
over  frequency  of  Lq,  ©gc2>  must  be  slightly  greater  than  the  maximum  gain  cross-over 
frequency  of  Lgi,  cOgd  —  it  is  generally  of  little  use  to  increase  the  minimum  G)gc2  much 
beyond  ©gci.  In  a  single-loop  structure,  the  lower  values  of  the  loop  geiin  have  to  remain 
below  those  of  the  double  loop  by  the  entire  uncertainty  range  of  Pq  magnitude. 


Figure  2:  Effect  of  P2 
uncertainty  for  non  plant 
modifying  cascaded 
loops. 


One  of  the  most  important  recommendations  for  the  design  of  general  load 
sharing  control  systems  (Eitelberg,  1999  A)  warns  against  designing  or  tuning  slow  loops 
last  because  of  the  resulting  'hidden'  instability.  The  procedure  of  Horowitz  leads  to  an 
unstable  closed  loop  Li  —  Figure  3  illustrates  the  reasons  for  this  instability. 


Figure  3:  Design 
perspective  for  non  plant 
modifying  cascaded 
loops,  ©gc  of  Li  is  too 
high  for  stability  when  Lq 
is  not  closed. 
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Industrial  control  literature  instructs  practitioners  to  tune  a  fast  individual  L2  (to 
its  maj^um  bandwidth)  first  and  then  tune  the  slow  conditional  Lgi  (to  its  maximum 
bandwidth)  —  see  for  example  the  ISA  Learning  Module  by  Corripio  (1990).  This 
'industry-standard'  procedure  too  results  in  applications  having  unstable  closed-loop  Li 
—  see  Figure  3. 

If  integral  mode  is  used  in  the  inner  loop  then  L2  might  look  like  L'2  in  Figure  4- 
3.  Shinskey  (1988,  on  p.  215)  and  McMillan  (1990)  recommend  avoiding  inner  loop 
integral  action  whenever  possible  —  in  this  case,  the  result  might  look  something  like  L2 
in  Figure  4-3.  (Note  that  Shinskey  (1988,  on  pages  217  and  224)  argues  that  integral 
mode  is  necessary  in  the  inner  loop  when  the  outer  (primary)  controller  reset  is  protected 
against  wind-up  in  a  certain  manner  —  this  will  be  elaborated  further  ahead.)  The 
resulting  individual  shown  in  Figure  3  for  the  case  where  neither  the 

mner  loop  controller  nor  P2  m'e  integrating.  Either  way,  the  gain  cross-over  frequency  of 
Li  is  above  cOgd  and  its  slope  at  the  gain  cross-over  frequency  is  steeper  than  -40 
dB/dec.  Either  one  of  these  two  conditions  alone  means  instability  for  closed  loop  Li. 

The  result  is  generally  a  limit  cycling  or  completely  inoperable  system  when  L2 
saturates  before  the  unstable  Li  is  disabled  —  see  Eitelberg  (1999  A8eB).  Here,  the 
actuator  saturation  is  not  dangerous,  because  it  is  common  to  Li  and  L2.  The  d^ger 
comes  from  the  range  limitation  of  the  inner  loop  sensor  that  measures  ui  in  Figure  1. 
Many  process  instruments  have  an  installed  turn-down  of  not  much  higher  than  3  or  5. 
Temperature  sensors  are  often  ranged  for  a  very  narrow  operating  span  for  sufficient 
resolution.  There  is  no  simple  solution  to  this  problem.  Reducing  L^i  bandwidth  would 
decrease  di  regulation  below  that  of  a  single  loop.  Reducing  I2  bandwidth  (and  gain) 
would  help  only  when  it  is  no  longer  relevant. 

A  sensor  range  is  obviously  limited  by  the  range  of  its  primary  physical  effect  and 
by  the  configured  range  of  its  transmitter.  However,  the  measured  variable  itself  can 
have  surprising'  limiting  effects:  such  as  two-phase  flow  temperature  being  a  function  of 
the  pressure  and  not  of  the  mass  or  energy  content  of  the  phases,  completely 
independently  of  the  sensor  range  —  see  the  steam  superheater  example  in  the  next 
section. 

If  performance  requires  the  inner  loop  then  the  corresponding  sensor  must  be 
absolutely  reliable  and  the  inner  loop  must  be  enabled  whenever  the  outer  loop  is 
active]  This  means  that  the  cascaded  control  loops  may  have  to  be  put  on  'manual'  or 
scheduled  with  different  parameters  for  process  start-up  and  shut-down. 

Shinskey  (1988,  p.  217)  recommends  protecting  the  reset  of  the  primary 
controller  Gn  of  Figure  1  against  wind-up  by  connecting  it  to  ui,  (more  or  less)  as  is 
shown  in  Figure  4. 


Figure  4: 

Cascaded  PID 
controller 
'implementation' . 
No  lead-lag  term 
is  indicated  in 
the  inner  loop, 
as  it  is  seldom  of 
much  help  — 
except  for 
cancelling  the 
sensor  lag  (not 
shown). 
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It  is  not  known  to  the  writer  how  this  idea  developed,  but  the  following 
plausibility  argument  might  have  been  involved.  Suppose  the  inner  loop  has  high  gain 
from  steady  state  up  to  much  higher  frequencies  them  the  gain  cross-over  frequency  of 
the  outer  loop  and  d2  “  0-  this  case,  ui  tracks  the  primary  controller  output  ci  in 
Figure  3  with  virtually  no  delay  and  ui  saturates  'exactly'  when  the  P2  actuator 
saturates.  Therefore,  ui  is  as  good  as  a  limiter  output.  A  non-zero  6.2  makes  this 
saturation  level  uncertain  and  time-variable  —  it  cannot  be  modelled  in  the  primeiry 
controller  without  feed-forward. 

Comparing  to  Figure  1,  the  following  obvious  association  can  be  made  for  small 
signals  (there  are  many  equivalent  ones): 


Gii(s)=jr, 


G2i(s)  =  1^2 


1+- 


022(3)  = 


1 


l+l/(rns) 


(4) 


Despite  the  apparent  presence  of  the  integral  term  in  G21,  the  inner  loop  does  not 
have  integral  action  any  more.  The  effective  G22  is  high-pass,  cancelling  the  integral 
action  of  G21.  The  intended  PI  controller  is  approximated  with  a  lag-lead  term  with  the 
same  gain  for  <0  >  1/  Tn: 


h.{s)  =  Cf2i(s)G22(s)P2(s)  = 


K2 


Si 

'h2) 


1  +  ^123 
l+TjlSy 


^2(3) 


(5) 


The  resulting  L2  will  be  similar  to  the  one  in  Figure  3. 

Despite  the  lack  of  an  integral  term  in  Gi^  or  G12,  the  master  loop  around  Pi 
does  have  integral  action.  From 


Li(s)  =  Gii(s)Gi2(s)Pi(s)G2i(s)P2(s)  =  L^is)  (6) 

^22(3) 

we  obtain  for  low  frequency,  where  1 12 1  »  1, 


L^(s)  = 


^(3)  ..  Ol(3)Gt2(3) 

1+12(3)  022(3) 


Pl(s)  =  ifi 


1+ 


J_^ 

^Il3^ 


l  +  Tpis 
l  +  aiTpiS 


^^1(3) 


(7) 


As  Shinskey  (1988,  pages  217  and  224)  has  noted,  the  presence  of  the  integral 
mode  in  the  inner  loop  controller  is  generally  required  for  the  above  trick  to  function  as 
intended.  A  P  (proportional)  controller  in  the  inner  loop  is  equivalent  to  letting  ri2  in 
Figure  4.  The  resulting  L2(s)  =  P2(s)jRL2/(l+l/(rns)).  If  P2  has  finite  steady-state  gain 
then  L2(0)  =  0  and  at  low  frequency,  the  master  loop  around  Pi  becomes 

lsl(3)  =  li(3)  =  K1K2  7— — Pl(s)P2(s)  —  as  if  there  was  no  inner  loop  at  all. 
i+«i1di3 


This  can  be  a  useful  cascaded  control  system  —  but  don’t  expect  integral  action 
in  the  (master)  control  system.  Some  electrical  power  generation  voltage  control  systems 
have  a  proportional  controller  in  the  master  loop  and  a  high-pass  exciter  voltage 
controller  in  the  return  path  of  the  inner  loop  (see  Glover  and  Sarma,  1989). 
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III  A  superheater  cascaded  temperature  control  example. 

The  following  simplified  superheater  cascaded  temperature  control  problem  in 
Figure  5  is  partially  based  on  documentation  and  notes  taken  during  a  recovery  boiler 
rebuilding  project,  after  it  was  destroyed  by  an  explosion  of  the  smelt  and  leaked  water 
mixture  in  the  furnace.  The  design  and  implementation  of  cascaded  temperature 
control  in  power-  and  other  boilers  (of  drum  or  once-through  design)  is  similar.  Boiler 
drum  level  control  is  another  prominent  example  of  cascaded  loops,  but  this  is  more 
complex  because  of  the  steam  flow  feed  forward  and  pressure  change  induced  'swell'. 


Figure  5:  PMD 

of  a  superheater 
cascaded 
temperature 
control  system. 
(Process  & 
Instrument 
Drawing,  Piping 
6s  Instrument 
Diagram, ... ) 


Nomenclature: 

•  TII:  temperature  indicator  —  at  de-superheater  inlet; 

•  TTl:  temperature  transmitter  —  at  superheater  outlet; 

•  TICl:  temperature  indicating  controller  —  outer  (master)  loop; 

•  TT2:  temperature  transmitter  —  at  superheater  inlet; 

•  TIC2:  temperature  indicating  controller  —  inner  (slave)  loop; 

•  Tset-  reference  temperature  for  Ti  at  superheater  outlet; 

•  TIW:  spray  water  temperature  indicator. 


Approximate  operating  conditions: 

•  =  60  T/h  steam  into  de-superheater; 

•  p  =  6  MPa  steam  pressure; 

•  TII:  Ti  =  300 °C; 

•  Tset  =  400°C; 

•  TIW:  Tw  =  50°C. 


The  following  data  is  for  rough  de-superheater  modelling: 

•  Tgat  =  275  °C,  saturation  temperature; 

•  c^=  4.4  kJ/  (kg  K),  average  specific  heat  capacity  of  water  between  50°C  and 
275°C; 

•  =  4.2  kJ/ (kg  K),  average  specific  heat  capacity  of  steam  between  275°C  and 
295°C; 

•  Ah=  1600  kJ/kg,  latent  heat  (of  evaporation/ condensation). 
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The  de-superheater  heat  energy  flow  balance  is  obtained  by  equating  the  energy 
flow  rate  that  is  taken  from  the  (medium  pressure)  steam  with  the  energy  flow  rate  that 
is  needed  to  heat  the  spray  water  to  saturation  temperature,  evaporating  it  and  then 
heating  up  to  the  final  temperature.  Heat  exchange  with  the  metal  (pipes)  is  neglected. 
Dry  steam  condition  is  assumed  throughout:  meaning  T2  >  Tgat-  T'l  >  Tsat  will  follow  then 
from  the  fact  that  the  superheater  is  not  a  refrigerator. 


-  Ta)  =  -  T^)  +  Ah+ (8) 

Solving  for  Ta  yields 


A  highly  simplified  dynamic  superheater  model  is  given  very  approximately  as 


300^|P  =  ^[Ta(f-60)-ri(t)]  +  Ag  (10) 

where 


•  Ag«110:  heating  effect; 

•  t:  time  in  [s]; 

•  Ti  85  Ta:  temperature  in  [°C]: 

•  Th  =  rhi  +  Tfiyfi  mass  flow  rate  through  superheater  in  [kg/s]; 

•  spray  water  flow  rate  (0  <  ^  0.5  kg/s). 


The  given  model  (10)  only  represents  some  aspects  of  superheaters,  which  are 
actually  described  by  non-linear  partial  differential  equations  emd  interact  with  other 
boiler  heat  exchangers  through  the  combustion  chamber  and  flue  gas  duct  thermal 
dynamics  —  see  Lausterer,  Franke  and  Eitelberg  (1981  and  1983).  For  example,  the 
effective  dead-time  of  60  seconds  actusdly  depends  on  the  steam  flow  rate  —  this 
variabilily  is  ignored  here.  The  TIC2  output  u{t)  is  in  %  —  0  corresponds  to  valve  closed 
and  100  corresponds  to  valve  fully  open.  Cooling  down  of  hot  steam  with  spray-water  is 
thermodynamically  inefficient  —  instead  the  combustion  energy  should  be  regulated. 
The  de-superheater  should  do  the  fine  regulation  with  small  amounts  of  water  or  act 
against  temporary  large  disturbances.  The  above  given  operating  conditions  lead  to 
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The  equation  for  this  valve  characteristic  is 


TTlw  ” 


0.5 


^l  +  0.2((l00/uf -l) 


in  [kg/s] 


(11) 


The  temperature  measurement  signals  have  a  first  order  time-constant  of  20  s.  In 
good  primary  element  installations,  this  time-constant  should  not  be  more  than  a  few 
seconds. 


The  Matlab  /  Simulink  diagram  for  the  single-loop  control  is  given  in  Figure  7. 


Figure  7: 

Simulink  diagram 
of  the  single-loop 
temperature 
control  system. 


For  single  loop  design  or  tuning,  the  worst  case  for  stability  is  at  .sTnall  valve 
openings,  where  the  loop  gain  is  highest  and  the  gain  margin  is  lowest  —  all  other  non¬ 
linear  effects  are  small  in  relation  to  the  influence  of  the  valve  opening. 

Generally,  lead  compensation  of  the  temperature  sensor’s  lag  can  be  useful, 
because  there  is  little  noise  —  here  the  sensor/ transmitter  TTl  is  relatively  fast  and  lead 
compensation  does  not  help  to  increase  the  loop  bandwidth.  The  PI  controller  is  tuned 
by  using  small  steps  of  Tset-  First,  Tn  is  set  to  a  large  value  and  the  proportional  gain  Ki 
is  'increased'  to  -20,  leading  to  persistent  oscillation  in  the  loop.  The  period  is  about 
250  s.  Second,  the  gain  is  reduced  to  slightly  less  than  half,  Ki  =-8,  and  the  integral 
time  of  250  s  is  tried  and  then  reduced  to  Tn  =  200.  After  confirming  (unconditional) 
stability  margins  (lack  of  oscillations),  at  operating  conditions  that  lead  to  large  valve 
openings,  this  single-loop  design  is  accepted  as  final. 


The  highest  ('worst  case')  gain  cross-over  frequency  of  the  final  design  should  be 
about  four  or  five  sixths  of  the  phase  cross-over  frequency  of  2;r/250  =  0.025  rad/s. 
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The  Matlab  /  Simulink  diagram  for  the  double-loop  control  is  given  in  Figure  8. 


Figure  8: 

Simulink 
diagram  of  the 
double-loop 
cascaded 
temperature 
control  system. 
The  shown 
implementation 
of  the  outer 
loop's  resetl 
permits  setting 
of  non-zero 
initial 
conditions. 


The  cascaded  loops  are  tuned  from  inside  out  —  this  is  possible  because  of  the 
open-loop  plant  stability.  It  is  helpful  to  know  from  the  single-loop  design,  that  the  outer 
loop  phase  cross-over  frequency  will  be  about  0.025  rad/s. 

In  order  to  eliminate  the  spray  water  valve  gain  uncertainty,  the  inner  loop  gain 
at  this  frequency  should  be  about  3  =  10  dB  or  more  for  any  plant  gain  —  in  particular 
for  wide  open  valve.  Assuming  —30  dB/dec  slope  leads  to  the  requirement  that  the  inner 
loop  gain  cross-over  frequency  should  be  about  0.05  or  more.  Note  that  the  temperature 
sensor  corner  frequency  is  given  as  0.05  and  the  plant  P2(s)  is  therefore  close  to 
algebraic  up  to  this  frequency.  It  follows,  that  the  inner  loop  integral  time  of  around 
Ti2  =  20  seconds  is  adequate  (in  case  the  sensor  time  constant  is  greater,  there  will  be 
more  than  0.5;r  of  phase  lag  between  0.05  rad/s  and  the  smaller  sensor  comer 
frequency)  and  the  gain  should  be  tuned  with  the  spray  water  valve  edmost  open.  The 
time  constant  of  a  small  step  response  should  be  about  20  seconds  or  faster.  The 
proportional  gain  K2  =  -15  is  just  adequate  —  much  greater  values  are  possible, 
provided  that  the  sampling  rate  too  is  much  higher  than  once  every  10  seconds  or  so.  In 
fact,  infinitely  many  other  combinations  of  gain  and  integral  time  will  yield  virtually 
identical  performance  in  this  example. 

The  outer  loop,  with  much  less  varying  gain,  is  tuned  as  the  single  loop  before: 
this  time,  K\  =  A  and  T\i  =  200  are  adequate. 

The  direct  and  indirect  advantages  of  the  cascaded  control  are  demonstrated 
below.  Figure  9  shows  the  effect  of  steam  flow  rate  step  changes  from  15.2  to  16.2  kg/s 
and  back  at  t  =  30  and  40  minutes  respectively.  This  disturbance  can  be  caused  by 
excess  steam  consumption  for  soot-blowing  and  it  affects  both,  (output  of  P2)  and  Ti 
(output  of  Pi)  directly.  Hence,  the  inner  loop  regulates  only  a  part  of  this  disturbance. 
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Figure  9:  Steam  flow  rate  step 
changes  from  15.2  to  16.2 
kg/s  and  back.  Solid  line: 
cascaded  control;  dashed  line: 
single-loop  control. 
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In  this  example,  only  the  steam  inlet  temperature  Ti  and  the  spray  water 
temperature  disturbances  are  'enclosed'  by  the  inner  loop.  Neither  can  generally 
change  as  suddenly  as  the  steam  massflow  rate.  Ignoring  the  reality  of  this  example, 
Figure  10  demonstrates  the  inner  loop's  ability  to  regulate  the  effect  of  steam 
temperature  step  changes  from  300  to  310  °C  and  back  at  f  =  30  and  40  minutes 
respectively. 


Figure  10:  Steam 
temperature  step  changes 
from  300  to  310  °C  and  back. 
Solid  line:  cascaded  control; 
dashed  line:  single-loop 
control. 


The  heating  effect  of  approximately  110  degrees  affects  only  the  outer  loop. 
Nevertheless,  the  valve  gain  uncertainty  reduction  by  the  iimer  loop  improves  the  outer 
loop's  performance  significantly  when  the  valve  has  to  be  opened  wide.  Figure  11 
demonstrates  overall  performance  improvement  despite  valve  saturation. 


Figure  11:  Heating  effect  step 
changes  from  1 10  to  1 18  deg 
and  back  at  30  and  40  min 
respectively.  Solid  line: 
cascaded  control;  dashed  line: 
single-loop  control. 
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In  industrial  projects,  there  is  economic  need  for  standardisation.  This  means 
that  management  and  maintenance  staff  like  to  have  as  few  as  possible  different 
instruments.  For  example,  identical  transmitters  could  be  purchased  for  TTl  and  TT2. 
Suppose,  in  the  present  example,  that  TTl  and  TT2  have  identical  ranges  from  280  to 
450  °C.  For  T2  (and  perhaps  Ti)  this  is  too  wide  —  it  leads  to  less  than  optimal 
resolution  and  precision. 

More  serious  is  the  fact,  that  T2  is  too  close  to  the  lower  limit  of  its  transmitter's 
range  —  the  writer  has  seen  an  embarrassed  technician  file  off  some  carbon  from  a 
'precision'  calibration  resistor  in  order  to  increase  the  range  of  such  a  temperature 
transmitter.  Figure  12  demonstrates  the  destabilising  effect  of  the  slight  sensor 
limitation  during  a  temporary  reduction  of  steam  consumption:  rhj-  goes  from  14.5  kg/s 
to  13.5  kg/s  and  back  at  20  and  40  minutes  respectively.  The  (reduced)  heating  effect 
Aq=  100  degrees  is  kept  constant. 


Figure  12:  Destabilising  effect 
of  TT2  range  limit  at  280  °C  in 
cascaded  control,  rhj-  changes 
from  14.5  kg/s  to  13.5  kg/s 
and  back  at  20  and  40  min 
respectively.  Aq  =  100  deg. 

The  actual  (low-passed)  T2  is 
shown  -with  dashed  line. 


time  [minutes] 


The  limit  cycling  extinguishes,  here,  immediately  after  increasing  the  steam  flow 
rate  because  of  the  unconditionally  stable  design  of  I^Li+Iq-  This  cannot  be  taken  for 
granted,  because  the  loop  Ls2=l^/(l+l'l)  around  the  temperature  transmitter  TT2  in 
Figure  5  is  conditionally  stable  whenever  liie  closed  Li  is  unstable. 

In  this  particular  system,  the  inner  loop  will  saturate  and  destabilise  the 
cascaded  system  even  with  unlimited  transmitter  range.  For  example,  if  the  boiler 
pressure  is  raised  from  the  assumed  6  MPa  to  6.5  MPa,  then  the  saturation  temperature 
will  be  280  °C  instead  of  the  assumed  275  °C.  The  consequence  is  that  the  de¬ 
superheater  outlet  steam  temperature  T2  cannot  be  cooled  below  280  °C  —  instead,  the 
steam  wiU  become  wet. 

There  was  a  100  MW  power  generating  unit  near  Hannover,  where  one  of  the 
superheater  temperature  control  systems  had  been  on  manual  for  years,  because  the 
plant  operators  had  not  realised  that  they  were  trying  to  cool  saturated  steam  at  the 
inlet  of  one  of  the  superheaters.  A  single  loop  control  system  would  have  worked 
(according  to  some  reasonably  reduced  expectations),  because  the  steam  became  dry 
soon  after  entering  the  superheater  pipes.  The  water  content  of  the  steam  was  actually 
not  measured.  Instead,  very  detailed  dynamic  calculations  were  carried  out  with  a 
computer  program  that  the  writer  had  developed  (see  Franke,  Eitelberg  and  others, 
1979). 
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IV  Conclusions 

Plant  modifying  cascaded  control  systems  are  quite  straight-forward  load  sharing 
systems,  they  are  thoroughly  treated  in  the  recent  book  by  Eitelberg  (1999  A), 

The  non  plant  modifying  cascaded  control  system  too  has  a  load  sharing 
structure,  but  its  primary  control  goal  differs  from  the  main  emphasis  of  load  sharing 
control. 

The  secondary  (inner,  slave)  loop  is  useful  for  reducing  disturbances  that  are 
‘enclosed’  by  it  and  for  eliminating  the  uncertainty  component  of  the  enclosed  plant 
section  from  the  primary  (outer,  master)  loop.  However,  it  cannot  make  the  primary  loop 
gain  cross-over  frequency  higher  than  that  of  a  single  loop  control  system. 

A  competently  designed  non  plant  modifying  cascaded  control  system  has  a 
conditionally  stable  signed  flow  loop  and  will  be  unstable  when  the  secondary  loop 
saturates  or  is  otherwise  inactive.  The  writer  is  not  aware  of  any  applications  where  this 
is  not  the  case  and  the  inner  loop  is  not  a  wasted,  useless,  confusing  investment. 
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Abstract 

This  paper  examines  the  use  of  quantitative  crossfeed  design  followed  by  diagonal  feedback  design  to  decouple, 
stabilise  and  improve  handling  qualities  of  the  UH-60  Blaek  Hawk  helicopter  near  hover.  Linearised  models  of 
die  helicopter  are  classified  according  to  the  likelihood  of  their  occurrence  in  practice  and  this  allows  the 
performance  for  usual  cases  to  be  improved  by  a  trade-off  with  reduced,  but  still  quantitative,  performance  for 
less  usual  operating  conditions.  The  Perron  root  of  the  interaction  matrix  is  used  as  a  measure  of  the  level  of 
triangularisation  of  uncertain  multivariable  plants  and  the  crossfeed  design  seeks  to  reduce  the  interaction  index 
before  quantitative  design  of  a  diagonal  feedback  controller  matrix  is  attempted.  If  the  interaction  index  can  be 
made  less  than  unity  by  the  design,  stability  of  the  diagonal  loop  designs  guarantees  stability  of  the  closed  loop 
multivariable  system.  The  paper  presents  a  w-domain  based  digital  design  for  the  helicopter  control. 


1.  Introduction 

In  this  paper  we  consider  the  two  degree  of  freedom  digital  control  system  design  for  a  4-input,  4-ouq3ut 
helicopter,  illustrated  as  a  Simulink  block  diagram  in  Figure  1.  24  linearised  state  space  models  of  the  UH-60 
Black  Hawk  helicopter  in  near-hover  flight  were  used  in  this  design.  The  models  were  derived  from  linearisation 
about  different  flying  conditions  of  the  “Forecast”  mathematical  model  discussed  by  Cheng,  Tischler  and  Bjezad 
(1995).  The  nominal  flying  condition  is  at  hover  and  other  models  are  obtamed  as  the  trim  airspeed,  rotor  speed, 
aircraft  weight,  centre  of  gravity,  turning  rate,  climb  speed  etc.  are  varied.  The  models  are  33"*  order  and  include 
gross  body  dynamics,  rotor  dynamics,  and  engine  dynamics.  The  system  inputs  and  outputs  are  defined  in  Table 
1.  The  models  were  qualitatively  classified  into  3  subsets,  {Most  Probable},  (Less  Probable}  and  {Least 
Probable}  summarised  in  Table  2.  This  allows  the  performance  for  usual  cases  to  be  improved  by  a  trade  off  with 
reduced  but  still  quantitative  performance  for  less  usual  operating  conditions.  Previous  studies  have  determined 
that  the  frequency  range  of  interest  for  piloted  angle/rate  commands  (5,.  5e.  5r,)  is  1.0  to  10.0  rad/s  and  for  heave 
command  (5c)  is  0.2  to  2.0  rad/s.  This  paper  will  deal  with  the  strictly  technical  aspects  of  the  design  but  an 
important  issue  in  satisfying  handling  qualities  specifications  is  to  correctly  translate  user  requirements  into 
feedback  design  specifications  (bandwidth,  phase  lag  and  closed  loop  uncertainty).  The  final  system  performance 
would  be  evaluated  against  the  ADS-33D  that  defines  pilot  assessed  handling  qualities  for  various  Mission  Task 
Elements  (Hoh,  and  Mitchel  1996;  Key,  1996;  Yue  and  Postlethwaite,  1990;  Hoh  et  al,  1993;  Tischler,  1996;  and 
Padfield,  1995,  1996)).  The  evaluation  of  the  design  presented  here  is  discussed  in  Ukpai,  Boie  and  Nwokah 
(1999?). 


Input 

Output 

Aileron  -  lateral  cyclic,  8a 

roll  angle,  (|) 

Elevator  -  longitudinal  cyclic,  5e 

pitch  angle,  0 

Main  rotor  collective,  5c 

heave  =  vertical  velocity,  w 

Tail  rotor  collective,  5t 

yaw  rate,  r 

Table  1  -  Input  -  output  pairings  for  helicopter  control 


“least  probable” 

1  1,2, 3,7,9 

6,8,14,15 

4,5, 10, 12, 13, 1 6, 17, 1 8, 1 9,20,2 1 ,22,23 ,24,25 

Table  2  -  Classification  of  flight  conditions 


t  This  work  was  performed  during  a  sabbatical  visit  to  Osita  D  I  Nwokah,  Department  of  Mechanical 
Engineering,  Southern  Methodist  University,  Dallas.  Dr  Nwokah  passed  away  on  26  April  1999. 
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Li  previous  work,  (Nwokah,  Nordgren  and  Grewal,  1995  and  Boje  and  Nwokah,  1997),  the  Perron  root  of  the 
interaction  matrix  has  been  used  as  a  measure  of  the  level  of  triangularisation  of  uncertain  multivariable  plants. 
Forward  loop  pre-compensation  (crossfeed)  design  seeks  to  reduce  the  interaction  index  before  quantitative 
design  of  a  diagonal  feedback  controller  matrbc  is  attempted.  If  the  interaction  index  can  be  made  less  than  unity 
by  the  design,  stability  of  the  diagonal  loop  designs  guarantees  stability  of  the  closed  loop  multivariable  system. 
This  paper  is  an  example  of  quantitative  dynamic  crossfeed  design  in  contrast  to  the  static  crossfeed  presented  in 
Boje  and  Nwokah  (1997).  We  also  introduce  differentiated  specifications.  Some  level  of  open  loop  decoupling 
can  be  important  for  improving  practical  pilot  handling  qualities  if  the  feedback  loops  are  open. 

Section  2  introduces  the  background  Perron  root  theory  including  a  stability  theorem  and  an  approach  analogous 
to  Gauss  elimination  for  designing  a  unimodular  dynamic  crossfeed  matrk.  Section  3  details  the  design  for  the 
Black  Hawk  helicopter  near  hover,  including  digital  design  via  use  of  the  w-transform. 

2.  Quantitative  design  with  decoupling  crossfeed 

For  the  feedback  system  shown  in  Figure  2,  the  tracking  behaviour  is  given  by, 

Ty/r  =(I  +  PKG)"‘PKGF  (1) 

(All  matrices  in  the  helicopter  example  are  4x4.)  We  will  consider  the  quantitative  feedback  design  problem 
(Horowitz,  1979)  of  specifying  a  fiilly  populated  crossfeed  matrfac,  K,  with  diagonal  elements  normalised  to 
kii  ~  Ij  a  diagonal  feedback  controller,  G,  and  a  pre-filter,  F,  to  achieve  certain  tracking  specifications, 

Aij(a))  ^  lTY/R(j(n)|„  < Bij((o) ,  ij  =  1, 2, ....  m 

Aij(a))  and  Bij(()())  are  the  client’s  desired  specifications,  for  all  plants.  Pep,  where  due  to  uncertainty,  p  is  a  set 
of  all  possible  plants.  Ineq(l),  P  =  P'‘ and  has  elements  py  =l/qij . 

Our  primary  interest  in  this  paper  is  to  investigate  the  design  of  the  off-diagonal  elements  of  the  crossfeed,  K,  to 
ease  the  subsequent  task  of  designing  the  diagonal  feedback  controller,  G.  In  a  great  number  of  applications,  the 
regulating  task  is  more  important  than  tracking  but  the  design  approach  is  similar  so  we  will  focus  on  the  latter. 

2.1.  Preliminary  mathematics 

Our  investigation  into  the  design  will  make  use  of  the  theory  of  non-negative  matrices. 

Definition  1:  A  matrbc,  M  e  R"’'"  is  an  M-matrix  if  the  diagonal  elements  of  M  are  positive,  the  off  diagonal 
elements  of  M  are  non  positive,  and  the  principal  minors  of  M  are  non-negative. 

Definition  2\  Given  a  matrbc  Z  e  C"""*  the  comparison  matrix  of  Z,  Af(Z) ,  has  elements, 

(diagonal  elements) 


Definition  3:  A  matrbc,  Z  e  C 


PZP“* 


;b"  rZ22 


is  irreducible  if  there  does  not  exist  a  permutation,  P  e  C 
,  with  square  sub-matrices,  Zji  and  Z22  • 


nxn 


such  that 


Definition  4:  An  irreducible  matrix,  Z  g  C"’‘"  is  an  H-matrix  (Hadamard  matrix)  if  M(Z)  is  an  Af-matrix. 
Definition  5;  An  //-matrix,  Z  g  is  a  BH-matrix  if  Z''  is  also  an  //-matrbc. 

Definition  6:  A  matrbc,  Z  admits  a  diagonal  regular  splitting  if  it  can  be  written  as  Z  =  D  +  C ,  with  D  =  diag{Z} 
non-singular.  (In  some  QFT  design  applications  it  may  be  more  appropriate  to  form  a  triangular  regular  splitting.) 

Definition  7:  The  Perron  root  of  a  matrix  M,  is  the  largest  eigenvalue  of  the  matrix  formed  from  the  absolute 
values  of  the  elements  of  M. 

Xp(M)  =  max{X,(M+)}  =  p(M+) 

p(M+)  is  the  spectral  radius  of  M+ .  The  absolute  values  are  taken  element-wise,  (M+)ij  =  IMyl 
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The  Perron  root  of  an  irreducible  matrix  is  analytic  and  monotonic  with  respect  to  the  elements  of  M+.  The 
Perron  root  is  an  upper  bound  on  the  eigenvalues,  A.(M) ,  and  therefore  the  spectral  radius,  p(M) ,  of  a  matrix: 

l>.(M)|<p(M)<^p(M) 

The  spectral  radius  is  a  lower  bound  on  all  induced  norms. 


Definition  8:  Given  that  Z  e  admits  the  diagonal  regular  splitting, 

Z  =  D  +  C  =  a  +  CD“‘)D  =  (I  +  Mr^D. 

M  is  the  interaction  matrix  and  the  interaction  index  of  Z  is  the  Perron  root  of  the  interaction  matrix, 

Y(Z)  =  >.p(M) 

Considering  the  inverse  of  Z,  Z~*  =  Z ,  one  sees  the  utility  of  the  interaction  index  for  feedback  design:  If  Z  is 
an  H-matrix,  M  has  spectral  radius  less  than  unity  (p(M)<A-p(M)<l,  with  y(Z) s A,p(M))  and. 


00 

(I  +  M)~’  =  converges.  In  addition, 
k=o 


Y(Z)  =  Y(D-*a  +  M)-‘)=Xpf YMMf  =- 

Vk=0  j  k=0  ^ 


Y(Z) 

-y(Z) 


(2) 


Notice  that  if  Z  is  row  dominant,  |zij|  >  zJ  for  all  i,  y(Z)  <  1 ,  so  that  row  (and  column)  dominance  is  a 

k=l,k^i 

special  case  of  requiring  Z  to  be  an  H-matrix. 

Theorem  1:  An  irreducible  matrix,  Z  e  C"**"  k&BH-matrix  if  min{Y(Z),Y{Z)}  <  0.5 
Proof.  See  Nwokah  et  al,  1995,  or  follows  from  eq(2)  above. 


Definition  9:  An  irreducible  matrix  Z  e  C*”*"  is  almost  decoupled  if 
max{Y(Z),Y(Z)}  <  0.5 .  (Z  almost  decoupled  =>  Z  is  a  S/f-matrix  -  see  below.) 

Notice  that  the  concept  of  almost  decoupling  is  stronger  that  the  requirements  for  Z  to  be  a  B//-matrix. 

Theorem  2:  An  H  matrix  Z  e  is  almost  decoupled,  ifY(Z)  <  <  0.5  ,  requiring  y{Z)  <  1/3  . 

Proof.  See  Nwokah  et  al,  1995,  or  follows  from  eq(2)  above. 


Corresponding  to  the  Perron  root  are  the  right  and  left  Perron  eigenvectors,  x  and  y^  respectively.  They  can  be 
scaled  so  that  their  elements  are  all  real  and  positive,  with  y^x=  1.  Examining  the  left  and  right  Perron 
eigenvectors,  one  can  assess  the  sensitivity  of  the  Perron  root  to  an  individual  element  of  a  matrix  via  Theorem  2 
below: 


Theorem  3:  Given  a  matrbc,  M,  with  a  simple  (non-repeated)  eigenvalue  A,  and  the  corresponding  right  and  left 
eigenvectors,  x  and  y\  scaled  so  that  y’^x  =  1,  a  perturbation  of  the  (ij)  element  of  M,  myC^)  =  mij+  will 
perturb  the  eigenvalue  with  first  order  approximation, 

X(^)»X+^yiXj.  (3) 


In  other  words,  eigenvalue  differential  sensitivity  with  respect  to  element  (iJ)  of  M,  is 
dk 

•=yiXj 


3m 


u 


(4) 


As  %  and  my  are  positive,  the  logarithmic  differential  sensitivity  is, 

31og(X)  _”^ij 
aiogCmy)  X  j 

Proof.  Follows  from  Lancaster  and  Tismenetsky,  1985,  p.396. 

2.2.  Design  approach  for  K  using  Gauss-elimination 

The  usual  QFT  approach  if  P  is  square  and  non-singular  is  to  write  the  design  eq(l)  implicitly  as, 
(P+KGJTy/r  =KGF 


(5) 


(6) 
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(KP  +  G)Ty/r  =GF 

In  eq(6)  or  eq(7),  P  =  P  * ,  with  elements  py  =  l/qy  .  If  the  approach  of  Yaniv  and  Chait  (1992)  is  used,  thus 

pre^pecifying  F,  or  if  the  specifications  can  be  converted  to  sensitivity  specifications  in  some  way  (Boje  1989) 
or  if  the  plant  is  non-square,  we  can  proceed  by  writing  eq(6)  without  inversion  as, 

Ty/rF(PK+G)  =  PK  ’ 

As  has  been  shown  by  Rosenbrock,  1970,  any  controller  can  be  decomposed  as  a  product  of  a  permutation 
matrix,  a  unimodular  matrix  (a  matrix  with  unity  determinant  formed  from  elementary  operations)  and  a  diagonal 
matrix.  Yeung  and  Bryant  (1992)  have  used  Gauss  elimination  for  stability  analysis  and  design  For  the  design 
approach  taken  in  this  paper  (Boje  and  Nwokah,  1999?),  the  diagonal  matrix  will  be  G  and  the  unimodular 
matrix  will  be  the  K  or  K  in  eq(7)  or  eq(8)  respectively.  K  will  be  designed  to  reduce  the  interaction  index, 
y  -  Xp(M) ,  as  much  as  possible  in  the  relevant  frequency  range.  In  order  to  apply  single  loop  stability  resulte 
(Section  2.4  below),  it  is  sufficient  to  require  Xp  (M)  <  1  i.e.  an  interaction  index  less  than  unity  so  that  (I+M)  is 
an  //-matrix.  To  ensure  that  (I+M)'*  has  low  interaction  index,  we  may  apply  the  tougher  constraint  of  requiring 
that  (I+M)  be  a  ^//-matrix.  This  will  ease  over-design  in  the  MIMO  QFT  method.  Feedback  benefits  will  be 
obtained  by  design  of  G  as  usual.  Considering  eq(7),  we  may  write, 

K  =  kW...k[2]kW 

For  each  step,  h,  of  the  design  (and  corresponding  i  and  j  chosen  by  the  designer  for  that  step),  =I+k-E- 

with  Eij  an  elementary  matrix  having  element  (i  j)  unity  and  all  other  elements  zero.  Define 
p[M=KWp[h]^ 

Kf*'^only  affects  the  i*  row  of  pl-’’'''*^ 

Eq(l)  is  written  implicitly  as, 

(pM+g)ty/r  =(kWpW+g)ty/r  =GF 

Introduce  the  diagonal  splitting, 

(pM + g)=  (p^M + g)(i + ) 

with  interaction  matrix,  =  (pg*'*-^^  +  g)"‘  P^'*'''^!  ,  having  individual  elements, 

mM  -  Pik  _  Pik  Pjk 

■  n  ''  LhJ  T  [hi 

Pii  P,1  -^kijpj?J+gi 

In  step  h,  the  interaction  index  is  only  changed  as  a  result  of  changes  in  row  i.  We  can  therefore  approximate  the 
change  in  interaction  index  by. 


A  log(Xl'*'*'*J)  «  £ 


51og(X) 


k=i51og(mik) 


Alog(mik) 


-rr  v'lk  ; 

k=|(p[|*4kijp|J+gij 


wr 


|m|Wk 


If  we  follow  a  Gauss  elimination  approach,  during  forward  elimination  (lower  triangular  elements  in  K),  the  off- 
diagonal  elements  (i.e.  with  i^^k)  in  row  i  of  P : 

a)  Should  be  small  for  k>j; 

b)  can  be  made  small  by  subsequent  steps  for  k<j; 

c)  should  be  made  small  for  k=j,  or; 

d)  may  have  relatively  low  contribution  to  the  interaction  index. 
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This  justifies  only  examining  the  j*  element,  giving, 
A  log(xM)„Alog(mij)^^5f^ 

element  ij  Slogfray) 


with^i=gi/pii.and3|J  = 


(13) 


an  appropriate  design  task  is  to  achieve. 


<pW 

—  Kii 


p[h] 

i+fM 

pN 

^11 

i+fN 

AW+k.-filh] 

Pii  +K|jPji 

Since  the  diagonal  sensitivity  depends  on  the  specifications  and  changes  in  gain  between  p  W  and  p||*'^^l  will  be 


approximately  compensated  by  changes  in  gi. 


l  +  ^[h+l] 


i+^N 


!  1  and  the  design  objective  is: 


<pW 


(14) 


Notes: 

1)  Eq(14)  requires  a  reduction  in  the  size  of  the  off-diagonal  element  with  respect  to  the  diagonal  element.  This 
makes  sense  as  high  gain  diagonal  elements  reduce  the  interaction  and  high  gain  off  diagonal  elements 
increase  interaction. 

2)  If  there  were  no  uncertainty,  we  could  satisfy  ourselves  with  only  lower  triangular  K.  this  would  give  perfect 
f-dominance  (Y eung  and  Bryant,  1992)  and  zero  interaction.  Because  of  uncertainly,  we  may  need  to  perform 
a  pseudo  back-substitution  step  to  reduce  the  interaction  index  further. 

3)  We  could  add  phase  specifications  to  the  diagonal  component,  q[|‘‘^^l  =  H-kyp^),  to  ensure  that  as  far 
as  possible,  the  gain  is  minimum  phase  in  the  design  frequency  range.  This  is  an  area  of  further  research. 

4)  At  any  stage,  designing  kI**]  stable  ensures  that  is  stable. 

5)  Yaniv  and  Chepovetsky  (1995)  have  used  a  similar  elementary  matrix  approach,  with  all  elements  in  the  i* 
column  of  K  specified  at  once  and  an  LQ  constraint. 

6)  A  significant  benefit  of  using  this  approach  is  that  the  compensated  plant  1^  or  PK  appears  as  a  unit, 
preserving  the  benefit  (in  terms  of  ease  of  design)  of  having  G  diagonal  in  eq(7)  or  eq(8). 

7)  Designing  K  one  element  at  a  time  does  not  necessarily  lead  to  the  minimum  interaction  index  as  it  may  be 

required  to  increase  the  interaction  index,  at  some  stages  in  the  formation  of  K. 

8)  The  pN  in  eq(14)  can  be  calculated  per  plant  element,  allowing  trade-off  between  high  interaction  and  low 
interaction  plants  from  the  plant  set. 

9)  (14)  is  a  linear  fractional  mapping  in  ky  for  which  standard  CAD  tools  can  be  used  (Borgesani,  Chait  and 
Yaniv,  1995). 


2.3.  Diagonal  controller  design 

Once  the  cross-feed  matrk  has  been  designed,  standard  MIMO  QFT  may  be  used  to  design  the  diagonal 
controller,  G.  After  the  cross-feed  design,  it  may  be  necessary  to  impose  additional  sensitivity  specifications, 

— ^  <  p ,  on  the  diagonal  loops  in  order  to  achieve  (if  possible)  the  /f-matrix  condition  on  the  interaction 


matrk,  M  =  +  Gy\^]o  ,  with,  my  =  i 


[4/qy_  . 


i+fi 

0 


andp;=[Kp]y=l/q; 

i  =  j 
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For  feedback  design,  it  is  convenient  to  re-calculate  eq(l)  implicitly  as, 

(P*+G)Ty/r  =GF 

Reducing  the  individual  off  diagonal  elements  in  ^  will  ease  the  diagonal  controller  design  significantly  in 
many  practical  applications.  The  individual  diagonal  loops  are,  f  ,  and  the  i*  controller  is  designed 

via. 


tij=- 


1 

m 

V 

*  ) 
q*ii. 

1 

l  +  £i 

l  +  £i 

Z. 

^k=l,k?ti 

'"J 

II 

+ 

for  j  =  l..m. 


-  E«iiktkj 

k=l.k9si 


(16) 


2.4.  Stability  result 

The  closed  loop  system  after  design  of  K  and  G  must  be  internally  stable,  which  means  that  the  feedback 
controller  must  either  stabilise  p  unstable  plant  or  must  not  destabilise  a  stable  one.  We  assume  that  the  plant 
has  no  unstable  hidden  modes  (i.e.  no  right  hand  plane  (RHP)  pole-zero  cancellations  in  the  plant). 

Theorem:  Given  P  e  ?? ,  square  and  invertible  with  no  hidden  unstable  modes.  The  closed  loop  system  in  Fig.  2, 
TWr  =(I  +  PKG)“^PKGF 

=  (M  +  l)-‘(G{fop}D  +  l)~V 


is  internally  stable  if 

1.  F  is  stable. 

2.  K  is  unimodular  and  stable. 

3.  A,p(M(s))  <  1  for  all  seD,  the  Nyquist  contour  covering  the  right  hand  plane. 

4.  (g ^ Id  + 1)  =  diag-  . ,  with [kpL  =  l/qy  ,  is  designed  to  be  internally  stable, 

U  +  giqiiJ 


having  the  right 


hand  plane  closed  loop  poles  and  no  right  hand  plane  open  loop  pole-zero  cancellations. 


Proof.  As  F  is  stable,  Ty/R  is  only  unstable  if  (M + 1)  ^  or  (cfiff  + 1)  Ss  unstable.  As  K  is  unimodular,  its 
poles  and  transmission  zeros  are  co-incident  and  in  the  left  half  plane  by  design.  (K  may  have  non-minimum 
phase  lag  elements.)  Therefore,  no  right  hand  plane  pole-zero  cancellations  can  be  introduced  in  PK. 


Write  PK(s)  =  -!-N(s) 
d(s) 


giqii 


”gi 


dgi  dp  Aji 


1  + giqii 

in  any  (dgi  dp  Aii  +ngi  Hp).  Since  my  = 


"  det(N(s))  “d  gi(s)  =  -^.  By  assumption  (iv),  each 

is  designed  to  be  internally  stable.  Therefore  there  are  no  right  hand  plane  zeros 

—  _ 


+  ngi  Op 


dgi  dp  Ay 

dgi  dp  Ajj  -)-  ng[  Up 


,  yj,  (I+M)  has  no  right  hand  plane 


1  +  giqii  _  .  . 

poles.  By  assumption  (iii),  Xp(M(s))  <  1  V  sgD,  so  A arg{det(l  +  m)}  =  0  around  this  contour.  By  the  principle 
of  argument,  (I+M)  therefore  has  no  right  hand  plane  zeros.  This  completes  the  proof. 


Comments 

1)  It  is  impractical  and  umecessary  to  require  Xp(M)  <  1  for  all  frequencies.  At  frequencies  where  the  spectral 
radius,  p(PKG)<  1 ,  (l  +  PKG)  cannot  have  right  hand  plane  zeros,  which  means  that  the  only  unstable 

poles  are  high  frequency  unstable  poles  in  P  that  have  not  been  cancelled  by  feedback  action  (and  cannot  be 
unless  the  gain  is  increased).  The  results  of  the  theorem  above  could  be  modified  for  a  Nyquist  path  that 
covers  the  relevant  portion  of  the  right  hand  plane. 

2)  Achievement  of  ;\,p(M)  specifications  assume  that  the  specifications  on  outer  loop  [l/(l + .£  j  )j ’s  are  achieved 
and  the  A,p(M)  specifications  are  required  for  this  latter  design  to  be  valid. 
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3)  Notice  that  the  stability  result  only  requires  that  A,p(M)  <  1  for  (l  +  PKG)  eH  .We  may  specify  the  stronger 
condition  A,p(M)<0.5  to  obtain  Xp[(l+ PKG )“']<!,  i.e.  higher  level  of  decoupling  to  get 

(l  +  PKG)r^  eH  or  even,  A,p  (M)<1  / 3  (almost  decoupling  condition)  to  get  X-p ((l  +  PKG)“*  ]<  0.5 . 

4)  For  stability  alone  it  is  sufficient  to  ensure  that  a  single  plant  in  a  connected  plant  set  is  stable  and  deduce 
stability  for  the  remaining  elements  of  the  plant  set  from  the  continuity  of  poles  with  respect  to  parameters  of 
linear  transfer  functions. 

5)  Requiring  the  y  <  1  at  some  frequency  for  a  2x2  system  is  equivalent  to  requiring  the  compensated  system, 

||t  ift 

P*  =  KP  to  have  pn  P22  >  P21 P12  •  Similar  results  may  be  derived  for  larger  systems. 

2.5.  Pre-filter  design 

Once  the  feedback  loop  design  has  been  fixed,  the  tracking  response  can  be  enhanced  by  means  of  a  pre-filter 
matrix,  F.  Generally  in  QFT  design  for  basically  non-interacting  specifications,  the  feedback  controller  would  be 
designed  (with  sufficiently  high  gain  at  the  relevant  frequencies)  to  achieve  specified  reduction  in  uncertainty  of 
the  diagonal  closed  loop  elements  and  sufficiently  small  off-diagonal  elements.  The  pre-filter  would  then  have 
only  diagonal  elements,  (F  =  diag{fii})  designed  to  match  the  compensated  diagonal  elements  to  the  client’s 
specifications.  In  our  approach,  if  it  is  possible  to  obtain  a  low  open  loop  interaction  index,  we  are  only  assured 
of  generalised  triangular  behaviour.  If  there  are  no  non-minimum  phase  or  plant  input  constraints,  it  is  then 
possible  to  design  the  diagonal  controller  matrix,  G,  with  high  enough  gain  at  all  frequencies  to  achieve  arbitrary 

tracking  performance.  In  practical  designs  this  will  seldom  be  the  case.  Suppose  that  T  =  (I  +  L)“^  L  is  almost 
lower  triangular  or  can  be  made  almost  lower  triangular  by  row  and  column  swapping.  By  “almost  lower 
triangular^’,  we  mean  that  the  elements  above  the  diagonal  are  significantly  smaller  than  the  other  elements.  If  the 

uncertainty  in  off-diagonal  elements  of  (I  +  L)"^L  is  not  too  large,  it  may  be  possible  to  reduce  interaction  in 
the  off  diagonal  tracking  behaviour  (Ty/R  =TF  )  by  designing  off-diagonal  elements  in  F  in  a  straightforward 
maimer  as  discussed  by  Boje  and  Nwokah,  1997. 


3.  Digital  controller  design  for  the  UH-60  Black  Hawk  helicopter 

3.1  Digital  design  in  the  w-domain 

In  this  and  many  other  control  problems,  design  for  digital  implementation  has  often  been  based  on  somehow 
discretising  a  continuous  time  design.  The  difficulty  with  this  approach  is  that  sampling  effects  at  high  frequency 
are  not  properly  taken  into  account.  We  prefer  to  design  in  the  w-domain  directly.  As  the  s-  and  w-  domains  are 
nearly  equivalent  at  low  frequency,  there  is  almost  no  approximation  error  in  simply  using  the  s-domain 
specifications.  This  enables  an  exact  design  to  be  carried  out  provided  the  specifications  are  in  file  w-domain. 
The  w-domain  correctly  captures  high  frequency  sampling  effects.  As  the  client  has  fixed  the  sampling  rate, 
Ts=l  Sms,  we  get  directly  to  the  w-domain  via  the  z-transforra: 

P(w)  =  P7(z)|_  l+wT/2  =(c(lz-Ar>)Bnl|_  l+wT/2 

l-wT/2  l-wT/2 .  ngi 

«P3{wXi-wT/2) 


(See  Eitelberg,  1988,  Boje,  1990  and  Eitelberg  and  Boje,  1991.)  AD=e^^s  and  for  zero  order  hold. 


Br 


D  =jf®e'^''diB. 


A 

b‘ 

C 

0 

is  the  state  space  system  for  the  design  model  which  includes  the  plant,  actuators 


and  sensor  effects.  Computational  delay,  2 


l-wT/2 
l  +  wT/2 


is  added  after  discretisation.  The  rotor  delay  is 


included  in  the  continuous  time  model,  sampling  effects  are  taken  care  of  in  the  s  ->  w  domain  transformation 
and  computation  delay  is  explicitly  included.  Continuous  time  sensor  and  actuator  models  are  inclided  in  the 
plant  dynamics  before  discretisation. 


3.2  Crossfeed  design 

This  section  will  examine  the  application  of  pseudo-Gauss  elimination  to  a  single  cross-feed  element  of  the 
helicopter.  The  cross-feed  selected  is  the  (4,3)  element,  from  measured  heave  controller  output  to  tail  rotor 
collective  input.  This  has  been  found  to  have  the  most  significant  effect  on  the  interaction  over  the  set  of  given 
models. 
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To  illustrate  the  use  of  differentiated  specifications,  we  will  apply  different  constraints  to  two  model  subsets  by 
specifying  improved  performance  in  the  more  probable  cases  ({More  Probable}  =  (Most  Probable}  u  {Less 
Probable})  at  the  expense  of  lower  but  still  acceptable  performance  in  the  least  probable  cases.  A  final  feedback 
design  also  requires  consideration  of  actuator  and  sensor  dynamics.  These  do  not  affect  the  interaction  index  as 
they  are  diagonal  matrices  but  may  affect  the  cross-feed  design  if  phase  lag  constraints  (mentioned  in  Section  2) 
are  included. 


The  (4,3)  cross-feed  design  has  the  following  structure. 
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Fi^e  3  illustrates  the  interaction  index  for  the  uncompensated  plant,  P.  It  is  expected  that  either  through  the 
action  of  the  pilot  or  diagonal  controller  (auto-pilot),  acceptable  performance  can  be  obtained  at  frequencies 
below  1  rad/s.  Decoupling  by  means  of  cross-feed  is  therefore  required  in  the  gain  cross-over  region,  from  1  to 
10  rad/s.  Figure  4b  shows  fee  detail  of  the  worst  (maximum)  cases  for  {More  Probable},  and  {Least  Probable} 
subsets  in  this  design  region.  Fig  4  shows  the  following  hypothetical  client  specifications  for  interaction 
reduction: 

a)  {More  Probable}  :  A,spec  <  min{0.9, 0.8  x  X} 

b)  {Least Probable}  :  ^^pec  <min{1.2,0.8xA.} ,  ^sp^c  1.4 form <1.25 

Of  course  knowledge  about  what  is  achievable  and  the  extent  of  trade-off  permissible  between  the  plant  sub-sets 
is  embedded  in  these  specifications. 


Using  these  values,  the  design  in  eq(14)  becomes. 


l  +  k43  P33/P43 


1  +  ^43  P34/P44 


<  P43  with  P43  = 


''Spec 


h43|(y4X3) 


(19) 


The  (4,3)  cross-feed  provides  tail  rotor  collective  to  compensate  for  the  change  in  yaiving  torque  caused  by 
change  main  rotor  collective  in  the  heave  channel.  This  makes  physical  sense.  Figure  5  shows  the  minimum 

product  of  interaction  index  sensitivity  and  M  matrix  element,  |mij|(yiXj),  for  the  off-diagonal  elements  of  P  to 

partially  (as  the  minimum  may  not  represent  the  worst  case)  illustrate  why  the  (4,3)  element  is  a  good  candidate 
from  the  point  of  view  of  the  model  data.  Small  values  for  other  channels  would  result  in  large  exponents  in  the 
calculation  of  the  corresponding  py  in  eq(14)  and  this  means  that  cross-feed  in  those  channels  will  achieve  very 
modest  reduction  of  the  interaction  index. 


The  log-polar  plane  (modified  Nichols  Chart)  in  Figure  6  shows  the  design  bounds  on  k43  at  0=2  for  the  entire 
plant  set.  If  a  single  specification  had  been  used  for  all  the  elements  of  the  plant  set,  each  subset  would  have 
generated  a  small  feasible  region,  and  the  intersection  of  these  feasible  regions  would  have  no  intersection.  As 
shown  in  Figure  6,  the  specifications  have  been  made  so  tight  that  the  intersection  is  very  small.  This  intersection 
is  shown  as  a  shaded  region  in  Figure  7  (which  has  a  different  scale).  Figure  7  shows  the  intersection  of  bounds 
for  the  {More  Probable}  and  {Least  Probable}  subset  specifications  independently  at  the  design  frequencies, 
(B  =  [1,1.5,2,3,4,6,8,10]  rad/s.  Figure  7  also  shows  the  cross-feed  design  given  by  the  stable  but  not  minimum 
phase  lag, 

.  -0.125(-w/2-H)(w/1.75  +  l) 

(w/2.4)2  +  0.8w/2.4  +  l 

This  design  satisfies  the  {More  Probable}  specifications  but  as  the  intersection  of  the  specification  boimds  is 
empfy  at  most  frequencies,  cannot  satisfy  simultaneously  the  {More  Probable}  and  {Least  Probable} 
specifications.  Clearly,  a  final  design  would  need  to  relax  the  specifications  until  the  feasible  region  is  large 
enough  to  enable  a  design.  The  trade  off  between  the  specifications  for  different  plant  subsets,  the  resulting  size 
of  the  feasible  region  and  resulting  controller  complexity  requires  engineering  skill. 
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Figure  8  shows  the  reduction  in  worst  case  interaction  index  for  the  three  cases.  As  expected  from  Figure  7,  the 
specifications  for  the  {Least  Probable}  set  have  not  been  met.  There  are  also  less  serious  violations  of  the 
specifications  for  the  (More  Probable)  cases  that  can  be  attributed  to  file  fact  that  the  specification  of  P43  was 
based  on  differential  sensitivity  considerations. 


The  only  remaining  cross-feed  element  that  results  in  a  useful  reduction  in  interaction  is  the 
the  design  is, 

.  2.3(w/0.36  +  l) 

ki4  = - 

w/O.07  +  1 


(1,4)  element  where 


(21) 


Although  direct  comparison  is  unfair  because  of  different  design  objectives,  the  interaction  index  of  the 
compensated  plant  compares  favourably  with  the  design  in  Cheng,  Tischler  and  Biezad  (1995)  (their  crossfeed  is 
more  densely  populated,  using  7  out  of  a  possible  12  elements).  Their  crossfeed  design  produces  somewhat  lower 
interaction  over  the  {More  Probable)  plant  set  at  the  expense  of  slightly  higher  worst  case  interaction. 


3.3.  Feedback  design 

Because  of  the  very  large  uncertainty,  especially  at  low  frequency,  as  a  first  cut,  we  design  controllers  to  give 
high  bandwidth  with  adequate  margins  and  moderate  gains.  Our  experience  with  QFT  design  is  that  the  approach 
of  over-bounding  design  equations  with  the  specifications,  thereby  neglecting  phase  information  and  the  effects 
of  ordering  amongst  plant  cases,  often  leads  to  designs  requiring  unrealistic  or  unachievable  bandwidth  to  meet 
the  user’s  requirements.  A  first  cut  at  the  design  gives  good  information  (i.e.  insight)  about  likely  phase  and  gain 
of  channels  for  which  a  refined  design  is  still  to  be  performed.  The  controllers  here  are  a  seat-of-the-pants  design 
for  illustration.  For  the  pitch  and  roll  axis,  designs  are  P-D  type,  corresponding  to  attitude-command,  attitude- 
hold  type  of  performance  and  rate  signals  could  be  used  to  obtain  the  derivative  action.  The  designs  roll  off  at 
high  frequency,  and  this  may  be  implemented  as  sensor  filtering  or  in  the  forward  path.  The  heave  and  yaw  axes 
are  rate-command,  rate-hold  systems  and  the  controllers  are  P-I  type,  where  the  integral  term  may  obtained  from 
measured  height  and  yaw  angle  or  from  integration  in  the  controllers.  Much  more  sophisticated  controllers  may 
designed  or  tuned  using  the  insight  obtained  from  applying  the  QFT  philosophy  of  Horowitz  (1979,  1982,  1991, 
1992)  rigorously.  As  the  interaction  index  is  less  than  unity  from  1  to  15  rad/s  for  the  {More  Probable)  plant 
cases  (and  in  a  more  restricted  range  for  the  entire  plant  set),  single  loop  designs  are  justifiable  around  these  mid 
frequencies.  The  initial  designs  were  performed  based  only  on  robustness  margins  for  the  sensitivity  and 
complementaiy  sensitivity  only.  Level  sets  on  the  nominal  plant  were  obtained  over  the  entire  plant  set  for 
ll/{l  +  ^i]|<Ys,  |fi/(l  +  fi)|  <  Yc  •  0  and  6  dB  sets  were  used  for  convenience  but  more  detailed  specifications 
such  as  minimum  and  maximum  tracking  specifications,  input  constraints,  etc.  could  be  added.  A  good  reason  for 
not  taking  this  initial  design  too  seriously  is  provided  by  Tischler,  et  al  (1990):  The  roll  rate  gain  was  reduced 
from  6.0  (initial  simulation)  to  2.4  (final  design)  to  1.3  (flight-tested)  -  a  reduction  of  13dB! 

None  of  the  other  authors  who  have  worked  on  this  problem  seem  to  have  explained  how  to  start  the  feedback 
design!  As  a  result  of  varying  number  of  open  loop,  right  hand  plane  poles  in  fiie  system,  it  is  not  obvious  how  to 
choose  a  controller  that  stabilises  all  the  plants  simultaneously.  The  culprit  is  a  crowd  of  body  modes  near  the 
origin.  The  design  produced  here  is  closed-loop  stable  for  the  whole  plant  set.  As  these  modes  are  file  result  of 
linearisation  etc,  it  probably  does  not  matter  much  whether  they  are  in  the  left  or  right  hand  plane  as  they  will 
cause  slow  drift  away  from  the  trim  position  in  the  real  system.  A  reasonable  approach  is  to  make  the  “stability” 
assessment  boundary  include  a  semi-circle  of  radius  say  1/60  (i.e.  1  minute  time  constant)  into  the  right  hand 
plane  at  the  origin.  Any  slow  instabilities  can  easily  be  controlled  by  the  pilot  or  may  vanish  (be  stable)  in  the 
actual  non-linear,  uncertain,  time  varying  system. 

The  first-cut  controllers  below  are  illustrated  in  Figure  9. 
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roll  angle  _  3(w/5  +  l) 

(w  /30)^  +  2  X  0.4  X  (w  /30)  + 1 

heave  _-0.7(w/2  +  l) 

w(w/20  +  l) 

pitch  angle  10(w/2+l) 

g2  - - :r^ - - - 

(w/30)^+2x0.5x(w/30)+l 

yaw  rate _ 0.75(w/0.1  +  l) 

w(w/30  +  l) 

3.4  Pre-filter  elements 

In  the  design  presented  in  Ukpai,  Boje  and  Nwokah  (1999?),  off-diagonal  pre-filter  elements  are  used  to  reduce 
coupling  in  the  tracking  behaviour.  For  this  paper,  v/e  will  use  only  diagonal  pre-filter  elements  to  roughly  satisfy 
the  tracking  specifications  used  by  Cheng,  Tischler  and  Biezad  (1995).  The  following  basic  pre-filters  achieve 
the  results  illustrated  in  Figures  1 0  and  11: 


roll  angle  ^  w/1.5  +  1 

"  (w/2.5)^+2x0.75x{w/2.5)+l 

f33-(»'>'3?+2x0«x(w/1.3)+l 
(w/0.9f +2x0.7  x(w/0.9)+l 

pitch  angle  1 

command  hi 

yaw  rate  1 

command  ^22 

3.5  Simulated  response 

Of  course,  the  real  test  of  system  design  is  through  piloted  simulation,  prototyping  and  implementation.  Our 
controller  designs  have  been  tested  more  modestly  by  simulation  for  conformance  with  some  flying  quality 
specifications  of  ADS33D  in  Ukpai,  Boje  and  Nwokah  (1999?).  Due  to  space  constraints,  only  one  test  is 
illustrated  in  Figure  12.  This  is  a  pulse  input  in  the  roll  angle  channel.  ADS33D,  Specification  3.2.6  expects- 
Tor  a  pulse  actuator  input  the  pitch  and  roll  attitudes  must  return  to  within  +10%  of  the  peak  excursion 
in  less  than  10  seconds”. 

4.  Conclusion 

This  paper  has  shown  the  use  of  the  Perron  root  interaction  index  as  a  measure  of  the  level  of  coupling  in  the 
linear  model  of  the  UH  60  helicopter.  A  dynamic  crossfeed  has  been  designed  to  reduce  the  interaction.  This 
eases  the  feedback  loop  design  by  reducing  overdesign  and  justifying  single  loop  at  a  time  methods.  If  the 
crossfeed  is  used  when  the  feedback  connection  is  open,  the  pilot  workload  should  still  be  reduced.  In  die 
absence  of  client  specifications,  a  full  QFT  design  following  standard  practice  has  not  been  attempted.  The 
design  would  be  somewhat  complicated  (and  tedious)  because  of  the  high  level  of  coupling  at  low  frequency, 
non-minimum  phase  lag  constraints,  fair  dimension  and  high  (client)  expectations.  A  first  cut  design  was 
presented  that  is  comparable  to  previously  published  results. 
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Figure  6  -  Bounds  on  k43  at  oo  =  2  for  all  plant  cases.  Final  design  must  be  in  the  intersection  indicated  by 
“INSIDE”  to  satisfy  the  specifications 

INTERSECTION  OF  BOUNDS  AND 


Figure  7  -  Design  of  k43(jffl)  shown  in  bold.  LlP=h®ast  Probable”  specifications,  MP  =  “Most  Probable 
and  “Less  Probable”  specifications. 
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Figure  10  -  Pitch  and  roll  axis  response  and  coupling 


[rad/s]  [rad/s] 


Figure  11  -  On-axis  responses. 

(Dotted  lines  in  Fig.  10  and  11  are  speciHcations  used  in  Cheng,  Tischler  and  Biezad, 
1995  for  [1, 10]  rad/s  in  the  rotating  axes  and  [0.2, 2]  rad/s  in  heave.  These  specifications 
were  not  used  explicitly  in  our  design  and  are  for  information  only.) 
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Abstract 

A  longitudinal  axis  controller  is  designed  for  the  HIRM  benchmark  problem  using  |X-synthe- 
sis.  Special  effort  is  spent  on  how  integrator  action  should  be  included  in  the  controller  in 
order  to  achieve  desirable  properties.  Results  from  linear  and  non-linear  simulations  are  also 
presented. 


Introduction 

GARTEUR  is  a  European  organisation  that  aims  at  stimulating  and  coordinating  cooperation 
between  research  establishments  and  industries  in  the  areas  of  aerodynamics,  flight  mechan¬ 
ics,  helicopters,  structures,  materials,  and  propulsion  technology.  Joint  research  work  is  per¬ 
formed  in  Action  Groups  specifically  established  for  different  fields. 

In  1995  an  Action  Group  on  Robust  Flight  Control  was  formed.  About  20  organisations  from 
different  European  countries  participated.  Sweden  was  represented  by  SAAB  AB  and  the 
Automatic  Control  Group  at  Linkoping  University.  One  of  the  objectives  of  this  Action  Group 
was  to  demonstrate  the  application  of  robust  control  techniques  to  aircraft  control  law  design 
problems.  In  order  to  achieve  this,  a  robust  flight  control  benchmark  problem  was  defined  for 
the  aircraft  model  HIRM  (High  Incidence  Research  Model),  [1].  In  [1]  different  solutions  to 
the  design  problem  are  presented.  The  design  methods  used  included  LQ  methods,  Loop 

Shaping,  ^.-Synthesis,  Nonlinear  Dynamic  Inversion  and  the  Robust  Inverse  Dynamics  Esti¬ 
mation  approach.  SAAB  AB  contributed  with  a  controller  designed  using  ^.-synthesis. 

|i-synthesis  is  a  design  method  that  have  been  successfully  applied  to  flight  control  problems, 
[2],  [3],  [4]  and  [5].  In  some  applications,  ^.-synthesis  have  been  used  in  combination  with 
Nonlinear  Dynamic  Inversion,  [4],  [5].  There  are  several  reasons  for  choosing  |x-synthesis  as 
design  method.  Traditionally,  handling  qualities  are  expressed  in  terms  of  low  order  transfer 
functions.  Requirements  formulated  this  way  are  suitable  to  handle  within  the  p  framework. 
Furthermore,  the  design  method  is  a  multivariable  method  that  can  handle  simultaneous 
requirements  on  different  signals  to  be  controlled  by  use  of  several  control  effectors.  Finally 
the  level  of  control  activity  and  robustness  issues  can  be  taken  into  account. 

In  a  flight  control  system  for  the  longitudinal  dynamics  it  is  desirable  to  include  integrator 
action,  usually  referred  to  as  trim.  In  the  contribution  by  SAAB  AB  in  [1],  integrator  action 
was  forced  into  the  controller  by  using  weighting  functions  with  very  high  low  frequency  gain. 
However,  since  one  of  the  drawbacks  with  controllers  designed  by  |Li-synthesis  is  &e  lack  of 
structure  of  the  controllers,  the  integrator  is  not  visible  to  the  designer.  In  order  to  be  able  to 
use  antiwindup  methods  in  case  of  control  saturation,  the  integrator  must  be  visible  in  the  con¬ 
troller.  It  is  possible  to  extract  the  integrators  from  a  |X-controller,  but  in  this  paper  a  different 
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approach  is  used.  The  integrator  is  kept  visible  by  feeding  the  output  from  the  integrator  to  the 
p,-controller. 


Problem  formulation 

The  HIRM  model  represents  a  typical  modem  twin  engined  combat  aircraft.  However,  it  is 
basically  stable.  Considering  only  the  longitudinal  motion,  the  pilot  commands  are  longitudi¬ 
nal  stick  deflection  and  throttle  lever.  Available  control  signals  are  taileron,  canard  and  left 
and  right  throttle.  However,  the  engines  are  supposed  to  operate  symmetrically. 

According  to  the  specifications  the  longitudinal  stick  deflection  shall  control  pitch  rate  while 
the  throttle  lever  should  control  air  speed. 

The  design  envelope  is  Mach  0.15  to  0.5, 100  to  20000  ft  altitude  and  -10  to  30  degrees  angle 
of  attack.  Within  this  envelope,  the  Flight  Control  System  (FCS)  shall  give  good  handling 
qualities  and  provide  robustness.  The  handling  qualities  are  expressed  as  requirements  on  the 
pitch  rate  and  pitch  attitude  responses.  It  is  desirable  to  design  a  fixed-gain  FCS  that  avoids 
traditional  gain-scheduling,  which  implies  that  the  FCS  must  be  robust  to  the  variations  in  air¬ 
craft  dynamics  in  the  considered  flight  envelope. 

When  there  are  several  control  effectors,  these  must  be  used  in  an  efl&cient  way,  such  that  they 
do  not  counteract  each  other.  Here,  the  taileron  is  the  most  efficient  control  surface,  while  the 
canard  gives  a  minimum-phase  response.  Thus  it  was  decided  to  use  both  control  surfaces  for 
manoeuvring,  while  only  use  taileron  for  trim. 

Controller  structure 


The  chosen  controller  stmcture  is  shown  in  Figure  1 .  It  consists  of  a  linear  part,  designed  by  |i- 
synthesis,  providing  robustness  and  handling  qualities.  Longitudinal  stick  deflection  and 
throttle  position  are  transformed  to  pitch  rate  and  air  speed  commands  respectively.  The  p- 
controller  uses  pitch  rate,  q,  and  air  speed,  V,  as  feed-back  signals.  The  pitch  rate  command  is 
filtered  through  a  response  model,  and  the  error  between  desired  response  and  pitch  rate  is 
integrated  and  fed  to  the  linear  controller.  The  controller  employs  a  generalized  aerodynamic 
control  signal  and  throttle  position.  The  aerodynamic  control  signal  is  then  fed  to  the  taileron, 
5xs  and  the  high-pass  filtered  control  signal  is  fed  to  the  canard  6cs.  This  construction  gives 
the  controller  the  desired  property  only  to  use  taileron  for  trim.  The  throttle  command  is  fed  to 
the  right  and  left  throttle  positions  5thi  and  8th2-  bi  order  to  take  care  of  the  variations  in 
dynamic  pressure,  which  affects  the  control  surface  effectiveness,  the  controller  demands  are 
scaled  with  dynamic  pressure  before  being  fed  to  the  actuators. 
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Figure  1;  Controller  structure 

The  interconnection  structure 


Within  the  |X  framework,  robustness  and  performance  design  criteria  are  taken  care  of  by 
means  of  augmenting  the  open  loop  dynaimcs,  here  the  aircraft  model,  with  transfer  functions 
that  reflect  the  requirements.  The  augmented  system  is  usually  referred  to  as  the  interconnec¬ 
tion  structure.  The  interconnection  structure  for  this  problem  is  shown  in  Figure  2  and  con¬ 
sists  of  the  aircraft  model  augmented  by  uncertainty  models,  ideal  response  models  and 
weighting  functions.  In  the  interconnection  structure  the  disturbances  signals,  control  signals, 
error  signals  and  measurement  signals  are  defined.  Below  the  different  components  of  the 
interconnection  structure  are  described  shortly. 

The  approach  was  to  carry  out  the  design  for  a  flight  case  in  the  middle  of  the  flight  envelope. 
By  making  the  controller  robust  and  scaling  the  control  signals  with  dynamic  pressure,  one 
fixed-gain  controller  could  be  used  in  the  considered  flight  envelope.  As  design  flight  case, 
Mach  0.3  at  5000  ft  altitude  was  chosen.  The  aircraft  model  in  the  interconnection  structure  is 
the  linearized  longitudinal  dynamics  at  the  design  flight  case.  The  model  includes  engine 
dynamics.  The  model  states  are  air  speed ,  angle  of  attack,  pitch  rate  and  two  engine  states. 
Since  only  symmetric  throttle  positions  will  be  considered,  the  effect  of  the  two  engines  are 
added. 

In  the  design  it  was  not  found  necessary  to  include  actuator  dynamics,  while  the  time  delay  in 
the  sensors  was  significant.  It  was  thus  decided  to  approximate  the  sensor  dynamics  with  a  first 
order  Fade  approximation  corresponding  to  a  time  delay  of  50  ms. 

The  different  disturbance  signals,  i.e.  axial  and  vertical  wind  gusts,  pilot  commands  and  meas¬ 
urement  noise,  are  all  weighted  with  transfer  functions  that  reflect  the  magnitude  and  fre¬ 
quency  content  of  the  different  signals.  Note  that  measurement  noise  is  also  added  to  the 
integrated  error  signal. 

A  structured  complex  multiplicative  uncertainty  at  the  input  of  the  aircraft  model,  results  in 
small  control  surface  deflections  and  also  introduce  stability  margins. 

Handling  qualities  are  achieved  by  introducing  tracking-error  signals.  The  tracking  error  is 
the  difference  between  the  ideal  response  model  and  the  actual  signal.  The  pitch  rate  ideal 
response  model  is  given  by  using  [6]  according  which  the  handling  qualities  at  the  design 
flight  case  should  be  equivalent  with  a  second  order  system  with  a  natural  frequency  of  3  rad/s 
and  damping  ratio  greater  than  0.35.  Here  a  damping  ratio  of  0.8  was  chosen.  Furthermore,  in 
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order  to  get  desired  properties,  a  zero  at  -1.2  is  introduced.  The  air  speed  ideal  model  was  cho¬ 
sen  as  a  first  order  transfer  function  with  time  constant  Is,  which  corresponds  to  the  require¬ 
ments  in  [1].  Then  a  pitch  rate  error  signal  and  an  air  speed  error  signal  are  created.  The  errors 
are  weighted  and  the  inverse  of  the  weight  indicates  how  big  steady-state  tracking  errors  due 
to  command  input  or  gust  disturbance  are  allowed. 

In  order  to  achieve  a  controller  that  fulfils  the  requirements,  some  of  the  transfer  functions 
mentioned  above  are  used  as  design  parameters.  By  adjusting  the  noise  weighting  transfer 
functions  of  the  different  feedback  signals,  the  amount  of  pitch  rate,  air  speed  and  integrated 
pitch  rate  error  that  are  used  by  the  controller  can  be  affected.  This  was  used  in  order  to 
achieve  the  desired  property  that  the  integrator  should  work  that  fast,  that  the  effect  of  the  inte¬ 
grator  is  included  in  the  dynamic  response.  Furthermore  the  transfer  functions  weighting  the 
pitch  rate  error  and  air  speed  error  are  adjusted  until  a  reasonable  level  of  tracking  is  achieved. 


Figure  2:  Interconnection  structure 


Controller  design 

From  the  interconnection  structure  presented  in  the  previous  section,  the  open-loop  design 
model  was  derived.  The  design  model  had  22  states,  10  outputs  and  12  inputs. 

A  controller,  K,  was  designed  using  the  D-K-iteration  procedure.  The  first  step  in  D-K  itera¬ 
tion  involves  controller  design  in  which  a  controller  that  minimizes  the  infinity  norm  of 

the  closed-loop  system  is  found.  The  second  step  in  D-K-iteration  consists  of  |i,-analysis  of 
the  closed-loop  system.  Transfer  functions  are  fitted  to  the  frequency  dependent  scaling  varia¬ 
bles  that  are  produced  in  the  analysis.  The  original  open-loop  design  model  is  augmented  with 
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these  transfer  functions,  and  used  in  the  next  iteration.  After  three  iterations  the  design  had 
converged.  The  final  y ,  i.e.  the  infinity  norm  of  the  closed-loop  system,  achieved  was  0.73, 
which  implied  that  the  performance  requirements  were  achieved.  Here  constant  transfer  func¬ 
tions  were  fitted  to  the  scaling  variables,  so  the  D-K  iteration  procedure  did  not  increase  the 
order  of  the  design  model  and  the  resulting  controller  was  also  of  order  22.  The  controller 
order  was  reduced  using  a  model  reduction  technique.  The  final  controller  achieved  after 
model  reduction  was  of  order  8.  The  controller  was  stable  and  all  poles  are  well  damped.  For  a 
more  detailed  description  of  jx-synthesis,  D-K  iteration  and  model  reduction,  see  [7]. 

Analysis  of  the  controller 

The  properties  of  the  controller  were  analysed  using  linear  and  non-linear  simulations. 

In  the  linear  simulations  environment  actuator  dynamics  were  added.  The  simulations  of  a  step 
command  in  pitch  rate  of  5  deg/s  resulted  in  responses  that  were  almost  identical  within  the 
considered  flight  envelope.  The  simulations  were  carried  out  at  Mach  0.3  and  1500  m 
(dashed),  Mach  0.4  and  3000  m  (dash-dotted)  and  at  Mach  0.5  and  4500  m  (dotted).  The  con¬ 
trol  surface  deflections  and  rates  were  small,  and  the  desired  use  of  control  surfaces  was 
achieved.  From  the  simulations  it  is  found  that  the  integrator  is  fast  enough  such  that  the  effect 
of  the  integrator  is  well  included  in  the  dynamic  response. 


Time  [s] 

Figure  3;  Responses  to  pitch  rate  command  in  linear  simulations 
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NonHnear  simulations  were  carried  out  using  a  6-degree-of-freedom  Fortran  model,  integrated 
with  Simulink.  The  model  included  sensor  and  actuator  models  according  to  [1].  A  pitch  rate 
command  of  5  deg/s  was  applied  at  the  flight  cases  that  were  studied  by  linear  simulations,  and 
the  responses  are  shown  in  figure  4.  The  controller  shows  very  similar  pitch  response  for  the 
different  flight  cases. 


Figure  4:  Responses  to  pitch  rate  command  in  nonlinear  simulations. 


Conclusions 

A  longitudinal  controller  was  designed  using  |r-synthesis.  ji-synthesis  was  found  to  be  a  suita¬ 
ble  method  to  design  controllers  for  flight  applications  due  to  the  easy  way  handling  qualities 
requirements  and  robustness  considerations  can  be  handled  in  the  design.  One  drawback  how¬ 
ever,  is  that  the  controller  order  is  sometimes  high,  and  the  “black-box”  structure  of  the  con¬ 
trollers.  In  the  design  presented  here,  an  effort  to  make  the  integrator  action  visible  was  done. 
The  chosen  controller  structure  included  integrator  action  in  a  way  that  antiwindup  schemes 
could  be  applied.  Furthermore  the  controller  fulfilled  the  objectives  on  control  surfaces  usage. 

The  controller  performed  well  within  the  design  envelope  considered.  This  was  verified  using 
linear  and  nonlinear  simulations. 
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Abstract 

A  very  crucial  problem  for  real  MIMO  systems  is  the  loop  interaction  reduction  under 
the  presence  of  uncertainty.  In  this  paper,  we  analyse  the  role  played  by  the  non¬ 
diagonal  elements,  in  order  to  study  the  use  of  fully  populated  controller  matrices  to 
achieve  robust  performance  and  loop  decoupling.  So  that,  the  definition  of  a  new 
coupling  matrix  comes  in  useful  to  quantify  the  amount  of  loop  coupling.  This  yields  a 
criterion  that  permits  us  to  propose  a  sequential  design  methodology.  Finally,  a  simple 
numerical  example  is  included  to  show  the  practical  use  of  this  technique. 


1.  Introduction 

Consider  a  nxn  linear  multivariable  system,  as  shown  in  Fig.  1,  composed  by  a  plant  P,  a  non¬ 
diagonal  controller  G,  and  a  prefilter  F,  where  PeP  and  P  is  a  set  of  possible  plants  due  to 
uncertainty.  . 


Fig.  I  Control  structure  of  a  2  DOF  system 


The  transfer  function  matrix  of  the  system  can  be  written  as, 

y  =  [HrPGYPGFr..TFr  =  T^^r  (1) 

where  all  the  matrices  are  n  x  n . 

Let  us  consider  the  quantitative  feedback  design  problem  [1]  of  specifying  a  fully  populated 
controller  G,  and  a  prefilter  F,  to  achieve  certain  tracking  specifications  y4(ffl)  =  and 

B{(o)  =  {ftyCffl)}  for  the  function  Ty/R  =  }» 

ay  (m)  ^  |r  {j  a})\  <  b-.  {ai)  (2) 

For  a  system  defined  as  above,  the  different  roles  of  P  and  G  must  be  emphasized.  As  well  as  the 
feedback  controller  G  guarantees  the  robust  performance  -as  regards  stability,  uncertain  and 
coupling  influence  reduction,  and  disturbance  rejection-,  the  prefilter  F  shapes  the  closed-loop 
system  performance  to  fit  the  tracking  specifications. 

In  the  last  decades,  many  papers  that  deal  with  the  design  of  controllers  for  uncertain  systems  have 
appeared:  the  Inverse  Nyquist  Array  [2],  the  Direct  Nyquist  Array  [3],  the  Perron-Frobenius  root 
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method  [4],  the  Individiual  Channel  Analysis  and  Design  -ICAD-  [5],  etc.  In  the  QFT  frame, 
Horowitz  [1]  started  to  use  Schauder's  fixed  point  theory  to  analyse  and  design  MMO  controllers. ' 

^agously  to  the  gamma  function  of  ICAD,  this  work  studies  the  coupling.  However,  here  it  is 
included  the  effect  of  the  controller  non-diagonal  elements  on  the  transfer  function  matrix  of  the 
system  in  order  to  state  a  design  criterion  to  reduce  the  coupling  influence.  This  leads  to  the 
development  of  a  design  methodology  for  non-diagonal  controllers. 

The  arrangement  of  this  paper  is  the  following.  In  Section  2  the  theoretical  principles  used  by 
Horowitz  [1]  are  explained,  making  up  the  starting  point  of  the  present  paper.  In  Section  3,  some 
hypotheses  are  suggested  to  simplify  the  study  of  the  coupling  taking  into  account  the  action  of  the 
controller  non-diagonal  elements,  and  the  effect  of  plant  uncertainty.  A  new  matrix  that  represents 
the  coupling,  can  be  used  to  find  a  design  criterion  for  these  non-diagonal  elements  of  the 
controller.  This  yields  an  optimum  non-diagonal  controller  element  for  decoupling.  In  Section  4,  a 
non-diagonal  controller  design  technique  based  on  the  above  is  described,  and  a  simple  example  is 
included  to  show  the  proposed  methodology.  Section  5  concludes  the  paper  highlighting  the  most 
relevant  ideas. 


2.  Theoretical  principles 


As  we  can  see  in  Eq.  (1),  there  are  transfer  functions  of  G  and  another  transfer  functions  of  F 
to  accomplish  the  tracking  specifications  defined  by  A(q))  and  B{co)  in  Eq.  (2).  However,  each 
element  rj®  of  depends  on  eveiy  controller  element  gy.  These  expressions  of  are  veiy 
complex  to  analyse.  So,  taking  them  into  account  we  cannot  study  the  effect  of  the  non-diagonal 
elements  gy  Therefore,  it  is  necessary  to  transform  somehow  the  nxn  multivariable 

system  to  get  a  simpler  analysis. 


The  study  realised  in  this  paper  about  the  controller  non-diagonal  elements  is  based  on  the 
reduction  of  the  MMO  system  of  Eq.  (1)  into  rp-  equivalent  SISO  systems.  This  technique  was 
previously  justified  by  Horowitz  -[1]  and  [6]-. 


Such  a  reduction  is  solved  anagously  to  Horowitz  et  al.  -[6]  and  [7]-,  and  it  takes  the  expression  of 
T  deduced  from  Eq.  (1)  as  the  starting  point  to  write. 


r.r'=(/+(p.)-' -aX -if,)'  ■[(?. 


(3) 


where  P  is  the  plant  inverse,  and  P^,  P^,  and  the  diagonal  part  -subscript  d-  and  non¬ 
diagonal  part  -subscript  b-  of  P  and  G  respectively. 


In  order  to  design  the  controller  G,  a  set  of  acceptable  complementary  sensitivity  functions 
=  \cij  }  is  defined  from  the  tracking  specifications  A(a>)  and  as  in  [8]. 


Horowitz  -[1]  and  [6]-  proposed  the  Schauder’s  fixed  point  theory  to  develop  a  synthesis  technique 
suitable  for  MMO  systems.  To  do  so,  he  defined  a  mapping  l^YiTi)  from  Eq.  (3),  based  upon  a 
unit  impulse  input,  so  that, 

-k  +  (g.  -(a  +G,).r,)]  (4) 

where  Tj  eT  . 

Now,  looking  at  Eq.  (4),  we  can  see  two  different  terms: 
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i.  On  the  one  hand, 

yd(7’i)  =  (^  +  {A)'' -G,]' -(p.y  G,  (5) 

is  a  completely  diagonal  stracture.  It  is  equivalent  to  a  reference  tracking  MIMO  system  of  a  plant 
equal  to  (p^)  '  controlled  by  a  diagonal  Ga  with  unity  feedback.  It  is  also  equivalent  to  n  SISO 
systems,  as  in  Fig.  2. 


Fig.  2  J-th  equivalent  SISO  system 


ii.  On  the  other  hand. 


+  (A)''  -cj' -{P.)'  -cj'  -(Pay  C 


is  a  non-diagonal  structure.  It  is  equivalent  to  the  same  previous  diagonal  MEMO  system  but 
working  as  a  regulator  -reference=0-,  with  disturbances  at  plant  output,  represented  by  the  matrix 
C  =  |c,j}.  It  also  can  be  considered  as  SISO  regulator  systems  with  disturbances  Cy  at  plant 


Fig.  3  Equivalent  SISO  system  of  i-th  row  and  j-th  column 


In  Eq.  (6),  the  matrix  C  is  the  only  element  dependent  on  the  non-diagonal  parts,  G\,  and  .  So,  it 
is  possible  to  say  that  such  a  matrix  C  represents  the  system  coupling.  It  will  be  named  as  the 
matrix  of  the  diagonal  equivalent  system  coupling, 

C^G^-[p^+G,\t,  (7) 


3.  Coupling  analysis 

The  perfect  understanding  of  the  influence  on  the  coupling  of  both  the  non-diagonal  elements  gy 
and  the  plant  uncertainty,  will  ease  the  design  of  controllers  that  achieve  robust  performance 
specifications  -including  loop  interaction  reduction-. 

Accordingly,  we  first  analyse  the  coupling  matrix  C  to  determine  the  role  played  by  the  non¬ 
diagonal  elements  gy.  Then  we  find  a  general  optimum  controller  to  reduce  loop  interaction. 
Secondly,  we  study  the  effect  of  the  plant  uncertainty  on  the  loop  interaction  to  choose  the  nominal 
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plant  that  specifies  the  above  controller  to  improve  the  decoupling.  Finally,  based  on  this  study ,  we 
propose  a  criterion  to  design  non-diagonal  controllers. 

3.1.  Coupling  quantification 


Eq.  (7)  is  the  starting  point  to  study  the  coupling.  Each  one  of  the  coupling  matrix  elements  Cy 
obeys, 


^ij  =  Sii  - ■  (Pik  +  ^ik)-  (l  - Vi  56  j,  (8) 

where  is  the  delta  of  Kronecker,  defined  as,  ^  ^  * 

^ki=o<=>k^i 


To  analyse  the  coupling  elements  cy,  it  is  necessary  to  state  two  previous  hypotheses  to  help  to 
simplify  Eq.  (8): 


Hypothesis  HI  The  plant  P  is  not  'ill-conditioned'  for  any  of  the  whole  set  of  possible  plants  ^ 

This  hypothesis  is  included  to  guarantee  the  robustness  of  the  analysis  and  the  later  design.  It  is 
very  difficult  to  control  an  'ill-conditioned'  plant  P  [9],  which  shows  a  large  condition  number  and  a 
RGA  matrix  [10]  that  yields  large  elements. 


Hypothesis  H2  Diagonal  elements  (y  are  much  larger  than  the  non-diagonals  /y,  Vi  56  j , 

(9) 

This  hypothesis  H2  previously  supposes  the  fulfilment  of  HI  in  order  to  state  the  closed-loop 
system  decoupling  as  an  achievable  design  objetive. 

l^ese  two  hypotheses  HI  and  H2  allow  us  to  use  two  simplifications  in  Eq.  (8)  to  facilitate  the 
disturbance  quantification  due  to  coupling  elements  cy: 


Simplification  SI  Starting  from  Hypothesis  H2,  the  terms  (pjk  +g-ik)  of  Eq.  (8)  multiplied  by 
Vi  5*  j ,  can  be  neglected  against  those  multiplied  by  t-^.  Thus,  Eq.  (8)  can  be  rewritten  as, 

^ij  ~  Si]  ~  ^jj  ■  (Pij  Sij)  (10) 


Simplification  S2  Based  on  Hypothesis  H2,  the  elements  can  be  computed  from  the  diagonal 
equivalent  system  derived  from  Eq.  (4),  so  that. 


(11) 


Due  to  Simplifications  SI  and  S2,  the  disturbance  cy  can  be  written  as, 

Cij=gu-T-— — l^J  (12) 

Using  this  expression  it  is  possible  to  compute  the  disturbance  magnitude  at  plant  output  that 
influences  on  the  equivalent  systems  defined  in  Eq.  (6). 
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3.2,  Optimum  controller 


We  propose  the  use  of  the  non-diagonal  elements  gg  to  minimise  the  coupling  cg.  To  do  so,  we  use 
Eq.  (12),  not  placing  closed-loop  RPIP  poles.  However,  for  this  purpose,  it  is  necessary  to  impose 
the  following  Hypothesis, 

A 

Hypothesis  H3  The  plant  P  and  its  inverse  P  are  stable  and  have  no  hidden  unstable  modes. 


Therefore,  making  the  expression  of  the  coupling  cg  -Eq.  (12)-  equal  to  zero,  for  any  two  plants  of 
the  uncertainty p-  =  (i ^  j)  and  p-^=  p\,  the  following  optimum  controller  is  obtained, 


^'j  '  "0  ^  J 


3.3.  The  effect  of  uncertainty 


On  the  one  hand,  the  effect  of  uncertainty  of  p~^  and  p^^  must  be  reduced  in  Eq.  (12)  in  order  to 

achieve  the  robust  performance  specifications.  Looking  at  this  expression,  it  is  easy  to  see  that  the 
design  of  the  non-diagonal  element  gg  cannot  do  so.  The  only  way  to  minimise  the  influence  of 
plant  uncertainty  on  the  coupling  is  by  the  diagonal  element  gg. 

On  the  other  hand,  before  to  try  to  cancel  the  coupling  cg  out  of  Eq.  (12),  the  uncertainty  influence 
of  and  p^  must  be  taken  into  account.  So,  it  is  necessary  to  determine  which  one  of  the 

possible  couplings  is  to  be  cancelled  out.  For  the  moment  it  is  supposed  that  p-^.  =  p°^  (i  ^  j)  and 

Ps~P\->  where  pi  and  p^  are  two  any  elements  within  the  possible  uncertainty  for  p--  and  p-^ . 

Lemma  LI  A  non-diagonal  controller  element  like  gj^  =  g„  •^,i  ^  j,  designed  for  the  elements 

Pji 

h  O’^j)  =pI  that  minimise  -^?|  and  |pg  -^g|,  maximises  the  achievable 

decoupling  for  all  the  possible  uncertain  p^^  and  p^^ . 

The  demonstmtion  is  included  in  Appendix  Al. 

Based  on  the  Lemma  LI,  we  propose  the  following  definition. 

Definition  D1  The  nominal  plant  (i  = j  = !,...«)  of  all  the  possible  uncertain  plants  of  p..^ 

minimises  the  non-parametric  uncertainty  radius  Apy . 


Therefore,  the  nominal  optimum  controller  that  gets  the  maximum  achievable  decoupling  is, 

an 

•  Pi} 

Sij  ~  ‘  an  ^  j 

Pa 


(14) 


This  is  the  proposed  non-diagonal  element  for  the  controller.  Note  that  if  no  uncertainty  is  present, 
(the  uncertainty  radii  are  Ap-  =  0  and  Ap^  =  0 ),  by  definition,  the  coupling  cg  computed  as  in  Eq. 
(12)  with  Eq.  (14)  is  null. 
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The  nominal  optimum  controller  yields  the  minimum  achievable  coupling,  substituting  Eq.  (14) 
into  Eq.  (12),  and  taking  into  account  the  uncertainly  radii  and  Ap^ ,  we  obtain. 


Cr.\ 


g  — 

_  ”jj 


l  +  ^ii 


1 


APij+APij 


1  +  Ap, 


(15) 


This  is  very  useful  in  order  to  state  a  decoupling  level  that  cannot  be  exceeded. 


Furthermore,  in  the  same  way  we  can  obtain  the  coupling  Cy  without  any  non-diagonal  controller, 
-with  gy=0-,  so  that. 


\c,  = 


AN 

g  ■  — 
Pa 


1  +  ^ii 


1 


1+aAj 


(16) 


Note  that  if  is  much  larger  than  and  than  1,  it  is  almost  worth  for  nothing  the  use  of  the 
non-diagonal  gjj. 


3.3.  Criterion  to  design  non-diagonal  controller  elements 


Based  on  the  above,  we  propose  a  design  criterion  for  the  non-diagonal  elements  of  the  controller: 


•  If  the  uncertainty  radius  Apy  is  much  larger  than  Ap^  and  than  1,  then  there  is  no  need  of  gy. 


•  If  not,  the  nominal  optimum  controller  of  Eq.  (14)  is  considered  in  order  to  achieve  a 
satisfactory  level  of  loop  decoupling,  trying  to  minimise  Cy  of  Eq.  (12). 


4.  Design  methodology 

First,  we  present  the  proposed  design  method,  based  on  a  technique  that  sequentially  closes  the 
loops.  Later  an  example  is  shown  to  demonstrate  its  practical  use. 


4.1.  Method 


We  use  the  above  criterion  expounded  in  Section  3  to  design  the  controller  non-diagonal  elements 
gij  in  a  parallel  way  to  the  MQFT  [1 1],  and  to  the  technique  proposed  by  M.A.Franchek  et  al.  [12] 
to  regulate  a  MIMO  system. 

The  main  characteristic  that  differs  the  method  proposed  in  this  paper  and  MQFT  is  that  ours 
include  the  non-diagonal  elements  of  the  controller  in  order  to  reduce  the  loop  coupling.  Besides, 
the  two  differences  with  the  proposed  technique  by  Franchek  et  al.  is  that  our  objective  is  reference 
tracking  instead  of  regulation,  and  that  our  method  does  not  distinguish  the  upper  triangular 
elements  from  the  lower  triangular  elements  of  the  controller  G. 

To  be  able  to  use  this  methodology,  it  is  necessary  to  suppose  as  true  the  Hypotheses  HI,  H2  and 
H3.  Then,  the  process  begins  pairing  inputs  and  outputs  by  the  RGA  technique  [10].  Later,  the 
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sequential  controller  design  is  composed  of  n  stages  (n  loops)  with  the  following  two  steps  (for 
loop  A): 

PI.  Design  of  the  diagonal  controller  gkk  for  the  equivalent  plant .  The  design  of  the  diagonal 
element  gkk  is  searched  through  standard  loop-shaping  in  order  to  achieve  robust  stability  and 
robust  performance  specifications.  The  equivalent  plant  is  the  inverse  of  mteractioo » 

A 

is  the  equivalent  element  of  the  plant  inverse  P  for  the  loop  k  as  proposed  by  M.A.Franchek  et  al. 

[8]. 

P2:  Design  of  the  («-l)  non-diagonal  elements  gik  of  the  A:-th  controller  column,  searching  for  the 
minimisation  of  Cjk  -Eq.  (12)-.  To  achieve  this  goal,  the  nominal  optimum  controller  must  be  taken 
into  account  -Eq.  (14)-. 

The  closed-loop  stability  of  the  system  is  guaranteed  if  the  previous  hypotheses  HI,  H2  and  H3  are 
fulfiled  [12]. 

Finally,  the  design  of  the  prefilter  P  is  a  trivial  problem  and  does  not  present  any  difficulty,  if  the 
complementary  sensitivity  function  is  almost  decoupled.  Therefore,  the  prefilter  F  can  be  diagonal. 


4.2.  Numerical  design  example 


In  this  subsection,  a  numerical  design  of  a  2x2  MIMO  system  presents  the  practical  use  of  this 
method. 


Let  us  consider  the  linear  multivariable  system, 
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The  performance  tolerances  are: 


1.  Achieve  the  robust  stability  specification  for  each  loop. 


P^gii 
l  +  P^gii 


<1.4 


where  pi  is  the  i-th  plant  transfer  function  when  the  other  loop  is  closed. 


2.  Achieve  a  tracking  specification  for  each  loop  as. 
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that  is  equivalent  to  impose  the  variation  of  the  diagonal  elements  of  Tto  be, 

K,(^)|£|7;r(^)|-|r.!:w|  (21) 

—  1^22  (^)]~[^22(^)|  (22) 

with  a  diagonal  prefilter  F.  In  this  example  we  focus  on  the  design  of  the  feedback  controller  G. 

3.  Reduce  the  coupling  effects,  r,™  and  . 

The  controller  design  is  composed  of  the  following  steps: 

Previous 

The  RGA  matrix  of  the  plant  is. 


A  = 


e  \-e 
l-e  e 


,  whereee[0.75;0.818]  due  to  the  uncertainty. 


(23) 


So  that,  the  input  1  will  control  the  output  1,  and  the  input  2  the  output  2. 


The/7ii  is  chosen  to  be  the  first  loop  to  close  because  it  has  the  lowest  bandwith  compared  to  ^22 
Step  1 

Through  a  standard  loop-shaping  a  controller  is  found  to  achieve  robust  stability  and  tracking 
specifications.  The  controller  for  pn  is. 


gu  = 


0.6496 


j/0.8556  +  1 


(24) 


Step  2 

The  nominal  optimum  controller  element  gj,  is  taken  into  account. 


g2.  =-0.433 


11 


-  +  1 


0.8556 


-+1 


— +1 
5.5  y 


(25) 


The  proposed  element  g2i  is  simpler  than  the  optimum  -Eq.  (25)-  but  it  is  enough  to  reduce  the 
coupling  C21, 


^21  “ 


■0.43 


- -f-1 

.0.8556  y 


(26) 


Step  3 

The  loop-shaping  of  g22  searchs  for  a  controller  to  be  able  to  achieve  robust  equivalent  plant  , 


P22  —  P22 


ip22  '  gll  P2I  ’gn)'Pl2 
i  Pl2  '  g2l  +  PlI  '  gu 


(27) 
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(28) 


The  controller  gzi,  that  achieves  the  robust  stability  and  tracking  specifications  is. 


S22  ~ 


1.197 


47.66 


■  +  1 


Step  4 

Analogously  to  Step  3,  the  nominal  optimum  controller  to  take  into  account  is, 
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and  the  proposed  element, 
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(29) 


(30) 


The  system  with  the  full  controller  G  presents  a  more  decoupled  complementary  sensitivity 
function  T  than  working  only  with  the  diagonal  G^  =  diag{g^ , ,  ^22 } .  as  shown  in  Fig.  4  and  5 . 
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Fig.  4  Complementary  sensitivity  function  T 
■with  the  diagonal  controller  <7d=diag{gn)g22] 
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Fig.  5  Complementarty  semiiivity  function  T 
•with  the  full  controller  G 


5.  Conclusions 

In  this  paper  we  present  a  quantification  of  the  loop  coupling  for  uncertain  MMO  systems.  From 
the  analysis  of  this  effect,  some  important  characteristics  are  deduced  that  help  to  find  the  best  of 
all  possible  decoupling  elements  gy. 

The  study  of  the  coupling  effect  shows  that  the  non-diagonal  elements  gy  of  the  controller  are 
worth  for  the  minimisation  of  the  loop  coupling,  but  not  for  the  reduction  of  the  uncertainty 
influence.  So,  the  only  achievable  objective  for  these  elements  is  the  loop  interaction  reduction. 

As  well  as  the  non-diagonal  controller  element  problem  is  trivial  for  a  system  with  no  uncertainty  - 
it  can  be  seen  as  a  feedforward  controller-,  under  the  presence  of  uncertainty  it  is  necessary  to 
design  a  controller  that  achieves  the  minimum  loop  interaction  for  the  whole  uncertain  plant  set. 
The  quantification  of  the  loop  coupling  makes  possible  to  propose  a  nominal  optimum  controller  to 
minimise  the  loop  interaction.  However,  to  apply  the  proposed  non-diagonal  controller,  it  is 
necessaiy  that  the  plant  P  and  its  inverse  P  are  stable,  and  have  no  hidden  unstable  modes. 

This  optimum  non-diagonal  controller  yields  the  minimum  achievable  interaction.  This  states  a 
bound  that  cannot  be  exceeded,  and  it  is  a  reference  to  evaluate  the  quality  of  a  design. 

This  last  boundary  also  can  be  compared  to  the  coupling  effect  without  any  non-diagonal 
controller.  Therefore,  it  is  possible  to  decide  whether  it  is  worth  to  design  that  element.  In  general, 
for  veiy  large  uncertainty  of  non-diagonal  plant  elements,  it  is  not  worth  the  effort  of  designing  the 
non-diagonal  controllers. 

Furthermore,  the  coupling  quantification  can  be  used  to  determine  the  magnitudes  of  loop 
interactions  that  the  diagonal  elements  gjj  have  to  reject. 
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Finally,  based  on  the  above,  we  propose  a  new  methodology  to  design  robust  multivariable 
controllers  for  stable  systems  with  stable  plant  inverse  and  non  'ill-conditioned',  with  a  high 
coupling  level.  This  methodology  formulation  is  based  on  a  sequential  design  of  each  controller 
column.  This  technique  makes  possible  to  find  non-diagonal  controllers  in  order  to  reduce  the  loop 
interaction. 


Appendix  A1 

The  coupling  Cg,  with  a  controller  gy  like  (12),  can  be  written  as. 
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In  this  equation,  if 


and  p°^  -  are  minimum,  then,  the  coupling  cy  is  minimum  too. 
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Abstract 


A  nonlinear  prototype  for  modelling  average  value  bias  in  forced  oscillatory  systems  has  been 
developed.  Several  important  requirements  for  improved  operation  in  forced  oscillatory  systems 
were  identified  in  order  to  guide  the  development  process.  The  prototype  has  been  placed  in 
context  with  respect  to  system  analysis  and  control  design.  An  example  illustrating  how  the 
prototype  could  be  fitted  to  a  nonlinear  equation  is  also  given. 


1  Introduction 


With  the  development  and  implementation  of  optimal  multi-variable  control  in  chemical  indus¬ 
tries  around  the  world,  companies  are  increasingly  looking  towards  ways  of  getting  more  out  of 
their  existing  processes.  While  much  can  be  done  to  improve  productivity  by  reducing  down¬ 
time  and  operating  closer  to  system  limitations,  this  process  eventually  brings  one  to  a  point 
where  expensive  physical  modifications  of  the  plant  are  required  to  further  improve  production. 
One  possible  way  of  getting  the  best  out  of  existing  equipment  is  to  explore  the  possibility  of 
recurrent  steady  state  operation  besides  the  standard  fixed  point  steady  state  operation  [2]. 

This  paper  discusses  an  important  part  in  the  development  of  a  methodology  for  analyzing  a 
nonlinear  system  which  can  be  used  to  determine  if  any  benefits  exist  in  operating  the  process 
in  a  nonlinear  recurrent  mode  of  operation.  The  part  of  the  methodology  discussed  here  is  the 
development  of  a  general  second  order  nonlinear  prototype.  The  prototype  must  exhibit  the 
behaviour  required  to  model  many  different  nonlinear  systems  at  and  around  their  equilibrium 
point. 

This  paper  outlines  the  ideas  and  background  philosophy  in  approaching  this  nonlinear  problem. 
It  also  gives  some  simulation  results  that  reveal  several  prerequisites  for  benefits  in  nonlinear 
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recurrent  steady  state  operation.  A  practical  method  for  fitting  this  prototype  to  chemical 
reaction  systems  is  the  subject  of  another  paper. 


2  Background 

Firstly,  it  is  important  to  place  the  prototype  within  the  the  context  of  how  it  can  be  used  to 
solve  nonlinear  control  problems.  This  involves  two  steps: 

1.  Showing  the  progression  of  ideas  within  this  area  of  research  which  led  to  the  concepts 
presented  in  this  paper. 

2.  Explaining  how  the  prototype  is  used  within  a  broader  methodology  which  can  be  used  to 
solve  nonlinear  control  problems. 

The  origin  of  this  research  is  process  control  in  the  field  of  chemical  engineering.  The  works 
cited  in  this  paper  come  mainly  from  that  background.  Modelling  of  chemical  processes  is  a  very 
well  established  field  and  nonlinear  modelling  of  chemically  reacting  systems  has  been  an  active 
area  of  research  in  chemical  engineering  for  several  decades  as  can  be  seen  from  a  sampling  of 
papers  dealing  with  CSTR  reactor  dynamics  [10]  [8]  [1]  [6]. 

The  idea  of  using  nonlinear  dynamics  to  improve  performance  was  already  being  discussed  in 
1966  [5]  and  possibly  earlier.  The  idea  was  that  “under  certain  circumstances  an  oscillator 
will  have  a  performance  greater  than  expected  than  for  a  fixed  point  steady  state  design”  [4]. 
Douglas  [4]  developed  an  analytical  solution  to  the  problem  of  calculating  the  average  value  for 
a  particular  CSTR  problem.  This  was  later  extended  to  encompass  more  complex  problems 
[3].  The  problem  with  this  approach  is  that  it  is  very  inflexible.  Trying  to  solve  the  problem 
analytically  for  an  arbitrary  system  is  a  tedious  task  which  could  be  impossible  to  automate. 

Experimental  studies  were  done  on  Catalytic  Ammonia  Synthesis  in  the  early  1980’s  [7].  This 
work  confirmed  what  had  been  theoretically  postulated  and  provided  a  practical  example  of 
how  forced  operation  can  result  in  improved  reactor  performance.  More  recently  {with  the 
appearance  of  inexpensive  powerful  computers),  several  different  numerical  methods  have  been 
proposed  for  solving  the  problem  of  optimizing  reactor  performance  [9].  The  approach  in  the 
literature  cited  has  been  completely  from  a  chemical  engineering  perspective. 

The  aim  of  this  research  is  to  approach  the  problem  from  a  control  engineering  perspective  and 
develop  nonlinear  tools  similar  to  those  used  in  linear  control  methodologies.  It  is  important  at 
this  point  to  outline  the  methodology  that  could  be  used  with  the  prototype  discussed  in  this 
paper.  This  will  be  done  via  a  comparison  to  an  existing  approach. 

A  common  methodology  that  is  employed  in  many  control  engineering  problems  (often  implicitly) 
is  as  follows: 

1.  Obtain  a  nonlinear  ordinary  differential  equation  model  of  the  system  to  be  controlled. 

2.  Linearize  the  system  at  the  equilibrium  point  (for  fixed  point  steady  state  operation). 

3.  Transform  the  linearized  system  into  a  form  appropriate  for  analysis  and  control  design 
(for  example  the  controllability  form). 
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4.  Use  results  obtained  to  fit  an  existing  prototype  (for  example  the  second  order  prototype). 

5.  Design  and  verify  the  operation  of  the  controller  iteratively  by  making  use  of  the  chosen 
prototype. 

This  methodology  may  not  represent  all  design  approaches,  but  it  is  often  used  where  models 
are  obtained  from  experimental  data  (in  that  case  the  first  step  falls  away).  Prototypes  provide 
a  generalized  model  which  can  be  fitted  to  many  different  types  of  systems. 

The  prototype  described  in  this  paper  can  be  used  for  a  system  which  can  be  forced  to  operate 
in  a  steady  state  oscillatory  mode  by  using  a  forcing  function.  Once  it  has  been  fitted  to  the 
process  via  linearization,  at  and  around  the  equilibrium  point,  it  can  be  used  for  both  analysis 
and  control  design.  Due  to  the  fact  that  the  prototype  is  simpler  than  the  original  system,  it  is 
easier  to  develop  general  results  and  methods  which  can  be  used  to  solve  control  problems.  These 
results  will  then  be  automatically  applicable  to  different  systems  which  can  be  approximated 
via  the  prototype.  Hence  one  can  see  the  importance  of  having  the  correct  prototype  for  the 
problem  at  hand  and  why  the  prototype  is  the  heart  of  building  a  nonlinear  control  methodology. 


3  Prototype 

A  prototype  is  a  very  useful  tool  in  analyzing  and  predicting  behaviour.  It  reduces  the  amount 
of  time  required  to  gain  an  understanding  of  the  behaviour  of  a  system.  There  are  several  linear 
prototypes  which  already  exist  and  are  used  in  every  facet  of  modelling  for  control  and  control 
system  design.  We  need  to  develop  a  prototype  that  can  be  used  to  analyze  and  predict  the 
effects  of  steady  state  oscillatory  behaviour.  A  good  place  to  start  for  second  order  systems  is 
the  linear  second  order  prototype  shown  in  state  space  form  in  (1). 


z  = 


0  1 

a  /3 


(1) 


The  approach  adopted  in  the  methodology  is  to  construct  a  nonlinear  prototype  which  has  the 
structure  of  (1)  and  then  to  transform  actual  nonlinear  systems  into  this  prototype  structure. 
For  a  nonlinear  prototype  with  structure  (1),  a  and  /?  are  in  general  nonlinear  functions  of  21,^2 
of  which  there  are  an  infinite  number  to  choose  from.  The  problem  at  hand  helps  us  to  select 
an  appropriate  function. 

To  review,  the  problem  to  be  solved  is  to  determine  whether  a  system  can  be  operated  in  a 
steady  state  oscillatory  mode  of  operation  to  achieve  improved  performance.  This  manifests 
itself  in  the  average  value  of  the  system  output  being  higher  or  lower  than  the  equilibrium  value 
for  fixed  point  steady  state  operation. 

This  problem  immediately  places  several  restrictions  upon  the  prototype  to  be  developed: 

•  The  prototype  must  be  stable  at  the  equilibrium  point  and  for  a  reasonable  neighbourhood 
around  it. 
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•  The  prototype  must  have  only  one  equilibrium  point  in  the  region  of  operation. 

Once  these  limitations  have  been  defined,  we  are  free  to  suggest  several  different  prototypes 
which  could  fulfill  the  role  for  this  system.  To  decide  on  the  most  appropriate  solution  we 
should  first  more  clearly  define  the  problem  we  are  trying  to  solve. 

The  idea  of  increasing  system  performance  by  making  use  of  oscillation  is  a  well  established 
phenomenon  used  in  many  devices.  Some  of  the  most  obvious  examples  are  musical  instruments 
which  make  use  of  resonant  frequencies  to  increase  the  amplitude  of  the  vibrations  within  the 
instrument.  Due  to  the  nonlinear  relationship  between  the  power  of  a  sinusoidal  signal  and  its 
amplitude,  that  is,  the  root  mean  square  value,  the  increased  amplitude  of  the  signal  translates 
into  a  louder  sound.  This  concept  can  be  used  in  other  areas  of  engineering  to  achieve  similar 
results  where  the  benefits  of  oscillatory  operation  may  be  less  obvious. 

What  the  discussion  has  so  far  revealed,  is  that  for  any  benefits  to  occur,  an  increase  in  the  gain 
of  the  system  must  occur  at  a  particular  frequency.  In  most  situations  this  frequency  is  known 
as  the  resonant  frequency.  Here  one  comes  across  another  important  limitation  which  needs  to 
be  placed  on  the  prototype.  The  system  gain  at  the  resonant  frequency  must  be  appreciably 
higher  than  the  fixed  point  steady  state  gain  of  the  system.  Only  systems  which  exhibit  this 
property  can  have  a  chance  of  producing  the  effect  we  desire. 

Another  way  of  stating  the  resonant  frequency  gain  requirement  is  to  say  that  the  linearized 
system  at  the  equilibrium  point  must  have  complex  conjugate  poles,  that  is  poles  which  are  not 
on  the  real  axis.  In  phase-plane  terminology  this  is  known  as  a  focus  (an  equilibrium  point  with 
non- real  poles).  This  results  in  a  and  /?  satisfying  the  linear  model  conditions  given  by  equations 
(2)-(7). 
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Equations  (6)  and  (7)  define  the  linear  restrictions  for  the  prototype.  The  next  step  is  to 
determine  the  nonlinearities  that  must  be  added  to  cause  a  bias  in  the  average  value  away  from 
zero  when  a  forcing  function  is  applied. 

A  fiist  step  is  to  determine  which  term,  a  or  /?,  should  be  made  nonlinear  to  achieve  a  bias  in  the 
average  value.  This  can  be  done  by  setting  up  a  linear  example  which  fulfills  the  requirements 
laid  down  in  (6)  and  (7).  One  can  then  simulate  the  system  for  or  and  /3  made  functions  of  zi 
and  Z2-  The  function  one  can  initially  choose  is  a  step  function  with  the  discontinuity  at  zero. 


202 


a 

-2u{zi)  -  1 

-0,5 

-15% 

-0, 3% 

-2u{z2)  -  1 

-0,5 

-1,  6% 

-0,3% 

-3 

-0,5r4(2ri)  -  0,5 

0,2% 

-0,2% 

-3 

-0,5tt(^2)  -  0,5 

2,3% 

-0,2% 

Table  1:  Simulation  results 


The  step  functions  that  need  to  be  tested  (u(t)  represents  a  unit  step)  can  be  reduced  by  doing 
simulations  for  different  choices  of  functions  a(zi),  a(z2),  j3(zi)  and  I3{z2).  It  was  found  by 
simulation  (Table  l)that  the  function  which  had  the  greatest  impact  on  the  average  value  was 
a(zi).  The  bias  in  each  case  was  calculated  using  (8). 


bias 


average 

maximum  —  minimum 


(8) 


Table  1  was  generated  by  applying  a  forcing  function  of  0,4sint  to  the  Z2  term  of  (1).  The 
simulations  used  an  Euler’s  method  with  a  fixed  step  size  of  0.1  seconds  and  a  total  simulation 
time  of  200  seconds.  The  initial  conditions  of  the  system  were 

Tol 


4  Example 

An  example  is  used  to  illustrate  a  possible  approach  to  fitting  the  prototype  to  a  nonlinear 
system.  There  may  be  more  efficient  ways  of  doing  this,  but  the  method  presented  can  be  seen 
as  a  first  approximation.  Several  issues  pertinent  to  this  example  are  also  discussed. 

Consider  a  system  described  by  (9).  Linearizing  (9)  at  the  equilibrium  point  (which  is  at  the 
origin)  results  in  (11).  This  gives  a  system  with  a  resonant  frequency  of  wq  =  0,97  rad/s  and 
a  resonant  frequency  gain  of  =  2.  If  we  make  the  forcing  function  frequency  equal  to  the 
resonant  frequency,  we  can  use  G^^q  to  calculate  an  approximate  value  for  A,  the  amplitude  of 
the  forcing  function.  We  do  this  by  choosing  a  variation  in  Xi  which  is  acceptable  (in  this  case 
assume  xi  may  vary  by  1  either  up  or  down).  A  can  then  be  calculated  using  (13)  to  be  0,5. 
Hence  we  have  a  simple  method  for  deciding  on  the  value  of  A,  which  could  be  used  in  the  design 
of  a  periodically  forced  system. 


Xi 


0  1  ■ 

-0,5 

X2 

0 

1 


A  sin  u)t 


(9) 

(10) 
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O' 

fi 

_g®l 

—  (e  —  e“^)ii(t)  —  e~^ 

-0,5 

-0,5 

-19,2% 

-27,7% 

0% 

0% 

Table  2;  Example  average  bias 
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-1  -0,5 
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1 

A  sin  ojt 


(11) 


A  = 


Axi 

G<^i 


(12) 

(13) 


The  next  step  is  to  fit  the  prototype  to  the  system.  This  is  done  by  substituting  the  extreme 
values  of  xi  into  (9).  Since  (9)  already  has  the  same  structure  as  (2)  (the  prototype),  no 
transformations  are  necessary.  The  step  function  for  the  prototype  becomes 


0'=— (e  — e  ^)u(t)  -  e  ^ 

Using  this  result  and  doing  simulations  for  the  actual  system  as  well  as  the  prototype,  Table  2 
shows  the  difference  in  the  biased  average  values  and  Figure  1  shows  a  comparison  between  the 
two  systems  output  responses.  The  systems  are  sufficiently  similar  to  justify  using  the  prototype 
as  a  means  of  approximating  the  system  for  control  design. 


There  are  several  important  reasons  why  the  prototype  is  a  better  system  to  use  when  doing 
the  control  design: 


•  It  IS  a  simpler  system  than  the  original  system  and  although  an  approximation,  it  suffi¬ 
ciently  models  the  system  in  the  region  of  operation. 

•  General  results  for  the  prototype  can  be  applied  to  the  design  which  could  not  be  used 
with  the  original  system. 

•  It  is  partially  analytically  tractable,  whereas  the  original  system  has  a  high  probability  of 
being  analytically  intractable. 


An  important  issue  that  comes  to  mind  during  this  exercise,  is  the  place  of  control  design  in 
forced  periodic  systems.  With  the  requirement  for  resonance  being  so  important  for  oscillatory 
operation  to  be  beneficial,  comes  a  possibility  that  in  nonlinear  systems  which  do  not  experience 
resonance,  resonance  could  be  introduced  using  control.  This  would  have  to  be  done  via  the  ^ 
term  of  the  prototype  to  actually  make  a  contribution  to  the  benefits  (introducing  it  via  the  a 
term  would  mean  that  you  should  rather  operate  the  plant  in  fixed  point  steady  state  operation 
for  best  performance).  This  issue  will  be  investigated  in  future  work. 


5  Conclusion 


The  prototype  development  revealed  some  important  information  about  forced  second  order 
nonlinear  systems: 
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Figure  1:  Exam  pie/ prototype  comparison  (upper  trace  is  original  system) 


•  Only  systems  with  a  single  stable  equilibrium  point  within  the  region  of  operation  can  be 
analyzed  using  the  prototype  proposed. 

•  The  behaviour  at  and  around  the  equilibrium  point  must  exhibit  a  large  gain  at  a  certain 
resonant  frequency  (non-real  poles/focus). 

•  For  the  greatest  bias  in  the  average  value,  the  function  a{zi)  should  be  highly  nonlinear 
and  non-symmetrical  around  the  origin  within  the  boundaries  of  stability. 

These  requirements  can  be  refined  into  a  better  prototype  and  combined  with  a  methodology 
for  transforming  nonlinear  models  to  provide  a  practically  useful  way  of  solving  this  class  of 
nonlinear  problem.  This  is  the  subject  of  a  future  paper. 


Nomenclature 

A  Amplitude  of  the  forcing  function. 
a  Cross  term  in  the  nonlinear  prototype. 

13  Diagonal  term  in  the  nonlinear  prototype. 
Gwo  System  gain  at  the  resonant  freqency. 

H(s)  System  transfer  function. 

u  Frequency  in  radians  per  second. 

a;o  Resonant  frequency  in  radians  per  second. 
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Abstract:  The  control  of  small  flows  using  a  cheap  actuator,  that  is  a  ball  valve 
actuated  by  a  stepping  motor,  is  considered  under  the  framework  of  QFT.  The  basic 
problem  comes  from  the  fact  that  the  ball  has  a  nonlinear  characteristic,  which  may 
be  time  varying  as  a  ftmction  of  a  disturbance.  In  addition,  the  motor  imposes 
intrinsic  limitations  on  the  bandwidth  of  the  controller.  The  nonlinear  control 
problem  is  translated  in  a  hnear  equivalent  control  problem  for  a  range  of  reference 
values.  The  resulting  linear  problem  is  relatively  single,  since  the  valve  is  modeled 
as  an  uncertain  gain.  After  designing  the  controller  using  linear  QFT,  different 
experiments  are  done  in  order  to  validate  the  design. 


1  Introduction 

Flow  control  is  of  great  practical  importance  in  chemical  and  food  industry,  where 
the  goal  is  to  keep  regulated  the  flow  through  some  load,  independently  of  possible 
variations  over  the  conditions  of  the  flow  source.  Here  our  objective  is  to  design  a 
control  system  that  gives  a  constant  flow  using  a  cheap  actuator,  for  different  values 
of  the  setpoint. 

The  main  difficulty  of  the  control  problem  is  due  to  the  fact  that  the  actuator,  a  ball 
valve  actuated  by  a  stepping  motor,  has  a  nonlinear  behavior  that  may  also  depends 
on  the  pressure  of  the  flow  source.  The  rest  of  the  plant  exhibits  a  linear  and  time 
invariant  dynamics.  For  slow  variations  of  the  flow  source,  the  disturbance  in  the 
rest  of  the  paper,  the  nonlinear  behavior  of  the  valve  can  be  modeled  with  an 
imcertain  nonlinear  static  characteristic. 
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The  problem  of  regulating  the  output  flow  for  several  setpoints,  and  with  some 
time-domain  tolerances,  is  reformulated  as  a  nonlinear  regulation  problem  for 
which  the  nonlinear  QFT  technique  ([2,3])  can  be  applied.  The  basic  idea  is  to 
translate  the  uncertain  nonlinear  plant  to  a  set  of  equivalent  linear  plants.  With  some 
assumptions,  a  valid  design  for  the  equivalent  linear  set  is  also  valid  for  the  original 
nonlinear  problem. 

The  rest  of  the  paper  is  organized  as  follows.  In  Section  2,  the  control  problem  is 
presented  with  some  detail.  Section  3  gives  a  QFT  solution  to  the  problem,  and 
finally  Section  4  include  some  experimental  results. 

2  The  control  problem 

The  control  problem  consists  of  designing  a  robust  compensator  for  regulating  the 
flow  passing  through  a  streamer,  for  different  values  of  the  setpoint  between  10  and 
60  ml/s.  The  main  difficulty  relies  upon  the  fact  that  the  actuator,  a  ball  valve,  has  a 
relatively  strong  nonlinear  behavior. 

The  valve  is  operated  through  a  stepping  motor  that  limits  the  bandwidth  of  the 
control  signal  to  100  Hz.  The  dynamics  of  the  motor  and  the  valve  is  very  fast 
compared  to  other  parts  of  the  system,  thus  it  is  considered  static.  In  particular,  the 
flow  sensor  has  a  constant  time  of  10  s,  which  is  the  slowest  subsystem.  In 
addition,  for  a  given  valve  angle,  the  valve  output  flow  may  depend  on  the 
differential  pressure  between  the  net  and  the  load. 

The  characterization  of  the  valve  has  been  made  through  experimentation,  given 
the  results  of  Fig.  1,  where  the  output  flow  is  given  as  a  function  of  the  valve  angle 
(in  number  of  pulses,  1  pulse  =  0.03°)  for  different  pressures  between  1  and  3.2 
atmospheres.  The  differential  pressure  between  the  net  and  the  load  will  he 
considered  as  a  disturbance  in  the  control  problem,  and  will  be  referred  to  as  in 
the  rest  of  the  paper. 


0  50  100  150  200  250  300  350  400  450 

Valve  angle  (in  #pulses  of  encoder) 


Fig.  1;  Experimental  data  of  the  valve,  in  terms  of 
output  flow  versus  valve  angle,  for  d=  1,1.2, 1.4,..., 3 .2  at. 


The  valve  output  is  connected  to  a  streamer,  which  represents  a  load.  Its  output  is 
measured  by  a  sensor  developed  by  some  of  the  authors  ([!]),  specially  designed  for 
the  measure  of  small  flows.  The  dynamics  of  the  load  and  the  sensor  is  given  by 
H{s),  and  after  identification,  is  given  by 


_ 1 _ 

(0.01^^+0.12^  +  1X105  +  1) 


Fig.  2  represents  the  plant,  embedded  in  a  two  degrees  of  freedom  control 
structure.  The  control  problem  is  to  design  compensators  F  and  G  for  the  flow  at 
the  valve  output  to  be  regulated  for  values  in  the  interval  [10,  60]  ml/s,  with  a  2% 
tolerance  error. 


Fig.  2:  Control  System:  i^and  G  are  the  compensators, 
H^s)  gives  the  d3aiamics  of  the  streamer  and  the  sensor 
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3  QFT  design 

The  nonlinear  characteristic  of  the  valve,  including  its  behavior  depending  on  the 
perturbation  d,  results  in  a  control  problem  suitable  for  nonlinear  QFT  synthesis  ([2- 
4]).  Assuming  that  the  perturbation  varies  slowly  compared  to  the  rest  of  closed 
loop  signals,  the  valve  can  be  substituted  by  an  equivalent  set  of  linear  time- 
invariant  systems  (usually  referred  to  as  the  equivalent  linear  family,  ELF,  in  the 
QFT  literature). 


Design  specifications  are  given  in  the  frequency  domain.  The  closed  loop  system 
is  considered  to  behave  as  a  transfer  function,  for  references  between  10  and  60 
ml/s,  with  frequency  response  bounded  in  magnitude  as  given  in  Fig.  3.  Since  the 
output  is  to  be  regulated  between  10  and  60  ml/s,  and  the  valve  is  considered  static, 
the  computation  of  the  ELF  is  rather  simple  in  this  case.  From  the  data  represented 
in  Fig.l,  it  is  possible  to  obtain  valve  angles  corresponding  to  specified  output 
flows,  for  different  values  of  the  disturbance.  Taking  the  minimum  and  maximum 
values  of  the  quotient  between  the  output  and  the  input,  the  resulting  ELF  is  an 
uncertain  gain  K  given  by  e  [0.74,4.29]. 


Shaping  compensators  G(s)  and  F(i)  for  the  rmcertain  linear  equivalent  problem, 
using  linear  QFT  [3],  completes  the  design.  Fig.4  shows  boundaries  for  the  linear 
equivalent  problem  for  the  specifications  given  in  Fig.  3.  In  addition  a  relative 


stability  restriction  is  included. 


Freq  (rad/s) 

Fig.  3:  (Linear)  Tracking  specification 


Fig.  4;  Boundaries  for  the  frequencies  ffl  =  0.01,  0.05, 
0.1, 1,  5,  and  10  rad/s,  and  loop  shaping 
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Fig.  4  also  shows  a  tentative  shaping  for  the  nominal  open  loop  gain.  One  of  the 
goals  has  been  to  obtain  a  low  order  compensator,  with  a  restriction  of  100  Hz 
bandwidth.  The  result  is  given  by; 


G(j)  =  0.4 


(1  +  -) 

^  o.r 

50 


Simulation  of  the  resulting  nonlinear  closed  loop  system  performs  well  for  the 
different  disturbance  values  and  for  the  different  setpoints.  Simulation  results  are 
omitted.  Here  we  are  mainly  interested  in  showing  experimental  results,  which  are 
presented  in  next  Section. 


4  Experimental  results 

The  QFT  controller  has  been  implemented  in  a  digital  form  (using  a  sample  time 
of  0.5  s).  Experimental  results  are  given  in  Fig.  5  to  8.  Fig.  5  shows  closed  loop 
outputs  y  for  setpoints  between  10  and  60  ml/s,  and  Fig.  6  measured  values  of  the 
output  flow  y  in  response  to  a  variable  setpoint.  All  of  these  experiments  have  been 
made  for  a  constant  value  of  the  net  pressure,  meaning  a  constant  disturbance  d 
after  some  transitory  period. 


Flow  (ml/s) 


Fig.  5:  Output  flow  for  setpoints  10, 20, ..,60  ml/s, 
showing  measured  outputs  of  the  control  system 


Time  (s) 

Fig.  6:  Measured  flow  in  ml/s,  showing 
tracking  for  different  output  values 
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Finally,  Fig.  7  and  8  show  closed  loop  output  and  control  input  respectively,  for  a 
regulation  experiment  about  30  ml/s,  and  with  a  periodic  disturbance  (period  =  60  s) 
varying  between  2  and  2.6  atmospheres.  Although  the  system  performs  relatively 
well  for  this  case,  it  has  been  noted  by  simulation  that  it  increasingly  degrades  for 
faster  disturbances,  which  can  be  considered  as  interesting  practical  cases.  At  this 
point,  some  redesign  will  be  needed  to  improve  the  performance. 
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Fig  7:  Closed-loop  output  flow  for  a 
reference  of  30  ml/s,  and  with  a  periodic 
disturbance 


Fig.  8:  Closed-loop  valve  angle  for  the  same 
conditions  of  Fig.  6 


Conclusions 

In  a  flow  control  problem  appears  the  problem  of  designing  a  compensator  for  a 
nonlinear  time-varying  system.  Using  nonlinear  QFT  ideas,  at  least  for  slow 
perturbations,  the  nonlinear  subsystem  can  be  viewed  as  an  uncertain  gain,  which 
allows  formulating  a  rather  simple  linear  equivalent  problem.  This  problem  has 
been  solved  using  linear  QFT.  An  experimental  validation  of  the  technique  has  been 
done,  resulting  in  good  results  for  very  slow  disturbances.  A  design  that  allows 
faster  disturbances  deserves  more  consideration. 
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Abstract 

Robust  nonlinear  control  of  a  two  link  manip¬ 
ulator  with  large  variations  of  tip  load  is  ad¬ 
dressed  in  this  paper.  A  robust  nonlinear  control 
scheme  which  combines  nonlinear  Dynamic  In¬ 
version  Control  (DIG)  and  multivariable  Quant¬ 
itative  Feedback  Theory  (QFT)  is  developed.  In 
the  inner  loop  Dynamic  Inversion  Control  can¬ 
cels  most  of  the  kinematic  nonlinearities  of  the  ro¬ 
bot.  The  outer  loop  QFT  controller  is  designed  to 
achieve  performance  specifications  against  large 
uncertainties  in  loads  using  a  multivariable  QFT 
design.  It  is  shown  the  integration  of  a  non¬ 
linear  control  technique  and  QFT  combines  the 
strengths  of  both  techniques  and  eliminates  some 
of  the  problems  associated  with  using  only  one  of 
the  design  methods.  The  cancellation  of  the  ma¬ 
jority  of  the  kinematic  nonlinearities  of  the  sys¬ 
tem  ensures  that  the  size  of  the  templates  that 
QFT  has  to  deal  with  are  significantly  reduced, 
thus  making  the  QFT  design  easier.  The  intro¬ 
duction  of  the  outer  control  loop  greatly  enhances 
the  robustness  of  the  Dynamic  Inversion  Control 
against  large  variations  of  parameters. 

1  Introduction 

Dynamic  Inversion  Control  is  a  widely  used 
design  method  for  exact  linearisation  of  nonlinear 
systems.  It  is  known  as  Computed  Torque  Con¬ 
trol  in  robotics.  The  basic  idea  is  to  cancel  non- 
linearities  and  add  the  desired  linear  dynamics  to 
the  plant.  The  performance  of  Dynamic  Inversion 
Control  is  dependent  upon  the  assumption  that 
the  model  and  the  parameters  are  known  exactly. 
When  there  are  uncertainties  in  the  model  and 
parameters  the  cancellation  of  the  nonlinearities 
is  not  exact  and  the  resultant  performance  can  be 
very  sensitive  to  variations  of  parameters. 

Since  it  was  developed  by  Horowitz  [3,  4],  Quant¬ 
itative  Feedback  Theory  (QFT)  has  found  many 
successful  applications  in  control  engineering. 
The  underlying  principle  of  QFT  is  to  transform 
plant  uncertainties  and  closed-loop  design  spe¬ 


cifications  into  robust  stability  and  then  open- 
loop  performance  bounds.  This  way  a  robust  con¬ 
troller  can  be  designed  using  simple  gain-phase 
loop  shaping  techniques  with  the  nominal  sys¬ 
tem.  The  most  important  feature  of  QFT  is  that 
it  is  able  to  tackle  design  problems  concerning 
complicated  uncertain  plants.  When  QFT  is  ap¬ 
plied  to  design  a  robust  controller  for  an  uncertain 
nonlinear  system,  the  nonlinear  system  is  repres¬ 
ented  by  a  set  of  Linear  Time  Invariant  (LTI) 
plants  within  specified  ranges  of  signal.  Then  the 
design  can  be  performed  using  the  standard  QFT 
design  technique.  Using  Schauder’s  fixed  point 
theorem,  Horowitz  has  shown  that  if  the  resultant 
QFT  controller  can  work  for  the  set  of  equivalent 
LTI  plants,  it  also  works  for  the  original  nonlin¬ 
ear  system.  For  example,  Kelemen  and  Bagchi 
[5]  designed  a  QFT  controller  for  a  flexible  arm 
of  a  robot  to  achieve  the  prescribed  frequency- 
domain  tolerances.  However  when  the  nonlinear 
plant  has  strong  nonlinearity  and  large  uncertain¬ 
ties,  the  equivalent  LTI  plant  set  is  too  large  and 
the  resulting  plant  templates  are  also  large.  This, 
in  turn,  results  in  a  difficult  loop  shaping  problem 
and  a  high  gain  controller  [4].  Snell  and  Stout  [9] 
show  that  when  the  conventional  QFT  is  used  to 
design  a  control  law  for  the  unstable,  nonlinear, 
short-period  dynamics  of  the  F-16  aircraft,  large 
templates  result  firom  using  a  set  of  LTI  equival¬ 
ent  models  to  accurately  represent  the  nonlinear 
aircraft  d5mamics  over  a  wide  operating  envelope. 
A  high  gain  controller  results.  By  using  a  vari¬ 
able  gain  before  the  QFT  design,  the  size  of  these 
templates  can  be  reduced. 

Design  of  a  controller  for  an  uncertain  nonlinear 
system  to  achieve  the  desired  performance  spe¬ 
cifications  is  a  challenging  problem.  A  promising 
way  to  this  difficult  problem  is  to  integrate  ex¬ 
isting  approaches  in  nonlinear  control  and  robust 
control.  For  aircraft  operating  over  large  ranges 
of  angle  of  attack,  Dynamic  Inversion  Control  and 
the  structured  singular  value  p  design  method 
were  integrated  in  [6]  to  design  flight  controllers. 


213 


The  inner  loop  controller,  designed  by  DIG,  is 
used  to  linearise  the  aircraft  dynamics.  The  outer 
loop  controller  is  then  designed  by  n  synthesis  to 
enhance  the  robustness.  Snell  and  Stout  [8, 10]  in^ 
tegrate  Dynamic  Inversion  Control  with  QFT  for 
flight  control  system  design.  It  is  pointed  out  that 
the  integration  of  these  two  methods  strengthens 
both  methods.  All  of  them  are  based  on  SISO 
QFT  design  technique. 

This  paper  focuses  on  design  of  a  robust  nonlinear 
controller  for  a  manipulator  with  large  variation 
of  loads.  In  general,  the  tip  mass  or  the  load  of 
a  manipulator  changes  within  a  prescribed  range 
in  the  operating  period  and  a  poor  performance 
robustness  may  result  if  this  is  not  taken  into  con¬ 
sideration  when  designing  controllers.  This  pa¬ 
per  develops  a  methodology  which  integrates  Dy¬ 
namic  Inversion  Control  and  multivariable  QFT. 
A  robust  nonlinear  controller  for  the  manipulator 
is  designed  by  this  methodology  to  achieve  pre¬ 
scribed  specifications  when  the  tip  load  changes 
within  a  given  range. 
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3  Dynamic  Inversion  Control 

Dynamic  Inversion  Control  (DIG)  is  a  technique 
in  which  feedback  is  used  to  linearise  the  system 
to  be  controlled  and  to  provide  a  desired  response. 
When  all  the  parameters  of  the  two  link  manipu¬ 
lator  are  exactly  known,  let 


u{t)  =  j{e)v{t)  +  G{e,e)  (5) 

where  v  determines  the  desired  dynamic  response. 
Substituting  the  DIG  (5)  into  the  model  of  the 
manipulator  (4)  yields 


2  Two  Link  Manipulator 

The  manipulator  considered  in  this  paper  consists 
of  two  links.  Each  link  is  independently  directly 
driven  by  a  D.C.  motor.  The  displacement  and 
the  velocity  of  each  link  are  measured  by  poten¬ 
tiometers  and  tachometers  respectively.  The  dy¬ 
namics  of  the  two-link  arms  are  represented  by 

[7] 

Ji{.e)e  +  G^{9,e)  =  m  (i) 

where  9  and  F  are  the  displacement  of  the  linkR 
and  the  input  torque  vectors  respectively,  given 

by 


■  01  ■ 

f  — 

■  A  ■ 

.  ^2 

}  I  — 

.  A  . 

It  is  reasonable  to  ignore  the  inertia  and  the  in¬ 
duction  of  the  motor  in  modelling  the  manipu¬ 
lator  [5,  7].  The  dynamic  model  of  the  voltage 
controlled  D.C.  motors  is  given  by  [7] 

^di9i,  i  =  1,2  (3) 

where  kfi,  kdi  and  are  the  motor  torque  con¬ 
stant,  voltage  constant  and  armature  resistance 
respectively  and  Ui  is  the  motor  input  voltage. 
The  model  of  the  two  link  manipulator  consist¬ 
ing  of  the  dynamics  of  the  links  (1)  and  the  D.C. 
motor  (3)  can  be  written  as 

J{9)9  +  G{9,9)  =  u  (4) 


9{t)  =  v(t)  (6) 

which,  in  general,  is  given  by 

vit)  =  9d(t)  -f  K„{9d{t)  -  9it))  +  Kp{9d{t)  -  9{t)) 

(7) 

When  9d{t)  and  9d{t)  are  not  available,  v{t)  be¬ 
comes 


v{t)  =  -KJ  -f-  Kp{9d{t)  -  9{t))  (8) 


where  Ky  and  Kp  are  velocity  and  position  feed¬ 
back  gain  matrices,  which  specify  the  desired  re¬ 
sponse.  The  closed-loop  transfer  function  from 
the  reference  signal  9d  to  the  link  position  is  given 
by 


9di  _  Kpi 

9i  +  KpiS  +  Kpi’ 


i  =  1,2 


(9) 


4  Problem  Formulation 

Figure  1  shows  a  schematic  diagram  of  the  com¬ 
bined  Dynamic  Inversion  Control  and  Quantitat¬ 
ive  Feedback  Theory  controller. 


Figure  1:  Nonlinear  Controller  Structure 
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4.1  Performance  Specifications 
The  task  of  the  controller  in  robotic  manipulat¬ 
ors  is  to  track  a  reference  trajectory  given  by  the 
path  planning  according  to  the  work  task.  A  tip 
trajectory  is  coordinated  and  divided  into  a  refer¬ 
ence  to  each  link.  The  performance  specification 
for  control  system  design  in  robotic  manipulators 
is  based  on  the  non-interaction  rule.  That  is,  each 
link  is  designed  to  track  its  command  signal  given 
by  the  path  planning  without  coupling  from  other 
links.  According  to  the  limitation  of  the  motors 
and  the  robotic  manipulator  in  our  lab,  the  track¬ 
ing  performance  of  each  link  is  specified  in  term  of 
the  frequency  domain  step  tracking  performance 
bounds  which  are  given  in  Figure  2. 


Figure  2:  Performance  Specification  for  the  Two 
Links 


It  includes  the  responses  of  a  number  of  first  or¬ 
der  and  second  order  plants.  Following  the  phys¬ 
ical  properties  of  robotic  manipulators,  the  move¬ 
ment  of  the  second  link  has  little  effect  on  the  first 
link.  The  main  coupling  between  the  first  and  the 
second  links  is  that  the  movement  of  the  first  link 
has  significant  effect  on  the  second  link.  The  re¬ 
quirement  for  the  coupling  between  each  link  is 
to  be  less  than  10%.  That  is,  when  the  second 
link’s  command  is  zero,  the  output  of  the  second 
link  should  be  less  than  10%  of  the  first  link’s 
conunand  signal. 

4.2  Template  Generation 
After  the  inner  loop  controller  is  designed  by  DIG, 
if  there  is  no  uncertainty  it  cancels  all  kinematic 
nonlinearies  of  the  robotic  manipulator  and  intro¬ 
duces  the  desired  linear  dynamics.  The  interac¬ 
tion  between  the  two  links  is  eliminated  totally. 
However,  due  to  uncertainties.  Dynamic  Inver¬ 


sion  Control  only  cancels  most  of  the  kinematic 
nonlinearities.  In  the  design  of  QFT  controllers, 
the  whole  robotic  manipulator  under  DIG  is  con¬ 
sidered  as  the  plant.  This  is  an  uncertain  mul¬ 
tivariable  nonlinear  control  problem. 

The  way  to  design  a  controller  for  a  nonlinear 
plant  in  QFT  is  to  replace  the  nonlinear  plant 
with  a  set  of  equivalent  linear  time  invariant 
plants  (LTI).  It  is  expected  that,  due  to  the  intro¬ 
duction  of  DIG  in  the  inner  loop,  the  size  of  the 
templates  of  the  controlled  plant  are  much  smal¬ 
ler  than  that  of  the  original  since  the  most  of  the 
nonlinearities  have  been  cancelled.  As  a  result, 
this  greatly  reduces  the  difficulties  of  the  design 
of  QFT  controllers  [4].  In  general,  when  the  tem¬ 
plates  of  an  uncertain  plant  are  large,  in  order  to 
achieve  the  desired  performance  response,  a  high 
gain  control  is  required. 

The  set  of  the  equivalent  LTI  plants  are  obtained 
as  follows:  for  each  link,  first  a  second  order  or 
first  order  model,  which  is  called  as  a  reference 
model,  is  used  to  produce  the  desired  tracking  re¬ 
sponses  from  a  step  input  signal.  Then  a  high 
gain  controller  is  designed  for  each  link  as  in  Fig¬ 
ure  3  such  that  the  real  output  of  the  each  link  ac¬ 
curately  tracks  the  output  of  the  reference  model. 
The  equivalent  plant  can  be  identified  from  the 
input  and  output  data  pair  of  the  robot.  This  is 
a  problem  of  identifying  a  rational  transfer  func¬ 
tion  from  a  set  of  input  and  output  data.  Sev¬ 
eral  identification  methods  are  tested.  Among 
them  we  find  Golubev  and  Horowitz  method  [2] 
is  the  best  one.  Two  criteria  are  adopted  to  select 
the  identification  methods.  One  criterion  is  that 
after  the  equivalent  transfer  function  is  identified, 
the  previous  input  data  is  imposed  on  both  the 
identified  model  and  the  plant  to  be  identified. 
The  outputs  from  the  identified  model  and  the 
real  plant  are  compared.  The  other  criterion  is 
that  for  a  known  linear  plant,  the  frequency  re¬ 
sponse  of  the  identified  model  is  compared  with 
that  of  the  real  plant.  In  both  these  two  aspects, 
the  Golubev  and  Horowitz  method  exhibits  good 
performance.  The  order  of  the  identified  plant  is 
determined  according  to  the  fitness  error.  That 
is,  the  order  of  the  model  is  increased  until  the 
fitness  error  is  not  further  reduced  significantly. 

High  gain  controllers  for  links  one  and  two  are  de¬ 
signed  on  the  basis  that  the  closed  loop  system  is 
stable  and  the  manipulator’s  output  closely  fol¬ 
lows  the  output  of  the  reference  model.  In  this 
paper,  the  high  gain  controller  for  link  one  and 
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Figure  3:  High-gain  Controller  for  Temperate 
Generation 


two  are  designed  as 


Ghgi{s) 


800(s  +  3) 
s-t-10 


and 


Ghg2is) 


800(s  -I- 1) 
s-l-10 


respectively. 

Since  the  manipulator  under  DIG  is  nonlinear 
when  there  are  uncertainties,  it  is  well  known 
that  the  magnitude  of  the  input  signal  affects  the 
dynamics  of  the  plant  and  therefore  the  equival¬ 
ent  LTI  plants.  Step  inputs  with  the  magnitude 
1.57 rad  (180°),  1.0 rad  (57.5°)  and  0.5  rad  (28.8°) 
are  used.  The  result  shows  that  the  amplitude 
only  has  a  small  effect  on  the  LTI  plants  for  this 
manipulator.  This  is  justified  based  on  the  com¬ 
parison  of  the  firequency  responses  of  the  plants 
under  the  different  amplitudes  of  the  input  sig¬ 
nals.  Hence  in  this  paper  the  amplitude  of  the 
step  input  for  identification  is  chosen  as  1.0  rad. 
By  changing  the  reference  models  such  that  the 
whole  range  of  the  performance  specification  is 
covered,  a  set  of  LTI  plants  for  the  first  link  and 
the  second  link  axe  found  for  a  specific  tip  mass. 
Calculating  such  a  set  of  LTI  plant  for  typical 
values  of  the  load  within  a  prescribed  range  gives 
the  whole  set  of  the  LTI  plants  for  the  robot  under 
tip  mass  variation  within  the  specified  range.  The 
maximum  load  is  chosen  as  0.3  kg  in  this  paper. 
Three  values  of  the  tip  mass  are  chosen:  0.0  kg, 
0.1kg,  and  0.3  kg.  The  procedure  for  identifying 
the  LTI  plants  for  the  transfer  function  between 
the  first  link  and  the  second  link  is  the  same  as 
above. 

It  should  be  noted  the  high  gain  controllers  are 
only  designed  to  identify  the  equivalent  (LTI) 
plants  for  the  nonlinear  plant. 

4.3  The  Choice  of  Controller  Para¬ 
meters  in  Die 

The  choice  of  the  controller  parameters  in  Dy¬ 
namic  Inversion  Control  has  a  significant  effect 
on  the  equivalent  set  of  LTI  plants  and  hence  the 


size  of  the  templates.  For  example  when  only  a 
very  simple  dynamic  inversion  with 

vit)  =  ea{t) 

is  used,  the  ideal  plant  after  the  Dynamic  Inver¬ 
sion  Control  is  l/s^.  A  small  perturbation  in  the 
parameters  of  the  robot  will  result  in  a  large  vari¬ 
ation  in  the  low  frequency  characteristics  of  the 
equivalent  linear  plant.  Consequently  it  complic¬ 
ates  the  design  of  the  subsequent  QFT  design. 
When  the  nonlinear  Dynamic  Inversion  Control 
law  is  designed  such  that  the  desired  linear  plant 
is  25/(s^-M0s-|-25),  the  equivalent  templates  for 
the  first  and  second  links  are  given  in  Figures  4—5 
where  Pij,i,j  =  1,2  denote  the  equivalent  trans¬ 
fer  function  form  the  ;th  input  to  the  ith  output. 
Similarly  the  equivalent  template  of  P12  also  can 
be  generated  by  this  way.  As  will  be  shown  in 
later,  it  will  be  used  to  calculate  the  equivalent 
disturbance  bound. 

When  the  desired  linear  dynamics  are  chosen  as 
(2.5s  -f  25)/(s^  +  10s  +  25),  as  shown  in  Figure  6, 
the  size  of  the  equivalent  plant  templates  of  the 
second  link  can  be  further  reduced. 


Figure  4:  Plant  Template  Pn  for  First  Link  after 
Dynamic  Inversion  Control 


5  Design  of  Outer  Loop  QFT  Con¬ 
trollers 

5.1  First  Link 

In  QFT  a  multivariable  system  design  problem 
is  divided  into  several  Multiple  Input  and  Single 
Output  (MISO)  system  design  problems.  Al¬ 
though  a  two  link  manipulator  is  a  multivari¬ 
able  uncertain  nonlinear  system,  analysis  indic¬ 
ates  that  the  second  link  has  little  influence  on 
the  first  link.  Thus  when  designing  the  controller 
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Figure  5:  Plant  Template  P22  for  Second  Link 
after  Dynamic  Inversion  Control 
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Figure  6:  Plant  Template  for  Coupling  after  Dy¬ 
namic  Inversion  Control 


for  the  first  link,  the  influence  of  the  second  link  is 
ignored.  According  to  the  performance  specifica¬ 
tion  in  Section  4.1  and  the  plant  template  gener¬ 
ated  in  Section  4.2,  following  the  standard  QFT 
SISO  system  design  procedure,  the  QFT  control¬ 
ler  for  the  first  link  is  given  by 

G  fs)  =  0-883(s79.61^  +  2  x  0.0846s/9.61  +  1) 
s(s/6.91-t-l)(s/10.9-M) 

_  9.557e  -  3s2  +  i.555e  -2s  +  0.8828 
O.OlSsS  +  0.2555s2  -i-  s 

In  the  design  of  QFT  controller  Gi,  to  reduce 
the  steady  state  tracking  error,  an  integrator  is 
embedded  in  it.  In  fact  one  can  find  Gi  has  a 
PID-like  structure.  The  loop  shaping  depicted  in 
Figure  7  shows  that  all  stability  and  performance 
QFT  bounds  are  satisfied. 


epwi  loop;  -«2Uatf«g,-19ieM8 
Oowd-toop: 


Figure  7:  Loop  Shaping  for  the  Control  of  the 
First  Link 
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Figure  8:  Loop  Shaping  for  the  Filter  of  the  First 
Link 

The  filter  for  the  first  link  is  designed  as 

p  ^  sVl.4=^  +  2x0.61s/1.4+l 
^  0.01s2  + 0.06s -hi 

and  the  loop  shaping  result  is  shown  in  Figure  8. 

5.2  Second  Link 
Let 

p  _  -Pii  Pl2 

P21  P22 

denote  the  equivalent  transfer  function  matrix  for 
the  manipulator  under  DIC.  The  movement  of  the 
first  link  has  significant  influence  on  the  second 
link.  This  is  due  to  the  coupling  between  these 
two  links.  This  coupling  term  can  be  considered 
as  a  disturbance.  Following  the  multivariable 
QFT  design  method  in  [4,  1]  and  noting  P12  =  0, 
the  disturbance  can  be  calculated  by 

(10) 
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where 


■  40|Jgd»9^14.1SrfB 
>4136dig^ia^(m 


•^12  ~  12 

and  L\  and  ri  are  the  nominal  loop  transmission 
and  the  command  signal  of  the  first  link. 


Figure  9:  QFT  Design  Block  Diagram  for  the 
Second  Link 


Prom  Figure  9,  the  output  of  the  second  link 
caused  by  the  disturbance  is  given  by 

■^22  \ 

Therefore,  the  equivalent  disturbance  attenuation 
problem  can  be  written  as 


y2iDJ  = 


P22 


21 


1  +  L2 

In  this  paper  t2i  is  required  to  be  less  0.1,  that  is 


\t2i{joj)\  =  —  <  0.1 
ri 


The  disturbance  bound  can  calculated  by 


W3M  =  min  2/2iL>2i^ 


The  disturbance  attenuation  problem  becomes 


min 

■  Ll  P21,P32,Pii  P2I 


J 


P22 
1  +  L2 


<W3H 


Hence  in  the  design  of  the  controller  G2  for  the 
second  link,  in  additional  to  the  tracking  perform¬ 
ance  specification,  the  above  disturbance  attenu¬ 
ation  specification  also  must  be  satisfied.  Finally, 
similar  to  the  controller  for  the  first  link,  the  res¬ 
ultant  controller  G2  also  is  a  PID  controller,  given 
by 


^  _  5.454(s2/0.35222  -|-  2  x  0.2366s/0.3522+  1) 
s(s/10.25  +  l)(s/363.H-l) 
(43.968s2  +  7.3277s  -I-  5.454) 

~  s(0.000287s2  +  0.01s  +  1) 

]  and  the  prefilter  is  designed  as 


^  /gN  _  _ o/a.o-r  X _ 

^  l/2.0322s2  -1-  1.1414/2.032S  -|- 1 

The  loop  shaping  results  for  the  controller  G2  and 
the  prefilter  F2  are  drawn  in  Figures  10  and  11. 


Figure  10:  Loop  Shaping  for  the  Control  of  the 
Second  Link 


OpMiJMp:  -TCJBdB 

Oowtf  loop; 


Figure  11:  Plant  Template  for  Coupling  after  Dy¬ 
namic  Inversion  Control 


6  Simulation  Results 

6.1  Performance  under  DIG 

In  the  simulation,  first  the  performance  imder  the 
Dynamic  Inversion  Control  is  investigated.  The 
Die  is  designed  on  the  assumption  of  no  tip  load. 
When  this  control  law  is  applied  to  the  manipu¬ 
lator  with  no  tip  mass.  Figures  12  and  13  show 
that  a  good  performance  is  achieved.  In  Fig¬ 
ure  12,  the  first  link  has  an  unit  step  command 
signal  and  the  second  link  has  no  command.  The 
opposite  input  signals  are  imposed  in  Figure  13. 
However  when  the  plant  has  0.3  kg  load,  as  shown 
in  Figures  14  and  15,  poor  performance  results. 
When  there  is  a  step  reference  in  the  first  link 
and  no  command  on  the  second  link,  although 
the  first  link  still  has  a  good  response,  the  large 
coupling  effect  results  in  a  poor  transient  in  the 
second  link.  When  there  is  a  step  reference  in  the 
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Figure  13:  Control  and  Response  for  Dynamic 
Inversion  Control  under  Second  Link  Input:  no 
load 


6.2  Performance  using  Robust  Non¬ 
linear  Control 

Now  the  performance  of  the  manipulator  under 
the  robust  nonlinear  controller  developed  in  this 
paper  is  investigated.  As  shown  in  Figures  16-19, 
the  outer  loop  QFT  controllers  greatly  enhance 
the  robustness  of  the  DIC.  Satisfactory  responses 
under  the  tip  mass  varying  from  0.0  kg  to  0.3  kg 
are  obtained.  At  the  nominal  case,  no  load,  the 
performance  of  the  nonlinear  robust  controller  is 
almost  the  same  as  the  DIC.  That  is,  it  retains  the 
advantage  of  the  DIC — good  tracking  perform¬ 
ance  for  each  link  reference  and  decoupling  abil¬ 
ity.  When  the  manipulator  has  the  load  0.3  kg, 


Figure  15:  Control  and  Response  for  Dynamic 
Inversion  Control  under  Second  Link  Input:  Load 
0.3  kg 


Figures  18-19  shows  that  the  coupling  effect  is 
greatly  reduced  and  the  tracking  performance  is 
significantly  improved. 

6.3  Robustness  against  Modelling  Er¬ 
rors 

To  further  test  the  robustness  of  the  design  non¬ 
linear  robust  controller,  several  factors  including 
the  friction  and  the  variations  of  motor  resistance 
axe  considered.  The  motor  resistance  varies  with 
the  temperature  of  the  motor.  In  the  following 
simulation  it  is  supposed  that  the  resistance  of 
both  motors  changes  by  20%  of  their  values.  Res¬ 
ults  for  two  cases  are  given  in  Figimes  20  and  21 
where  Figure  20  is  for  no  tip  load  and  Figure  21 
for  a  tip  load  of  0.3kg.  Comparison  with  the  re¬ 
sponse  in  Figures  17  and  18  respectively  shows 
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Figure  16:  Control  and  Response  for  Rnbust  Non¬ 
linear  Control  under  First  Link  Input:  No  Load 


Figure  18:  Control  and  Response  for  Robust 
Nonlinear  Control  under  First  Link  Input:  Load 
0.3  kg 


Figure  17:  Control  and  Response  for  Robust  Non¬ 
linear  Control  under  Second  Link  Input:  No  Load 


Figure  19:  Control  and  Response  for  Robust  Non¬ 
linear  Control  for  Second  Link  Input:  Load  0.3  kg 


little  variation  in  performance. 

A  similar  result  is  also  obtained  for  friction.  The 
nonlinear  robust  control  exhibits  good  robustness 
against  imcertainties.  One  of  the  reasons  is  that 
an  integrator  is  embedded  in  design  of  the  QFT 
controllers. 

7  Conclusion 

Design  of  a  controller  for  a  nonlinear  uncertain 
multivariable  system  to  achieve  prescribed  spe¬ 
cifications  is  a  challenging  problem  for  control 
engineering.  To  this  end,  this  paper  developed 
a  new  methodology  which  integrates  DIC  in  non¬ 
linear  control  theory  and  and  QFT  in  robust  con¬ 
trol.  The  design  procedure  is  illustrated  by  a  two 
link  manipulator  with  large  variations  of  the  load. 
The  simulation  result  shows  that  the  result  is  en¬ 
couraging.  Further  work  is  continuing  to  imple¬ 


ment  the  proposed  control  scheme  on  the  lab  ma¬ 
nipulator. 
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Figure  20:  Control  and  Response  for  Robust  Non¬ 
linear  Control  with  20%  Motor  Resistance  Vari¬ 
ation:  No  Load 
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Figure  21:  Control  and  Response  for  Robust  Non¬ 
linear  Control  with  Motor  20%  Resistance  Vari¬ 
ation:  Load  0.3  kg 
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SUMMARY 

The  problem  of  motion  control  of  a  path-tracking  autonomous  robot  is  considered  in  this 
paper. 

While  modeling  of  mobile  robots  has  attracted  growing  interest  recently  (see  [1],  [2]  for 
instance)  it  has  been  shown  ^at  these  nonholonomic  systems  are  neither  stabilizable  by 
means  of  smooth  time  invariant  laws  nor  linearizable  by  static  feedback  laws  when  Global 
Control  is  needed.  Complex  dynamic  state  feedback  or  discontinuous  state  feedback  laws  ( see 
[3] )  have  been  proposed  and  simulated. 

However,  these  methods  do  not  take  into  account  inherent  uncertainties  due  to  nonlinearities 
of  actuators,  sensor  uncertainty  or  slippery  conditions  and  hence,  could  not  be  applied  to  a 
real  path-tracking  robot. 

Following  the  analysis  of  problems  we  have  encountered  when  trying  to  apply  the  above 
proposed  methods,  we  present  tiie  development  of  a  linearized  model,  plant  templates  and 
tracking  bounds  from  experimental  data  and  theoretical  models. 

Then,  using  the  method  by  Chen  and  Ballance  [4],  [5]  we  have  designed  and  tested  a  QFT 
Local  Controller  for  this  unstable  system.  The  robustness  of  the  overall  design  has  been 
proved  on  a  real  robot. 


1.  INTRODUCTION 

The  problem  of  motion  confrol  of  mobile  robots,  either  on  wheels  or  tracked,  has  been  studied 
extensively  during  last  years. 

Many  challenging  applications  have  been  presented  in  the  literature  :  armored  personnel 
carrier  used  as  an  autonomous  vehicle  [8]  or  an  unmanned  undergroimd  mining  vehicle  :  a  so 
called  ‘load,  haul  and  dump  truck’.  While  the  ‘Pathfinder’  for  Mars  exploration  has  attracted 
a  lot  of  interest  within  the  general  public  there  is  an  enormous,  economically  motivated  need 
for  mobile  unmanned  robots  in  agriculture,  for  search  and  rescue  tasks  as  well  as  for  general 
factory  and  office  purposes  like  cleaning  or  transportation. 


A.  BACKGROUND. 

Even  if  different  mobile  platforms  are  used  in  practice,  the  problem  of  motion  control  of 
mobile  robots  is  a  generic  one.  Obstacle  avoidance,  self-localization,  self-adaptation  are 
common  keywords. 
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The  motion  of  a  mobile  robot,  or  more  precisely :  the  motion  of  a  coordinate  system  Ri 
attached  to  the  mobile  robot  with  respect  to  an  inertial  coordinate  system  R,  will  be  described 
on  a  Oxy  plane  by : 

&K/dt  =  -  v(t)  sin(6) 

Ay/6.t=  v(t)  cos(O)  (1) 

d0/dr=  a)(t) 

where  :  v  is  the  linear  velocity  of  the  robot,  here  :  vis  in  the  direction  of  yi  axis  of  the  Ri 
coordinate  system ; 

d  is  the  heading  angle,  here  with  respect  to  y  axis  of  the  R  coordinate  system 
and  CO  is  the  angular  velocity  around  the  z  axis  of  the  R  coordinate  system. 

The  triple  (x,  y,d)  forms  the  configuration  of  the  robot. 


Fig.  1  Coordinate  systems  for  motion  control  of  a  mobile  robot 
B.  TWO  METHODS  OF  MOBE.E  ROBOT  CONTROL 

Now,  two  different  approaches  can  be  considered  for  the  design  of  a  control  law  to  steer  the 
robot  on  the  plane  Oxy  : 

to  the  Reference  Final  Configuration.  (a) 

via  Path  (or :  Line  or  :  Trajectory)  tracking  (b) 

The  Method  (a)  consists  in  designing  a  Global  control  law  (i.e.  v(t)  and  (o(t)  as  functions 
of  configuration  variables  (x,  y>0))  if  from  any  initial  configuration  (xo,  yo,  0q)  the  robot  is 
to  move  to  the  Final  Configuration  :  (xf,  yt,  $f).  (  not  necessarily  to  (0,0,0)  !). 

Even  if  such  control  laws  have  been  proposed  (for  example  [3]),  it  has  also  been  proved  (see 
[1]  for  some  details)  that  there  exists  no  smooth,  time  invariant  feedback  law  capable  of 
stabilizing  the  Final  Configuration.  Complex  discontinuous  or  time  varying  control  laws  result 
in  a  very  erratic  motion  of  a  robot  even  in  computer  simulations.  No  input  delay  or  parameter 
uncertainty  could  be  introduced  in  any  of  these  very  high  gain  control  laws.  All  this  makes 
these  laws  quite  difficult  to  use  in  practice  . 
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The  Method  (b)  consists  in  generating  a  path  between  an  initial  configuration  and  the  final 
one  ;  or  firom  the  actual  configuration  to  the  reference  trajectory,  and  subsequently  steering  the 
robot  along  this  path.  The  Local  control  law  which  steers  the  robot  is  now  v(t)  and  co(t)  as 
functions  of  the  robot  position  and  orientation  with  respect  to  the  path. 

The  design  and  analysis  of  a  QFT  Local  control  law  for  a  general  mobile  platform  will  be 
presented  in  this  paper. 

C.  CHAINED  STRUCTURE  OF  A  MOBILE  ROBOT  CONTROL  SYSTEM 

The  overall  structure  for  these  two  control  systems  as  well  as  problems  one  must  solve  are  the 
same.  Self-localization  of  the  robot  will  be  done  using  sonar,  odometric  or  laser  sensors  or 
cameras  (for  recent  ideas  see  [9], [10]). 

Then,  it  is  also  necessary  to  take  into  account  the  particular  dynamic  models  of  a  robot. 
Different  configurations  of  wheels  (see  [1])  will  result  in  different  models.  For  tracked 
vehicles  see  Reference  [2]. 

The  set  of  equations  describing  robot  dynamics  will  be  added  to  the  motion  equations  (1). 
However,  it  is  possible  to  make  these  two  sets  of  equations  independent. 

Ground  traction  force,  motor  characteristics  as  well  some  other  system  parameters  may 
change  during  the  robot  operation.  This  set  of  equations  with  previous  ones  forms  the  overall 
model  of  the  system.  (  for  some  recent  ideas  see  [11]).  But  it  is  once  more  possible  (at  least 
in  normal  conditions)  to  organize  local  control  loops  to  servo  v(t)  and  a)(t)  to  reference 
values  given  by  the  motion  model  (1). 
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C.  MODEL  OF  MOTION  FOR  PATH  TRACKING 

As  we  have  seen,  one  of  the  important  tasks  of  robot  navigating  within  the  Method  (b)  is  to 
keep  the  robot  on  the  path. 

Directly  from  the  Fig.  4.  or  from  the  motion  model  (1)  we  write  down  nonlinear  models  of 
motion  along  the  path. 


Generated 

path 


Fig.  4.  Path  tracking  robot 
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The  model  of  a  two  wheels  robot  writes  down: 


d  5  /d/  =  ojmft)  R  tan(a) 

da/dr=  (R/H)  co(t)  (2) 

where : 

8  distance  j&om  the  axis  of  the  robot  to  the  path  [in  meters] 

a  orientation  angle  between  the  axis  of  robot  and  the  path  [in  radians] 

a}m(t)  instantaneous  speed  of  both  wheels  (mean  value  of  them)  [radians  /  sec] 

a(t)  rotation  speed  ofthe  robot  around  perpendicular  axis  [radians  /  sec] 

proportional  to  the  difference  of  rotation  speeds  ofthe  left  Gtft)  and  right  G)R(t)  wheels 
R  mdH  radius  ofthe  driving  wheels  and  the  width  ofthe  robot  [meters] 

We  have  tested  several  platforms  :  tracked  and  on  wheels.  The  model  of  motion  along  the 
path  (2)  presented  here  for  this  particular  robot  is  quite  straightforward  but  for  most  other 
robots  only  geometric  parameters  will  differ. 


I  free 


Fig.  5.  Two  wheels  robot  platform 

However,  it  is  worth  noting  that  model  (2)  must  incorporate  orientation  angle  a  as  four 
different  operating  conditions  must  be  taken  into  account:  1)  a,  8  >  0,  2)  a  >  0, 8  <  0,  3) 

a,  8<0  and  4)  a<  0,  8>0.  Developing  in  Taylor  series  the  nonlinear  part  of  the  model 
equation  tan(a)  and  taking  into  account  the  chained  structure  ofthe  control  problem,  where 
changing  conditions  introduce  input  delay  0  only,  we  get  the  transfer  function  ofthe  system 
analyzed: 


G(s)  =  8(j)  /  ®  (s)  =  {cD„  (R*/H)  (  1  -  s(0/2))/(  s^(  1+  s((9/2)))  (3) 


where  :  input  variable  is  the  difference  of  rotation  speeds  a)(t)  =  coift)  -  G)R(t)  and  the  output  of 
the  system  is  the  distance  b(t)  from  the  axis  ofthe  robot  to  the  path. 
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2.  QFT  LOCAL  CONTROL  LAW 

From  the  above  presented  discussion  it  is  clear  that  QFT  can  design  robust  Local  Control 
Lavi^s  for  mobile  robots  and  suits  well  for  this  task.  While  geometric  parameters  R  and  H  are 

constant,  and  6  are  not.  However,  it  is  relatively  easy  to  understand  the  bounds  of  these 
variables. 

From  the  analysis  of  operating  conditions  we  got  4  [radians/sec]  <<»;„<  8  [  radians/sec]  and 
0.2  [sec]  <  ^  <  0.8  [sec].  In  our  case  H==  0.4  [m]  and  R  =  0.1  [m]. 

We  can  re-write  now  the  transfer  function  (3)  : 

G(s)  =  (-  k  ( s  -  b))/ (  s^(  s  +  b))  (4) 

with : 

2.5<b<10 

0.1<k<0.2 

The  control  law  is  applied  from  computer  with  sampling  period  of  0.1  seconds  [100  ms]. 


A.  TRACKING  SPECIFICATIONS 

Tracking  bounds  :  upper  and  lower  have  been  selected  using  standard  Mp ;  Maximum  peak 
overshoot,  and  ts :  settling  time  analysis. 

Tru(s)  =  -0.3  /  (s^  -I- 1.1  s  +  0.3) 

^  2 

Trl(s)  =  -(0.6s  +  0.5)  /  (s^  +  1.1  s  +  0.5) 

For  Robust  Stability  margin  of  a  Closed  Loop  system  with  L(s)  =  C(  s)G(s) 

I  L(s)/(HL(s)|  <  Mp=  0.1  dB 

and  settling  time  of  8  seconds  maximum.  The  maximum  peak  overshoot  condition  must  be 
very  stringent  in  this  case  while  settling  time  is  relatively  long. 
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Phtta  (deg); 


Bode  Diagrams 


STEP  RESPONSE 


Tracking  functions  specifications  in  frequency  and  time  domains 


B.  NOMINAL  PLANT  SELECTION  AND  PLANT  TEMPLATES  GENERATION 


The  system  we  have  to  stabilize  here  is  non-minimum  phase  and  unstable.  According  to  the 
systematic  procedure  in  [4]  and  [5]  we  select  now  a  nominal  Go(s)  plant: 

Go(s)  =  0.1  (  0.4s  +  l)/(  s^(  s  +  0.1))  (6) 

The  xmcertain  plant  must  be  enlarged  now: 

G(s)  =  k  (  0.4s  +  l)(l-bs)  /  (  s^(  s  +  e/2)(l+bs))  (7) 

with  0  <  b  <  0.4 

0.1  <k<0.2 
0.1  <0/2  <0.4 

Plant  templates  for  this  enlarged  uncertain  plant  have  been  generated  using  MATLAB 
package 

C.  CONTROLLER  AND  PREFILTER  DESIGN 

Controller  and  Prefilter  have  been  designed  using  MATLAB  package  with  respect  to  the 
frequencies :  03  =  [0.01  0.03  0.1  0.3  1  3  10  100]  radians /sec. 

The  discrete  in  time  version  of  this  controller  for  0.1  seconds  sampling  period  gives  : 

Cd[z]=  (  0.020  +  0.0294  z  -  0.0493)  /  (  z^  -  1.98  z  +  0.9802) 


C.  CONTROLLER  VALIDATION  AND  REAL  ROBOT  TESTS 

Checking  on  the  Nyquist  Plot  under  the  resulting  Controller  gives  a  stable  Closed  Loop 
system. 

This  controller  has  been  implemented  in  C  on  a  real  time,  multitask  operating  system. 
Series  of  tests  have  been  conducted  on  a  platform  from  Fig.  5.  (DC  12  Volts  motors, 

IR  light  sensitive  and  sonar  (Siemens  Bero)  sensors. 

1)  Several  reference  trajectories  : 

Straight  line 
U-Tums  radius  2  meters 
Circles  radius  2  meters 

have  been  driven  with  no  noticeable  difference  in  robot  behavior. 
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X  axis:  time  in  seconds  *  0.2,  y  axis  :  small  curve  -u  in  radians  per  second 

big  curve  6  in  millimeters  /  10 


X  axis:  time  in  seconds  *  0.2,  y  axis  : 


small  curve  -u  in  radians  per  second 
big  curve  8  in  millimeters  /  10 


3.  CONCLUSIONS 


Modeling  and  theoretical  analysis  of  dynamic  behavior  of  mobile  robots  allowed  us  to 
implement  robust  and  efficient  control  loops. 

The  QFT  methods  have  been  used  to  design  a  Local  Controller  for  a  path  tracking  robot. 
Some  novel  and  rigorous  QFT  methods  of  design  for  a  non  minimum  phase,  unstable  systems 
have  been  successfully  applied. 

Very  good  behavior  of  the  overall  control  system  have  been  demonstrated  on  a  real  robot. 
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If  we  are  to  discuss  frequency  response  in  Linear  Feedback  Control,  we  must  also  talk  about 
its  rival.  State  Space.  Obviously,  one  important  difference  between  them  is  in  the 
Mathematical  tools,  first  discussed.  But  an  overlooked  important  difference  is  in  the 
Motivation  and  Problem  Definition.  For  that,  we  need  the  Historical  Background  that  is 
responsible  for  the  huge  differences  between  the  two. 

What  is  the  advantage  of  replacing  an  nth  order  LTI  differential  equation  by  n  first  order 
equations.  It  seems  to  me  that  a  much  better  perspective  is  s  available  from  the  former, 
especially  if  it  is  in  factored  Transfer  Function  form.,  even  more  so  from  its  graphical 
frequency  response.  I  read  in  a  Pure  Maths  book  that  the  state-space  form  was  convenient  for 
Existence  theorems.  So  the  State  Space  passion  then  seemed  to  me  part  of  the  snobbish 
Mathematics  fad.  Our  business  as  Engineers  is  primarily  to  build  systems,  not  to  prove 
Existence  theorems,  although  inevitably  on  the  way  it  is  useful  to  do  so.  Part  of  the  State 
Space  justification  was  its  greater  generality  for  MMO  and  Nonlinear  systems.  But  in  a  n  x  n 
MIMO  of  order  M,  why  use  Mxn  equations  when  n  suffice.  Also,  if  a  system  is  LTI,  I  want  to 
exploit  this  and  expose  it  in  its  most  transparent  form,  rather  than  its  most  opaque  form.  The 
Operational  tool,  first  revealed  and  marvelously  used  by  Oliver  Heaviside  in  the  late  19th 
Century,  is  a  gift  from  Heaven.  Why  obscure  it,  demean  it,  ignore  its  tremendous  insights,  and 
try  to  shame  one  away  from  it.  Finally,  in  Feedback  Control,  State  Space  has  led  to 
concentration  on  non-problems  [1]  such  as  controllability,  and  thereby,  the  miseducation  of 
several  generations  of  Engineers,  which  persists  to  this  day.  But  to  explain  this  I  must  turn 
to... 


HISTORICAL  BACKGROUND 

The  earliest  systematic  research  in  Feedback  Theory  was  in  Feedback  Amplifiers  by  H.  W. 
Bode  [2]  of  Bell  Labs.  It  is  important  to  contrast  his  work,  with  that  of  the  MIT  Servo  Lab.  on 
Radar  design  during  World  War  2.  Bode  was  motivated  by  the  Long  Distance  Telephone  line, 
where  hundreds  of  Amplifiers  (Repeaters)  are  needed  along  the  line.  One  wants  to  maximize 
the  number  of  channels  on  the  line:  Let  Bmin  be  the  minimum  Bandwidth  needed  per  channel. 
The  tolerance  Uc_over  Bmin  must  be  very  small,  since  it  is  multiplied  by  the  large  number  of 
repeater  stations.  Hence  feedback  must  be  used.  The  maximum  "Plant"  Uncertainty  Up  is 
ascertained;  minimum  Loop  Gain  needed  over  Bmin»  is  (Up/Uc).  The  objective  is  to  maximize 
the  available  Repeater  Bandwidth  Bt,  because  the  maximum  number  of  useable  channels  is 

®t/Bmin- 


Bode  showed  that  the  ultimate  constraint  on  Bt,  is  due  to  the  Plant  high-frequency  parasitics. 
(Fig.  1  -  The  High  -  co  Asymptote,  beyond  which  the  Plant  model  is  not  trustworthy). 

1)  What  is  the  best  one  can  do  for  a  given  high-©  asymptote? 

2)  Given  an  unlimited  supply  of  basic  amplifier  elements,  with  its  high-frequency  parasitics, 
what  is  the  optimum  layout  and  number  of  elements  to  use  in  a  repeater,  to  maximize  its 
high-w  asymptote? 

Bode  solved  both  problems.  His  result  became  known  as  the  "ideal  Bode  Cut-Off,  although 
he  emphasized  it  was  only  a  reasonable,  practical  compromise.  In  the  process.  Bode  created  a 
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scientific  theory  of  feedback,  which  is  still  unknown,  60  years  later,  to  the  vast  majority  of 
modem  Feedback  Control  researchers,  interesting  Bode  was  a  Mathematician,  not  an 
Engineer,  but  he  never  sacrificed  practicality  and  fundamental  constraints,  for  the  sake  of  an 
elegant  Mathematical  publication. 

It  is  worth  noting  that  it  was  Bode  who  invented  the  Sensitivity  function, 
S  =  AT(s)/T(s)/AP(s)/P(s) ,  with  P(s),  T(s)  the  open-loop  Plant  and  closed-loop  System 
transfer  functions.  BUT  he  used  the  Loop  Transmission  L  for  detailed  design.  There  are  very 
good  reasons  why  S  is  a  very  poor  tool  for  transparent,  practical  design.  One  is  shown  in  (Fig. 
2:  The  Sensitivity  Function  is  very  INSENSITIVE  to  Sensor  Noise  Effect),  which  is  a  major 
Cost  of  Feedback. 

At  about  the  same  time.  Feedback  Control  (Servo  Theory)  was  developed  at  the  MIT  Servo 
Lab,  primarily  for  the  Radar  problem.  Its  model  has  only  l^F  (Fig.  3  -  One-degree-of- 
freedom)  with  S  =1-T.  Hence,  one  must  compromise  between  the  system  response  fonction 
(T)  and  its  sensitivity  (S)  to  Plant  Uncertainty.  In  fact,  in  any  practical  case  (Fig.  4),  there  is  an 
important  co-range  in  which  the  Sensitivity  of  a  feedback  implementation  of  a  desired  T(s),  is 
worse  (i.e.  ISI  >  1)  than  open-loop  design.  In  Fig.  4,  T(s)  =  (C0n2)/[s2-h2(^COn)sH-cOn^].  For 
C=l,  .707,  .5,  ISI  >  1  for  w/Bandwidth  >  1.1,  1.0,  .791.  The  MIT  CLASSICAL  design  theory 
was  a  reasonable  compromise,  because  in  those  "classical  olden  days",  the  customer 
demanded  functioning  radar  systems,  not  mathematical  research  papers  of  dubious  practical 
relevancy. 

PHASE  2  OF  FEEDBACK  CONTROL  RESEARCH  1946  -  1955 

It  is  unfortunate  that  the  MIT  Servo  people  did  not  spell  out  the  above  stractural  conflict..  It  is 
hardly  believable  but  Academic  Feedback  Control  research  persisted  with  this  wretched  one 
degree  of  freedom  constraint,  despite  its  non-existence  for  the  vast  majority  of  practical  SISO 
feedback  control  systems.  The  primary  OBJECTIVE  of  Academic  research  during  this 
period,  was  to  "obtain  a  desired  system  input-output  relation,  under  the  constraint  of  an 
imbedded  fixed  (not  uncertain)  Plant".  No  wonder  that  it  became  a  very  arid  subject, 
despite  temporary  relief  by  topics  such  as  Root-Locus,  Digital  Control,  Weiner  filter  theory, 
MIMO  systems.  The  genuine  Feedback  problem,  that  of  "Coping  with  Plant 
Uncertainty"  was  totally  overlooked. 

The  ADAPTIVE  Phase.  In  those  days,  in  Flight  Control  at  WPAFB,  it  seems  that 
"Scheduling"  was  used  for  Jet  A/C,  to  cope  with  the  large  Plant  parameter  changes  due  to 
Mach  and  Altitude  changes.  The  latter  two  variables  are  measured  on-line,  look-up  tables  give 
the  parameter  changes,  and  the  compensations  automatically  accordingly  adjusted. .  There  was 
a  crash,  attributed  to  the  complexity  of  the  Scheduling  system,  which  apparently  tried  to 
compensate  at  every  point  in  the  flight  control  equations  where  Mach  and  Altitude  appeared. 
Lt.  Gregory  of  the  Flight  Control  Lab.  at  WPAFB  suggested  (-1955),  that  an  ADAPTIVE 
system  be  used  instead,  based  on  the  Plant  output,  thus  launching  the  Adaptive  Era,  with 
pilgrimages  to  the  generous  Air  Force  Money  Fountain. 

Lt.  Gregory  was  in  fact  suggesting  traditional  Feedback  Control  to  cope  with  the  Plant 
Sensitivity  problem.  Academia  should  therefore  have  responded  by  examining  the  long- 
neglected  Sensitivity  problem,  and  would  have  been  led  to  need  for  two-degree-of-freedom 

(20F)  design.  In  fact,  there  then  appeared  John  Truxal's  "Control  System  Synthesis",  which 
became  very  popular.  It  had  a  chapter  on  "achieving  simultaneously  a  desired  nominal  system 
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transfer  function,  and  a  desired  nominal  disturbance  attenuation  function",  so  used  a  20F 
structure.  He  did  not  consider  Plant  Uncertainty  and  Cost  of  Feedback.  Unfortunately,  he  used 
the  current  s-plane  pole-zero  fad,  giving  a  very  opaque  procedure  (but  still  more  general  than 
the  later  state-space  eigenvalue  fad).  Frequency  Response  solves  the  more  general  problem  of 
"Disturbance  Attenuation  under  Plant  Uncertainty"  much  easier  and  with  much  greater 
transparency.  But  he  was  the  first  that  had  at  least  the  important  point  of  20F  synthesis,  which 
was  not  picked  up  at  all  by  himself  or  the  Adaptive  workers,  as  a  means  of  coping  with  Plant 
Uncertainty. 

Instead,  Adaptive  researchers  turned  to  NONLINEAR  FEEDBACK  to  deal  with  Plant 
Uncertainty.  Ordinary,  i.e.  LTI  feedback  was  not  admitted  into  the  ADAPTIVE  CLUB.  At 
best,  it  was  called  PASSIVE  ADAPTIVE.  Some  felt  the  need  to  justify  the  abandonment  of 
linear  feedback.  The  following  by  Kalman  was  typical:  "....  It  is  generally  taken  for  granted 
that  the  dynamic  characteristics  of  the  process  will  change  only  slightly  under  any  operating 
conditions  encountered  during  the  lifetime  of  the  control  system.  Such  slight  changes  are 
foreseen  and  are  usually  counteracted  by  using  feedback.  Should  the  changes  become  large, 
the  control  equipment  as  originally  designed  may  to  meet  performance  specifications...." 

Of  course,  the  Adaptive  (Nonlinear)  work  of  that  period  led  to  hardly  any  practical  or 
theoretical  value.  The  most  successful  was  the  Oscillating  Adaptive  system  of  Minneapolis 
Honeywell  (M-H),  which  had  some  success  on  the  X15  problem  (1000  to  1  uncertainty), 
because  it  is  in  effect  a  quasilinear  technique.  M-H  never  did  produce  a  systematic  design 
theory,  and  dropped  it  after  a  crash  in  which  a  veteran  X-15  test  pilot  was  killed.  I  began  QFT 
at  about  this  time.  Its  main  ingredients  were  and  remain  that  Feedback  in  Control  is 
mandatory  ONLY  DUE  TO  PLANT  UNCERTAINTY,  a  minimum  of  20F  are  needed,  and 
most  important,  QUANTITATIVE  DESIGN  IS  ESSENTIAL  In  order  to  vividly  disprove 
Kalman  and  the  Adaptive  Community,  I  applied  the  first  somewhat  primitive  QFT  technique 
to  the  1000  to  1  X15  problem,  giving  in  less  than  a  week,  a  simple  satisfactory  design  with 
reasonable  compensator  bandwidth.  Typically,  Academia  ignored  this  work,  but  it  did  earn 
me  the  enmity  of  the  Air  Force,  which  persists  by  some  of  them  to  this  day..  Ironically,  later, 
my  students  and  I  considered  the  Oscillating  Adaptive  System  as  a  bridge  between  Linear  and 
Nonlinear  Feedback,  and  we  developed  systematic  QFT  design  theories  for  several  important 
versions.  In  fact,  I  had  challenged  Adaptive  enthusiasts  [3],  o  provide  adaptive  problems 
which  could  not  be  solved  by  LINEAR  feedback,  but  which  they  could  solve  by  their 
Adaptive  design.  There  was  no  response  to  this  challenge.  We  later  answered  our  challenge, 
for  a  class  of  nonminimum-phase  plants,  by  means  of  an  Oscillating  design  [4]. 

STATE  SPACE:  PHASE  1.  LYAPUNOV  STABILITY,  OPTIMAL  CONTROL 

In  any  case,  this  Adaptive  phase  was  a  temporary  fad,  before  the  great  State  Space  deluge  of 
Modem  Control  theory  which  persists  to  this  day.  I  was  present  at  what  I  consider  its  birth,  at 
the  First  Joint  Conference  of  Electrical,  Mechanical  and  Chemical  Control  Engineers  in 
Dallas,  in  1959,  in  which  Kalman  and  I  were  Plenary  speakers.  I  gave  the  first  paper  on 
Quantitative  Feedback  theory  that  included  a  significant  Plant  Uncertainty  design.  Kalman 
introduced  State  Space  via  Lyapunov  Stability  theory.  We  all  know  which  won  out.  The  latter 
provided  many  Doctorates  for  the  next  few  years,  and  then  Optimal  Control  theory  via  State 
Space  dominated  Academic  Control.  Of  course,  it  was  primarily  Mathematics,  not  Control, 
because  Uncertainty  was  not  considered,  nor  the  sensitivity  of  the  optimal  control  law  to  small 
Plant  uncertainty.  Even  a  giant  like  Pontryagin  had  this  popular  naive  faith  that  the  mere  use 
of  a  feedback  structure  automatically  gave  an  implementation  less  sensitive  to  Plant 
uncertainty,  than  an  open-loop  implementation.  Some  years  later,  it  was  proven  that  both 
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implementations  have  identical  first  order  sensitivity. 

The,  State  Space  notation  became  very  popular,  and  Kalman's  Controllability-  Observability 
became  holy  canons,  despite  the  impracticality  of  the  former  (uncontrollable  outputs  pass  the 
Kalman  test  [5,  part  V]).  The  Control  Community  was  so  sick  of  Classical  Control,  so 
voraciously  hungry  for  something  new,  for  new  Course  &  research  opportunities,  that  there 
was  uncritical  examination  of  the  new  merchandise.  But  aside  from  Lyapunov  stability  and 
Optimal  Control,  the  central  problem  in  Feedback  Control  did  not  change  at  all.  It 
remained  the  realization  of  a  desired  input-output  relation  under  the  constraint  of  a  fixed, 
perfectly  known  Plant.  But  instead  of  describing  this  desired  input-output  relation  in 
frequency  response  or  pole-zero  terms,  "eigenvalues"  were  used,  which  of  course  ignores  the 
important  role  of  system  zeros.  The  heart  of  the  problem,  PLANT  UNCERTAINTY, 
continued  to  be  ignored. 

I  persisted  in  development  of  QFT,  but  was  isolated.  Frequency  Response  as  a  tool  was 
derided.  I  felt  that  either  I  was  blind  or  the  rest  of  the  gang  was  blind,  so  deliberately  taught 
State  Space  and  Optimal  Control  three  times,  but  concluded  that  these  were  highly  impractical 
tools  for  the  Feedback  Control  problem  of  "quantitative  coping  with  Plant  Uncertainty". 

The  next  development  was  LINEAR  QUADRATIC  REGULATOR  (LQR)  theory,  which  led 
to  constant  gain  (infinite  bandwidth)  compensators,  one  for  each  state.  Eventually,  it  was 
realized,  even  by  its  enthusiasts,  that  such  implementation  is  difficult  (it  is  really  impossible) 
and  expensive.  This  led  to  Observer  theory,  and  its  various  offshoots  LTR  etc.  Also,  the  need 
for  sensor  per  state  led  to  Model  Truncation  followed  by  eventual  Model  "Restoration". 
Hundreds  of  Theses  subjects  thereby  became  available  to  Academia  starving  for  theses  topics. 
But  all  this  time,  the  heart  of  the  feedback  problem.  Plant  Uncertainty,  remained  ignored. 
Several  generations  of  students  were  thus  mis-educated.  How  ironic  that  QFT,  whose 
motivation,  objectives  and  results,  are  totally  different  from  Classical  feedback  control 
theory,  should  be  denigrated  as  Classical,  because  it  uses  the  same  mathematical  TOOL 
as  Classical  theory.  Whereas,  Modern  Feedback  Control  theory,  whose  objectives  and 
results,  are  POORER  versions  of  Classical  theory,  should  be  honored  as  up-to-date, 
enlightened  MODERN  because  it  used  the  much  more  impractical,  but  so-called  Modern 
tool  of  State-Space. 


Progress  since  1980's 

It  was  not  until  the  1980s  that  Modem  Control  theory  considered  Plant  Uncertainty,  at  first 
with  Singular  Value  theory  and  later  Hoo  and  its  variations. .  These  seem  to  ignore  the  Cost  of 
Feedback,  because  they  often  emerge  with  infinite  bandwidth  compensators.  This  does  not 
bother  Academia  in  the  least.  But,  It  is  my  duty  to  expose  some  resulting  travesties. 

The  first  is  depicted  in  Fig.  5,  with  its  four  infinite  bandwidth  (75  dB  gain  compensators,  and 
poorly  damped  step  responses,  of  an  H«.  /  Stmctured  Singular  Value  design.  This  paper, 
without  any  simulation  results,  was  published  in  lEEE-AC  Trans,  and  reeeived  its  Best 
Practical  Paper  Award.  Prof.  Oded  Yaniv  made  the  simulations  and  the  indicated  QFT  design 
in  Fig.  5,  using  only  two  practical  compensators  of  about  10-rps  cut-off,  and  much  superior 
simulation  results.  His  paper  was  rejected  by  the  same  Journal. 

In  the  second  example  the  same  model  was  used,  but  Prof.  Limebeer  of  Imperial  College, 
made  it  much  more  difficult  by  including  Plant  Uncertainty  and  imposing  severe 


236 


QUANTITATIVE  performance  specs,.  He  issued  it  as  a  Design  Challenge  Problem. 

The  responses  (all  BL  type)  were  far  from  satisfying  the  specs.  We  found  that  the  best  of  them 
was  unstable  when  the  Plant  time  delay  of  one  minute  was  correctly  modelled,  rather  than 
approximated  by  a  rational  function.  At  the  Conference,  the  Session  Chairman  refused  to 
allow  Prof.  Yaniv  to  participate,  stating  that  QFT  was  not  a  legitimate  Synthesis  technique. 
No  one  supported  Prof  Yaniv.  In  any  case,  to  the  best  of  my  knowledge,  the  only  design 
which  has  satisfied  the  stringent  specs.,  is  the  one  I  did  with  QFT,  which  is  detailed  in  [1, 
Sec.  14.5.1)  . 

COMMENTS  ON  QFT 

The  balance  of  this  address  is  devoted  to  QFT.  First,  I  want  to  correct  a  serious  error 
sometimes  encountered  that  the  QFT  time-varying,  nonlinear  technique  is  "without 
mathematical  rigor".  There  are,  in  fact,  two  such  techniques  and  both  are  mathematically 
rigorous.  The  confusion  may  be  due  to  QFT  use  of  LTI  Plant  Sets  which  are  EQUIVALENT 
to  the  Nonlinear  Plant  sets,  only  with  respect  to  the  Desired  Output  sets.  QFT  is  proud  of  this 
distinction.  That  is  precisely  why  it  is  a  sound  Engineering  technique.  It  would  be  very 
wasteful  ii  a  flight  control  problem,  to  have  a  LTI  equivalent  valid  for  high-fi  audio  inputs. 
While  there  have  been  gratifying  increase  in  QFT  applications,  It  seems  that  in  the  last  10 
years  there  have  been  hardly  any  QFT  breakthroughs  into  new  areas.  Sol  would  like  to  draw 
attention  to  QFT  topics  on  which  promising  initial  work  has  been  done,  and  which  are  ripe  for 
significant  follow-up. 

NONDIAGONAL  PREFILTERS  and  LOOP  COMPENSATORS 

There  are  so  far  two  approaches  to  nondiagonal  loop  compensators.  One  uses  a  sort  of  global, 
matrix  approach.  It  has  been  briefly  noted  in  [1;  14.3.7]  ;  but  Boje  and  Nwokah  appear  to  be 
the  first  who  have  seriously  worked  on  this  approach.  [9,  10].  The  second  [6]  approach  deals 
directly  with  the  individual  matrix  elements.  Let  H  be  a  nondiagonal  loop  matrix  in  the  return 

path,  M  a  prefilter  matrix.  (Of  course,  any  canonic  20F  structure  can  be  used)..  In  QFT 
language,  til,  t21  for  a  3  by  3  system,  are:  ( li=giqii,  vij=l/qij): 

(l+li)  til  =  fiii(niii)  -qii  [(Vi2+hi2)t2i  +  (Vi3+hi3)t3i] 

(I+I2)  t21  =  q22(m2l)-  q22[(V21+h2l)tll  +  ((V23+h23)t3l] 

Thus  each  '^equivalent  disturbance  vij  term"  for  i^tj,  has  its  off-diagonal  hy,  for  partial 
cancellation  if  a  hy  can  be  found  for  reduction  of  the  set  {vij+hij}.  The  advantage  is  that  unlike 
the  Matrix  method,  such  hy  is  chosen  independently  of  the  others. 

SINGULAR  COMPENSATION  FOR  SISO  &  MIMO  SYSTEMS 

The  QFT  arsenal  was  enlarged  when  confronted  with  the  X29  2x2  flight  control  pitch- 
acceleration  problem,  over  a  range  of  Mach-Altitude  flight  conditions.  The  Plant  determinant 
had  a  right  half-plane  dipole  at  each  flight  condition.  Both  Grumman  and  Minneapolis 
Honeywell  correctly  found  that  even  a  separate  design  for  each  case  gave  terrible  stability 
margins  -  at  best  a  fraction  of  a  degree  and  dB.  This  was  at  the  heyday  of  Modem  Singular 
value  theory,  which  M-H  touted  for  solving  the  problem,  and  received  a  lucrative  Government 
Contract  for  this  purpose.  This  theory  was  of  no  use  whatsoever  for  this  problem,  so  they 
changed  the  problem  into  one  of  pitch-flight  path  outputs.  This  new  problem  is  easily  handled. 

However,  we  found  a  Singular  Compensation  technique,  applied  it  in  a  Master  thesis,  in 
which  use  of  a  singular  MIMO  loop  compensator  G  (det(G)  identically  zero),  permits  a  single 
design  for  all  flight  conditions,  to  give  excellent  stability  margins  over  the  entire  Plant 
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uncertainty  range.  Scheduling  of  the  prefilter  outside  the  loops  gave  individual  desired  ty. 

Of  greater  interest,  we  found  a  method  to  apply  this  technique  to  SISO  Plants  with  highly 
uncertain  right  half-plane  poles  and  zeros,  even  dipoles,  by  converting  the  SISO  into  a  MIMO 
for  its  stability  property.  This  is  done  by  two  or  more  independent  samplings  of  the  SISO 
output,  with  independent  compensations  of  each  such  sampling.  The  Singular  Compensator 
technique  is  then  applied  to  this  equivalent  MMO  system,  with  similar  results  of  excellent 
stability  margins  over  the  entire  Plant  range.  However,  the  trouble  is  that  the  high  sensitivity 
which  such  a  system  normally  has  to  the  Uncertain  Plant,  is  now  transferred  to  the  much  less 
uncertain  compensation,  so  the  latter  must  have  very  small  Uncertainty  for  the  technique  to 
work.  I  suggest  that  it  is  worthwhile  to  investigate  further  such  Linear  Time  Varying  Systems, 
which  form  a  bridge  between  Linear  and  Nonlinear  systems. 

The  General  Internal  Variable  MIMO  Feedback  System 

Assume  a  MMO  Plant  with  an  arbitrary,  finite  number  of  internal  variables  that  can  be  sensed 
and  used  for  feedback  purposes.  We  know  from  our  work  in  SISO  systems,  that  such  internal 
variables  can  be  used  to  tremendously  reduce  the  Cost  of  Feedback.  And  we  have  done 
enough  specific  examples  that  this  is  also  so,  for  MMO  systems.  Prof.  Yaniv  developed  as  his 
Doctorate,  a  systematic  QFT  technique  for  this  purpose,  for  the  special  Cascade  MMO 
structure.  But  there  is  important  research  just  waiting  to  be  done  for  the  general  case. 

We  have  shown  [6]  that  the  general  nxn  internal  variable  MMO  can  be  transformed  into  n 
equivalent  general  internal  variable  SISO  feedback  structures,  plus  n^  prefilters.  Just  as  in  the 
simpler  MMO  output  feedback  case,  "equivalent"  disturbances  represent  the  interchannel 
effect.  The  solution  of  this  collection  of  SISO  problems  is  guaranteed  to  work  for  the  original 
general  MMO  problem.  So  it  is  simply  a  matter  of  developing  a  QFT  synthesis  technique  for 
the  general  SISO  internal  variable  feedback  problem.  I  believe  that  the  work  previously  done 
for  several  such  special  structures,  points  the  way  to  the  solution  of  the  general  SISO  problem. 
This  hint  should  suffice  for  the  ambitious  researcher. 

Parallel  Plant  Feedback  and  Load  Sharing 

Many  years  ago  I  was  privileged  to  hear  a  talk  by  H.  W.  Bode  [2b],  in  which  he  remarked  that 
it  took  him  only  a  few  years  to  find  the  fundamental  limitations  and  cost-benefit  relations  for 
single-loop  feedback,  and  then  he  spent  many  years  unsuccessfully  trying  to  "beat  the  game", 
which  was  done  finally  by  a  colleague,  Brockway  MacMillan.  I  rushed  to  see  his  Reference, 
and  realized  it  involved  an  important  structural  change  -  a  FAMILY  of  Plants,  in  which  there 
could  be  feedback  within  the  family,  as  if  protecting  its  members  from  the  outside  world. 
Indeed,  for  certain  applications,  instead  of  120°  lag  giving  a  ILI  decrease  rate  of  8  dB/octave, 
one  could  have,  for  n  parallel  plants,  effectively  8n  dB/octave  decrease.  This  is  a  fascinating 
idea.  It  was  explained  in  my  1963  book  in  detail,  only  briefly  in  [1,  p.  456]. 

But  there  has  been  no  follow-up  at  all  by  the  QFT  research  community.  There  is  lacking  a 
detailed  design  procedure  for  exploiting  this  idea,  its  extension  to  multiple-loop  systems  etc, 
etc.  This  class  of  Plants  is  related  to  the  Load  Sharing  ideas  and  work  of  Prof.  Eduard 
Eitelberg,  whose  recent  new  hook  [7],  is  a  goldmine  of  important  research  ideas,  for  this  very 
large  and  very  important  class  of  feedback  systems,  which  is  virtually  virgin  territory  to  QFT. 


Plant  Modification  Systems 

This,  too,  is  a  very  important  problem  class,  wherein  feedback  to  internal  variables  is  allowed. 
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thereby  affecting  the  signal  levels  within  the  Plant  -  hence  the  term  Plant  Modification.  We 
know  that  use  of  internal  sensors  can  greatly  reduce  the  Cost  of  Feedback  [1].  But  the 
reduction  can  be  very  much  greater  if  feedback  is  used  to  internal  variables,  as  well  as  from 
internal  variables.  It  is  limited  only  by  the  resulting  increase  in  the  internal  variable  signal 
level,  which  must  therefore  be  constrained.  This  work  was  pioneered  by  Dr.  B.  C.  Wang  [8], 
who  remains  the  pioneer  and  almost  sole  researcher  in  a  most  important  area.  For  it  includes 
Economic  systems,  Organizational  systems,  all  systems  involving  living  creatures.  There  are 
so  many  areas  to  explore,  nonlinear  plants,  MIMO  systems.  I  urge  Dr.  Wang  be  given  some 
friendly  competition. 
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